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Abstract

The application of continuously inhomogeneous structural
materials in various spheres of modern engineering con-
stantly increases. Very often these materials are used for
manufacturing different members and components of ma-
chines and mechanisms which perform non-uniform motion.
Inertia loads generated by acceleration have to be taken into
account when studying fracture in non-uniformly moving
members. The current paper concentrates on the effect of
energy dissipation on lengthwise fracture in a continuously
inhomogeneous beam member that moves up at a varying
acceleration. The beam has nonlinear viscoelastic behaviour.
A theoretical model with a linear spring and a nonlinear
dashpot subjected to time-dependent stress is applied for
describing the viscoelastic behaviour of the beam. There are
two symmetric lengthwise cracks in the moving beam. The
lengthwise fracture under the action of the inertia loads is
analysed by the J integral. The effect of energy dissipation
is taken into account in the analysis by using the reduced
specific strain energy. The latter is extracted from the stress
in the spring only (the dashpot dissipates the energy). The J
integral solution is checked-up by deriving the strain energy
release rate in the beam under inertia loads with consider-
ing the effect of energy dissipation. A detailed analysis of
the influence of the acceleration of the beam, energy dissi-
pation, mass distribution, and parameters of the viscoelastic
model on lengthwise fracture is performed. Applications of
the analysis in structural design of moving beams with taking
into account the energy dissipation are presented.

INTRODUCTION

The advance in various spheres of engineering depends in
a high extent on utilisation of modern structural materials.
Therefore, developing and introducing of new materials is a
constant task for the international engineering community.
Continuously inhomogeneous (functionally graded) materials
are a typical example for highly efficient new composites
which attract the attention of engineers and researchers /1-
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Kljucne reci

« kontinualno nehomogeni nosa¢
+ poduzni lom

+ promenljivo ubrzanje

- disipacija energije

Izvod

Primene kontinualno nehomogenih konstrukcionih mate-
rijala u raznim sferama modernog inZenjerstva su u stalnom
porastu. Cesto se ovi materijali koriste za izradu raznih
elemenata i komponenata masina i mehanizama koji se krecu
neuniformno. Inercijalna opterecenja koja nastaju ubrzanjem
treba da se uzimaju u obzir u istrazivanju loma kod neuni-
formnog kretanja delova. U ovom radu se fokusiramo na
uticaj disipacije energije na poduzni lom kontinualno neho-
mogenog elementa nosaca, koji se pomera nagore promen-
ljivim ubrzanjem. Nosac se ponasa nelinearno viskoelastic-
no. Za opisivanje viskoelasticnog ponasanja nosaca prime-
njuje se teorijski model sa linearnom oprugom i prigusiva-
¢em, a koji je opterecen vremenski zavisnim opterecenjem.
U pokretnom nosacu postoje dve simetricne poduzne prsline.
Za analizu poduznog loma pod dejstvom inercijalnih opte-
recenja koristi se J integral. U analizi se uticaj disipacije
energije uzima u obzir koris¢enjem redukovane specificne
energije deformacije, koja se dobija iz napona, samo u opru-
zi (energija u prigusivacu se gubi). ReSenje J integrala se
proverava izvodenjem brzine oslobadanja energije defor-
macije nosaca pod inercijalnim opterecenjem, uz razmatra-
nje uticaja energije disipacije. Data je detaljna analiza
uticaja: ubrzanja nosaca, energije disipacije, raspodele
mase, i parametara viskoelasticnog modela, na poduzni
lom. Prikazana je primena analize u projektovanju kon-
strukcija pokretnih nosaca sa razmatranjem disipacije
energije.

3/. Due to their unique properties, the continuously inhomo-
geneous materials are growingly used especially in high-tech
areas like aeronautics, microelectronics, nuclear reactors and
optics /4-6/. One of the most important advantages of these
materials is the fact that their properties vary continuously
in a solid. Besides, the variation of properties can be
designed for achieving of some predefined goals which
opens a wide application of prospects /7-9/. Studying of
fracture in structural members made by continuously inho-
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mogeneous materials contributes significantly for guaran-
teeing safety and reliability of structures and facilities /10-
12/. Although research in the field of fracture mechanics of
continuously inhomogeneous materials and structures has
progressed in the recent decades, there are some problems
that need more attention. For instance, application of these
materials for manufacturing of various members and com-
ponents of different machines and mechanisms constantly
grows. These members and components very often are
designed to perform non-uniform motion. The acceleration
experienced by non-uniformly moving members and com-
ponents induces inertia loads that have to be considered when
analysing fracture behaviour. Besides, a particular issue
when dealing with fracture in structural components having
viscoelastic behaviour is the energy dissipation and its effect
on the fracture performance.

