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Abstract 

The paper presents for the first time the finite element 

solution for free vibration response of a geometrically imper-

fect FGM plate based on layerwise theory of Reddy. The 

numerical solution is implemented in the original MATLAB® 

programme. The programme is used to analyse various 

parameters of importance for free vibration response. It is 

shown that free vibration response is sensitive to geometric 

parameters (a/h and b/a ratios), plate material graduation 

parameter (n), imperfection form and amplitude (), as well 

as boundary conditions. The presented results show close 

agreement with reference results from the literature and may 

serve for the future study of FGM based structures. 
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• konačni element 

Izvod 

U ovom radu je po prvi put prikazan konačni element za 

analizu slobodnih vibracija FGM ploča sa geometrijskim 

imperfekcijama, zasnovan na Redijevoj slojevitoj teoriji ploča. 

Numeričko rešenje je primenjeno za sastavljanje original-

nog programa u MATLAB® programskom jeziku. Progra-

mom su analizirani različiti parametri od značaja za slobod-

ne vibracije ploče. Pokazuje se da slobodne vibracije zavise 

od geometrijskih parametara ploče (a/h i b/a), indeksa zapre-

minskog udela pojedinog materijala (n), oblika i amplitude 

imperfekcije (), kao i graničnih uslova ploče. Prikazani rezul-

tati pokazuju blisko slaganje sa referentnim rezultatima iz 

literature i mogu se koristiti u budućoj analizi konstrukcija 

sačinjenih od FGM materijala. 

INTRODUCTION 

One of the critical loading conditions, important for the 

safe design of structures is failure due to vibrations. Vibra-

tions may be initiated from external source, or by initial dis-

turbance, when no external force is applied. The first are 

forced vibrations, and the second are free vibrations. Both 

vibrations may be damped or undamped, linear or nonlinear 

/1/. In this paper, linear undamped free vibrations are ana-

lysed. The free vibration generally depends on structural 

geometry, material model, boundary/initial conditions, as 

well as on the presence of initial imperfections. 

The initial imperfections often appear during the manu-

facturing process or in-service life, influencing the overall 

load capacity of the structure. They are classified into mate-

rial or constructional imperfections and initial geometrical 

imperfections. The initial geometrical imperfections include 

imperfections in loading mechanisms and imperfections in 

structural geometry. Imperfections in structural geometry 

have the tendency to increase or decrease natural frequen-

cies, causing hardening or softening behaviour of the struc-

ture. In linear analysis, the hardening behaviour is typically 

present in perfect beam and plate-like structures. The in-

crease of stiffness is caused by additional stretching of the 

middle surface. The softening behaviour is a characteristic 

for curved shells, where imperfection in shell curvature tend 

to ‘flatten’ its arch-like geometry. As a consequence of either 

hardening or softening behaviour, the resonance frequency 

of the structure changes. Namely, it shifts to the right in case 

of hardening, and to the left in case of softening response. 

 
Figure 1. Geometry and displacement field of FGM plate. 
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However, in the geometrically nonlinear analysis, the 

response of structures in general is more complex, and it 

may change from softening to hardening behaviour, depend-

ing on imperfection size, imperfection form, or boundary con-

ditions /2/. Most studies reported in literature assume the 

sinusoidal form of initial geometrical imperfection /3-7/. 

However, as concluded by Schneider et al. /8/, it is not 

possible to determine the most unfavourable shape of imper-

fection, since there is a dependency between the structural 

response (such as deflections, stresses, natural frequency or 

buckling loads) and the imperfection form and amplitude. 

Therefore, a need for the general form of imperfection is 

assumed in this study. Besides geometric imperfections, the 

free vibration response may be affected by the selection of 

material model. 

Over the years, isotropic material models have a tendency 

to be replaced by composite material models. The composite 

material models usually have, either anisotropic homogene-

ous or isotropic nonhomogeneous behaviour. The repre-

sentative of the first group are laminated composites or FRPs 

(Fibre Reinforced Polymer), while the representative of the 

second one are the FGMs (Functionaly Graded Materials). 