The current paper is concentrated on analysing the effect
of energy dissipation on the lengthwise fracture in a con-
tinuously inhomogeneous nonlinear viscoelastic beam that
moves up at a varying acceleration. The viscoelastic behav-
iour of the beam is treated by a model with a nonlinear elas-
tic spring and a linear dashpot under a varying stress. The
lengthwise fracture in the beam under varying inertia load
is analysed by the J integral. In order to take into account
the effect of the energy dissipation, the specific strain energy
that is used when solving the J integral is obtained only from
the stress in the spring of the viscoelastic model because the
dashpot dissipates energy. A check-up of the solution of the
J integral is carried-out by deriving the SERR (strain energy
release rate) in the beam under inertia load with taking into
account the energy dissipation (for this purpose, the specific
complementary strain energy involved in the SERR solution
is found by analysing only the stress in the spring of the
viscoelastic model). The results of analysis of the influence
of various parameters (acceleration, energy dissipation, dis-
tribution of the properties of the viscoelastic model and the
mass across the beam thickness) on the lengthwise fracture
are presented. It is shown also that the current fracture anal-
ysis can be applied in structural design of non-uniformly
moving continuously inhomogeneous nonlinear viscoelastic
beams with taking into account the energy dissipation by
using the principles of fracture mechanics.

THEORETICAL MODEL AND ANALYSIS

Consider the rectangular beam member shown in Fig. 1.
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Figure 1. Scheme of the beam with lengthwise cracks.

The beam hosts two lengthwise cracks each of length a.
The cracks are symmetric with respect to the mid-span. The
beam moves up at a varying acceleration a,,. Equation (1)
describes the variation of a,, with time ¢,

Ay =mt’ +nyt" 1)
where: n1, ny, s, and » are parameters.
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The mass per unit area of the beam is marked by m;. The
beam is continuously inhomogeneous across its thickness,
h. The variation of m; across the beam thickness is
described by the law in Eq. (2),

S
Mypy =My (h !
my :mlup +T(E+ZJ 5 (2)
ket 3)
2 2

where: mj,, and my, are the mass per unit area on the upper
and lower surface of the beam; z is the vertical centric axis
(Fig. 1); &1 is a parameter.
The intensity of the time-dependent inertia load, fs, in an
arbitrary point, H, of the beam is obtained by Eq. (4),
fp= )

It should be noted that f; is directed downwards since the
beam acceleration is directed upwards.

The distributed deadweight of the beam f,, is defined by
using Eq.(5),

—Aywy -

Se=mg- (5)
where: g is the earth acceleration. The distributed time-
dependent load f, that acts in an arbitrary point H of the
moving beam is derived by Eq.(6),

F=fop+ Sy
By using Egs.(1), (2), (4), (5), and (6), we obtain

9
_ s r My —Mpyp h !
f—[”lt +I’l2t +g]|:mlup +h—§1 E+Z . (7)

(6)

Equation (7) indicates that f varies continuously across the
beam thickness. However, f is constant along the beam
length.
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Figure 2. Scheme of the nonlinear viscoelastic model.

The beam has nonlinear viscoelastic behaviour described
by the theoretical model shown in Fig. 2. The model consists
of a nonlinear spring (nlsp), and a linear dashpot with coef-
ficient of viscosity 7, as shown in Fig. 2. The model is under
stress o, varying with time according to the law in Eq.(8),

oc=a+pE +t"), (3
where: o and f are parameters.

The behaviour of the nonlinear spring is treated by using
the stress-strain law in Eq.(9) /13/,

D Enlsp

Onisp = >

l+gnlsp

)

where: oy 1S stress; &usp 1S strain; D is a parameter. It is
obvious from Fig. 2 that,

Cpisp =0 - (10)
By using Egs.(8), (9), and (10), we derive
1
Entsp =—2D2( 2 o\lo? +4D?). (11)
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The behaviour of the linear dashpot in the model in Fig.
2 is treated by using the law in Eq.(12),

o,y =16, (12)
where: oy is stress; én is the derivative of strain in the dash-
pot with respect to time. Apparently (Fig. 2),
o,=0- (13)
By using Eqs.(8), (12), and (13), we derive

1 ts+1 tr+1
gp=—|at+p + : (14)
n s+l r+l

The strain ¢ in the model (Fig. 2) is obtained by Eq.(15),
15)

E=&p+Eyg -

By using Eqgs.(11), (14), and (15), we have

s+l r+l
g:l{aﬁﬂ(t +1 H+L(02+a\/02+4D2 ) (16)
n

s+1 r+1)| 2p?

The stress-strain-time relation in Eq.(16) is used for treat-
ing the nonlinear viscoelastic behaviour of the moving beam
in Fig. 1 when analysing lengthwise fracture.

Due to material inhomogeneity, the material parameters,
D and 7, vary across the beam thickness. The laws in Egs.
(17) and (18) describe the variation of D and 7, respectively,

Dy, — D, %
D:DZMP+M(LZ) , (17)
R \2
o
_ Miw —Mhp h 3
771"7114;7"‘ h§3 (E"'ZJ ) (18)

where: D,, and Dy, are values of D on the upper and lower
surface of the beam; 7,, and 7, are the values of 7.

The lengthwise fracture in the beam under inertia loads
is analysed by the J integral /14/. Due to the symmetry, only
the left-hand half of the beam is considered. In this case, the
solution of the J integral is found by Eq.(19),

J=2Jg, (19)
where: Jp is the value of J integral derived by integrating
along contour B around the tip of the left-hand crack (Fig. 1).

Equation (20) expresses J3, i.¢.,

JB:JB1+JB2+JB3’ (20)
where: Jz1, Jg2, and Jp are values of J in portions, Bi, B> and
B3, of the contour, respectively. Jz: is presented by Eq.(21),

ou ov
Jp1 =[] ugp1 cosarg — prli"'pyB] BLllds, (21)
ox. Oox,

c c

where: uog is reduced specific strain energy. Since the dash-
pot in the viscoelastic model in Fig. 2 dissipates the energy,
the reduced specific strain energy is found by integrating
the stress in the spring through Eq.(22), i.e.,

. (22)
nisp

The other components of Jp; are obtained as given below,

uyp =[ode

cosag =—1, (23)
Pxp1=—0> (24)
Qg (25)
0ox,,
Py =0 26)
ds=dz » @7
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where: o and ¢ are the stress and strain in portion B; of the
integration contour; z; is the vertical centric axis of the lower
crack arm (it should be noted here that B, coincides with the
cross-section of the lower crack arm). Apparently,
< (28)
2 2

where: /4, is lower crack arm thickness.

The stresses and strains in portion B of the integration
contour are studied by using Eqs.(29), (30) and (31),

e=K1(z1—21,)> (29)
N= || odd, (30)
(4)
M= [ ozdA, (31
(4)
where: _ﬁ <z < ﬁ . (32)
2 2

Here, i is curvature, z1, is the neutral axis coordinate, NV is
axial force, M is bending moment, A4 is the area of the lower
crack arm cross-section. The axial force and bending moment
are induced by the distributed law, f. Equations (33) and
(34) are applied for obtaining N and M,

N=0, (33)
g2 /2

M=— [ fiz - (34)
2 h)2

The MatLab® is used for determining xy and zj, from
Eqs.(30) and (31). MatLab is used also for the integration in
Eq.(21).

The solution of Jp is found by Eq.(35),

JB2:.[|:“OBZ Cosap) —(Psz O +PyR2 Pa) ﬂds . (3%)
0ox, ox,

(&

where: Uopy =B Ensppa - (36)
cosapg, =1, 37)
Pxp2=0OB2> (38)
pr g, (39)
0ox,,
Pyp2=0> (40)
ds=—dz, - (41)

In Eqs.(36)-(41), or and &g, are the stress and strain in
portion B of the integration contour (this portion coincides
with beam cross-section ahead of the crack tip), &usps2 1s the
strain in the spring, z» is the vertical centric axis of the beam
ahead of the crack tip. It is obvious that

PP Ly “2)

2 2
Equations (43)-(45) are applied for analysing the stresses

and strains in portion B; of the integration contour,

epy =13(2—2,) > (43)
Npy= [[ oprdA: (44)
(4)
Mpy =[] opyzydA- (45)
(4)
where: _ﬁ <z, gﬁ . (46)
2 2
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In Eq.(43), x> is curvature, zo, is the neutral axis coordi-
nate. In Egs.(44) and (45), A, is the area of beam cross-sec-
tion. The axial force and bending moment, N and M, are
found by Eqs.(47) and (48),

Np, =0, (47)
22 2
Mpy=— [ fiz - (48)
2 p

Equations (44) and (45) are solved for x1 and zi1, by the
MatLab. The integration in Eq.(35) is also performed by
MatLab.