FGMs are defined as materials whose properties vary con-

tinuously in one or three directions. These gradual changes 

of material properties overcome the disadvantages of tradi-

tional FRP composites, regarding inter- and intra-laminar 

failure modes. FGMs are usually a mixture of two materials, 

for example metal and ceramic, where metal provides high 

toughness, while ceramics gives high thermal resistance /9/. 

Material properties of FGMs, often called effective material 

properties, are mathematically defined by specific homoge-

nization scheme. The homogenization scheme assumes the 

definition of rule of mixture along with the volume fraction 

variation. The volume fraction variation may include Power 

law model (P-FGM), Exponential model (E-FGM), Sigmoid 

law model (S-FGM), or others. When the appropriate homo-

genization scheme is adopted, the mathematical formula-

tion, numerical solution and finally the response of FGM 

structural components under various loading conditions may 

be found. 

Mathematical models for free vibration analysis of FGM 

plates are formulated using either 3D theory of elasticity, 

Equivalent Single Layer theories (ESL), and more recently 

Carrera’s Unified Formulation (CUF). Since there are a 

limited number of 3D elasticity solutions, the most in the 

literature for free vibrations of FGM plates are based on 

ESL theories, and a limited number of layerwise or zig-zag 

theories. The solutions to mathematical models are then 

given either by analytical or numerical solutions. Numerical 

solutions are most general, in terms of structural geometry 

and boundary conditions. The commonly used numerical 

solution is the finite element method (FEM). The FEM, as a 

core for most commercial software still remains the most 

exploited tool, apart from novel numerical methods, such as 

Isogeometric Analysis (IGA) or meshless methods, /10-13/. 

The most reported solutions for free vibrations of FGMs 

are given using analytical methods. Viet Hoang et al. /14/ 

used new trigonometric shear deformation plate theory 

(TSDPT) and Galerkin’s method for free vibration analysis 

of two-directional variable thickness FGM plates resting on 

the Kerr elastic foundation. Foroughi et al. /15/ studied free 

vibration and buckling of FGM plates resting on elastic 

foundation, using quasi-3D higher-order shear deformation 

theory (HSDT). Governing equations of motion are solved 

using the finite strip method. Effects of parameters, such as 

plate thickness-to-length ratio, length-to-width ratio, bound-

ary conditions, and the power-law index are analysed. Zhao 

et al. /16/ used higher-order shear deformation theory (HSDT) 

for free vibration and transient response of functionally 

graded porous (FGP) rectangular plates. Analytical solution 

is obtained using the combination of Jacobi-Ritz method 

and multi-segment strategy. Effects of porosity distribution, 

boundary conditions, elastic springs, plate geometry and dy-

namic load variation are studied. Demirhan et al. /17/ pre-

sented a Lévy-type solution for bending and free vibration 

of porous FG rectangular plates. They showed that porosity 

parameter and power-law index affect both bending and 

vibration response. 

Ye et al. /18/ presented scaled finite element solution 

based on 3D elasticity theory for free vibration and bending 

analysis of P-FGM plates. The effect of different parame-

ters, such as geometrical parameters (plate dimensions ratios 

and skew angle), power law indexes (n), and boundary con-

ditions are considered, and a highly accurate solution is 

obtained. Katili et al. /19, 20/ investigated free vibration, 

bending and thermal buckling of FGM sandwich and skew 

plates using quadrilateral finite element with five degrees of 

freedom per node, based on improved FSDT (First order 

shear deformation theory). Belarbi et al. /21/ further in-

cluded the effects of porosity distribution on free vibration, 

bending and buckling of P, S, E-FGM plates using C0 eight-

node isoparametric Lagrangian quadrilateral element based 

on improved FSDT. The solution verified that the even 

porosity distribution gives the highest stiffness. Assas et al. 

/22/ used 4-node quadrilateral plate element, with six degrees 

of freedom at each node, based on improved FSDT to study 

bending, free vibration and stability of FGM plates, with 

various boundary conditions. Assas et al. /23/ further for-

mulated four-node quadrilateral elements with five degrees 

of freedom per node based on the High-Order Shear Defor-

mation Theory (HSDT) to study the static and free vibration 

of square, skew, and circular FG plates. Finally, Pham et al. 

/24/ extended previous finite element to analyse bending, free 

vibration and buckling of bi-directional in-plane FGM plates. 

At authors’ best knowledge, a finite element solution has 

not been reported for free vibration of geometrically imper-

fect FGM plates based on layerwise plate theory, /25/. Math-

ematical model assumes layerwise variation of in-plane dis-

placements and constant transverse displacement through 

plate thickness, linear strain displacement relations with 

Koiter’s imperfection model and linear elastic FGM mate-

rial model. Material model is made of mixture metal and 

ceramic, with power law variation of volume fraction of 

ceramic constituent. After adopting the rule of mixture, the 

effective material properties of FGM plate are obtained. 

Hamilton’s principle is used to derive the equation of motion 

for the free vibration problem. The solution is obtained using 

nine-node Lagrangian isoparametric finite element. The 
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numerical solution is incorporated into an original MATLAB 

programme which is used to perform the validation and 

parametric study. Effects of geometric parameters, such as 

side to thickness ratio (a/h), aspect ratio (b/a), power law 

index (n), material characteristics, imperfection amplitude 

(), imperfection form, and boundary conditions on vibra-

tion frequency are presented and are verified with the avail-

able results from literature. 

MATHEMATICAL MODEL 

Basic assumptions 

The plate length and width along x and y directions are a 

and b, while plate thickness is h, with origin of coordinate 

system at the bottom surface of the plate. It is assumed that 

1) material is isotropic and nonhomogeneous /26, 27/ made 

of mixture metal and ceramics, 2) strains are small with 

Koiter’s imperfection model, 3) material is linear elastic, 

and 4) inextensibility of normal is imposed. 

Displacement field 

In the LW theory of Reddy /25/ in-plane displacements 

components (u, v) are interpolated through the thickness 

using 1D linear Lagrangian interpolation function I(z), 

while transverse displacement w is assumed to be constant 

through the thickness, Fig. 1: 
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Strain-displacement relations 

The linear strain displacement relations with Koiter’s 

imperfection model are assumed as: 
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where: w0 is initial imperfection function, assumed in the 

following form: 

0 1 1 1 1sech[ ( )] cos[ ( )]w h x a x a     =   −  −   

 
1 2 2 2sech[ ( )] cos[ ( )]y b y b     −  − , (3) 

where:  represents the amplitude of imperfection that varies 

between 0 and 1; 1 and 2 are constants that define the 

localised degree of imperfection; while 1 and 2 are half 

wave numbers of the imperfection in the x and y axis, in 

respect. 

A variety of imperfection forms, presented in Fig. 2, such 

as sine type, global type, and localised type, may be ob-

tained by variation of parameters in Eq.(3). 

 
Figure 2. Geometric imperfection forms. 

Constitutive equations 

The plate is made from mixture of ceramic and metal, 

where the rule of mixture is defined as: 

 1c mV V+ = . (4) 

The volume fraction of ceramic is given by the power law 

distribution, in the thickness direction as (Fig. 3): 

 ( )

n

c
z

V z
h

 
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 
, (5) 

where: n denotes the power law index by which the grada-

tion of constituents is controlled and may take values [0, ].  

 
Figure 3. Young’s modulus through the thickness of P-FGM 

Al/Al2O3 material model. 

When the volume fraction exponent is 0, the plate is fully 

made of ceramic, and when the volume fraction exponent is 

1, the variation of the volume fraction is linear. Then the 

effective material properties of FGM plate are: 

 ( ) ( )e m c m cP P P P V z= + − , (6) 

such as Young’s modulus E(z) and mass density (z), while 

Poisson’s coefficient  is assumed to be constant. Subscripts 

m and c denote metal and ceramic, corresponding to the 

material property of the lower and upper surfaces of the 

plate, respectively. 
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With assumed strain displacement field, an isotropic non-

homogeneous linear Hooke’s material is used to formulate 

constitutive equations as: 

 { } [ ] { }= σ Q ε . (7)    

where:  = {xx yy xy xz yz}T,  = {xx yy xy xz yz}T are 

stress and strain components, respectively; while Qij are elas-

tic stiffness given as: 
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Equilibrium equations 

Using Hamilton’s principle, the governing Euler-Lagrange 

equations of motion for free vibration of imperfect FGM 

plates are given in the following form: 
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where:  is mass density; 
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FINITE ELEMENT MODEL 

The weak form of governing Eq.(9) is discretised using 

eight node Lagrangian finite element. Over each element, the 

displacements are expressed as linear combination of shape 

functions and primary nodal variables: 
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where: {dj}e = {uj
e vj

e wj
e}T; {dj

I}e = {Uj
I Vj

I}T are displace-

ment vectors in the middle plane and the I-th plane, respec-

tively; while [j]e, [j]e are interpolation function matrices 

for the j-th node of element e, given in /28/. 

Substituting element displacement field Eq.(10) into weak 

form of governing Eq.(9), the finite element equations are 

obtained as: 

 ( )2
0[ ] [ ] [ ] { } { }e e e e

cr+ − =K K M Δ 0 , (11) 

where: element stiffness matrix [K]e and the element mass 

matrix [M]e are given in /28/; while element initial stiffness 

matrix [K0]e is given in /29/. 

Solution of Eq.(11) gives eigenvalues or vibration fre-

quencies 1, 2, … N, and corresponding eigenvectors are 

free vibration mode shapes. The smallest of vibration fre-

quencies not equal to zero is the critical frequency cr and 

the corresponding eigenvector is first mode shape. 

NUMERICAL RESULTS AND DISCUSSION 

Using previous derived finite element solution, an original 

computer programme is coded using MATLAB® program-

ming language, for free vibration of imperfect FGM plates. 

Element stiffness matrix, element mass and initial element 

stiffness matrix are evaluated using 33 Gauss-Legendre 

integration scheme for 2D quadratic in-plane interpolation, 

Fig. 4. The following boundary conditions at plate edges are 

used: 
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 Figure 4. Plate finite element model. 

Material properties are given in Table 1. 

Table 1. Material properties. 

 Ceramic Metal 

Material Al2O3 ZrO2 Al SUS304 Ti-6Al-4V 

E (GPa) 380 151 70 201.4 105.7 

 (kg/m3) 3800 3000 2702 8166 4429  

 0.3 0.3 0.3 0.3 0.3 
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Example 1: Influence of plate geometry 

Free vibration mode shapes of perfect simply supported 

square metal-ceramic Al/Al2O3 plate, with a/h = 10 and n = 

1, are presented in Fig. 5 and are compared with HSDT /30/ 

solutions from literature. It may be seen that the first and 

fourth modes are symmetric, while second and fourth modes 

are antisymmetric. Also, the vibration amplitude decreases 

with increase of vibration mode. 

 
Figure 5. Free vibration mode shapes of simply supported 

Al/Al2O3 plate (a/h = 10, n = 1). 

a)

 

b)

 
Figure 6. Nondimensional frequency: a) for different values of side 

to thickness ratio a/h; b) surface for different values of (a/h, n). 

Influence of side to thickness ratio a/h on non-dimen-

sional frequency cr = h(c /Ec) is presented in Fig. 6a 

for simply supported Al/Al2O3 square plate and different 

values of power law index n = 0, 1, 5, and 10. The present 

results are compared with HSDT /31/ solutions from litera-

ture. It may be seen that for all power law index n, non-di-

mensional frequency decreases with the increase of side to 

thickness ratio a/h. This decrease is more severe for thick 

plates a/h < 20, as well for stiff ceramic plates, compared to 

FGM and metallic plates. Close agreement with results from 

/31/ is achieved. Additionally, non-dimensional frequency 

surface cr(a/h, n) is presented in Fig. 6b in order to analyse 

the mutual influence of both side to thickness ratio a/h and 

power law index n. Obviously, the thickness variation a/h 

has shown greater impact on plate stiffness reduction, com-

pared to power law index n. 

A similar conclusion may be derived for the effect of 

aspect ratio b/a on non-dimensional frequency cr = h 

(c /Ec) presented in Fig. 7a, of simply supported Al/ZrO3 

square plate /31/ (a/h = 10), with different values of power 

law index n = 0, 1, 5, and 10. The increase of aspect ratio 

b/a decreases non-dimensional frequency for all power law 

index n. The decrease is greater for b/a < 2. The close agree-

ment with the results from /31/ is achieved. Additionally, 

non-dimensional frequency surface cr(b/a, n) is presented 

in Fig. 7b. Again, the increase of aspect ratio b/a has shown 

greater impact on non-dimensional frequency, compared to 

increase of power law index n. 

a)

 

b)

 
Figure 7. Nondimensional frequency: a) for different values of 

aspect ratio b/a; b) surface for different values of (b/a, n). 
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Example 2: Influence of material graduation 

The influence of power law index n on non-dimensional 

natural frequency of simply supported Ti-6Al-4V/Al2O3 per-

fect plate /31/ for various side to thickness ratio a/h is pre-

sented in Fig. 8. The frequency is assumed in the following 

form cr = [12(1 –2)ca2b2/(4Ech2)]. It is noticeable that 

as volume fraction index ranges from 0 to 10, the frequency 

parameter decreases. Namely, the larger volume fraction 

index assumes that the plate contains smaller amount of 

ceramic constituent, and thus the reduced stiffness. 

 
Figure 8. Non-dimensional frequency for different values of 

volume fraction ratio n. 

Example 3: Influence of initial imperfection 

The influence of imperfection form on free vibration fre-

quency of ceramic Si3N4 plate (a/b = 1, a/h = 10) with E = 

322.2 GPa,  = 2370 kg/m3, and  = 0.3 is presented in Fig. 

9 as a function of imperfection amplitude . It is shown that 

L3 and L2 local-type imperfection forms have the least 

effect, while global-type imperfections G3, G2 and G1 have 

the greatest effect on free vibration frequency. This may be 

explained from the fact that as the imperfection form 

approaches the free vibration mode shape of the plate, the 

higher frequencies are expected. Also, it is shown that free 

vibration frequency increases with the increase of imperfec-

tion amplitude . 

 
Figure 9. Free vibration frequency for different imperfection forms. 

Example 4: Influence of boundary condition 

The influence of boundary conditions on imperfect ce-

ramic metal Si3N4/SUS304 plate with sinusoidal imperfec-

tion form w0 = hsin(x/a)sin(y/b) are presented in Figs. 

10a and 10b (a/b = 1, a/h = 10). It is shown that clamped 

plate in Fig. 10b has almost double free vibration frequency 

compared to simply supported plate /5/, in Fig. 10a. Also, 

the clamped plate has confirmed to be more sensitive to an 

increase of imperfection amplitude  and ceramic volume 

fraction n. The reason is that both cases are with higher 

plate stiffness. 

a)

  

b)

 
Figure 10. Free vibration frequency for different imperfection 

amplitude of: a) simply supported plate; b) clamped plate. 

CONCLUSIONS 

In this paper the finite element solution is derived for the 

first time, for free vibration analysis of FGM imperfect plates 

based on layerwise theory of Reddy /25/. An original MAT-

LAB® computer programme is coded for the finite element 

solution and is used to study effects of various parameters 

on free vibration response. The following conclusions may 

be derived: 

1) The free vibration frequency of FGM plate shows mono-

tonic decrease with increase of side to thickness ratio a/h 

and aspect ratio b/a. This decrease is more pronounced for 

thick plates a/h < 20 and plates with b/a < 2. As thinner the 

plate is, so are softer the plate and are lower the free vibra-

tion frequencies. 
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2) Also, as greater the volume fraction index n is, the less is 

the ceramic constituent, and consequently the vibration fre-

quency. 

3) The vibration frequency of imperfect plate is greater than 

for perfect plate and monotonically increases with increase 

of imperfection amplitude . 

4) The increase of imperfection amplitude is influenced by 

the imperfection form. The thick ceramic plate shows higher 

sensitivity to global-type imperfection forms compared to 

local-type imperfection forms. 

5) The free vibration frequency of imperfect plate with 

clamped edges is greater than with simply supported edges, 

due to enhanced plate stiffness. 

The present finite element solution has shown to be able 

to include various parameters of importance for free vibra-

tion characteristics of FGM plates. Therefore, it may serve 

for further research of mechanical response of FGM-like 

structures, under wide variety of different loading, material 

or geometric parameters. 
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