Equation (49) is applied for obtaining the solution of Jg3,

ou ov
Jp3=] {“033 Cosaps —[me - +PyB3 0: 3 ﬂ ds- (49)

0ox,. .

Here, Uops =0 p3d ey 5p3 > (50)
cosagy =—1, (51)

PxB3 =70B3> (2)

a;‘xlf - (53)

Pyp3=0> 54

ds=dzy » (55)

where: o, and &g, are stress and strain in portion B3 of the
integration contour (it should be specified that this portion
coincides with the cross-section of the upper crack arm
behind the crack tip); &ugpss is the strain in the spring, z3 is
the vertical centric axis of the upper crack arm. Therefore,
PPN (56)
2 2

where: £, is the thickness of the upper crack arm.

We use Eqs.(57), (58), and (59) for analysing the stresses
and strains in portion Bs of the integration contour,

ep3 =k3(23-23,) (57
Np3 =[] opsdd. (58)
(43)
Mps = || op3z3dd. (9)
(43)
where: _h_zg z3 gh_z. (60)
2 2

Here, &3 is curvature, z3, is the neutral axis coordinate, A3 is
the area of the upper crack arm cross-section. Equations
(61) and (62) are applied for determining the axial force
and the bending moment, N3 and Mps,

NB3 :0 B (61)
22 )2

Mp; =7 [ fdz; - (62)
/2

MatLab is used for obtaining x3 and z3, from Eqs.(58)
and (59). The integration in Eq.(49) is also carried-out by
MatLab.

The solution of the J integral is found by substituting
Egs. (21), (35), and (49) in Eq.(20).

The J integral solution is checked-up by deriving the
SERR, G. Due to the symmetry, the SERR for the beam in
Fig. 1 is found as

G=2G,.» (63)
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where: G, is SERR for one crack. The approach reported in
/15/ leads to the following result:

1 * B3 *
Goc=;[ Il womdA+ [[ uopsdA— [[ MOBZdA]’ (64)
(4) (4) (4)

where: uo"p1, to 52, and uo’p; are reduced specific comple-
mentary strain energies in the lower crack arm behind the
crack tip, the beam ahead of the crack tip, and the upper
crack arm behind the crack tip. Equations (65), (66) and
(67) are applied for obtaining the reduced specific comple-
mentary strain energies,

*
UoB1 = O&pisp _Iadgnlsp > (65)
*
Uop2 =0 B2Enispr2 — | Tp2dEnisppn > (66)
*
UoB3 = O p3Enispn3 — | OB3En5pm3 - (67)

MatLab is used for integration in Eq.(64). The SERR
found by Eq.(64) matches the solution of the J integral (this
fact is a check-up of the solution).

PARAMETRIC ANALYSIS

The parametric analysis presented here aims to evaluate
how the lengthwise fracture is influenced by the energy dis-
sipation, beam acceleration, and the distributions of beam
mass and the properties of the viscoelastic model across the
thickness of the continuously inhomogeneous beam member.

For this purpose, the solution of the J integral in the beam
under inertia loads is applied. It is assumed that / 0.800 m,
b=0.020m, 2= 0.028 m, ;= 0.015m, A= 0.015m, a =
200 m, 61 =0.5, =10.6, and & =0.7.

The influence of the distribution of the parameter D across
beam thickness on the lengthwise fracture is evaluated first.
For this purpose, the change of the J integral caused by vari-
ation of Dju, /Dy ratio is analysed. The change is presented
by graphs reported in Fig. 3.

The continuous reduction of the non-dimensional J inte-
gral with growth of Dy, /Dy, ratio that can be observed in
Fig. 3 is induced by increase of beam stiffness. The influence
of the energy dissipation is evaluated too. This is done by
obtaining the J integral solution assuming that there is no
energy dissipation (the corresponding graph is reported in
Fig. 3). In order to derive the J integral solution for the case

0.10~ 2

0.08—

J ¢
D b X107 .06~
0.04—

0.02—

0.0 0.2 0.4 0.6 0.8
D,
D,
Figure 3. Non-dimensional J integral reported as a function of
Din/Duyp ratio (curve 1 - taking into account the energy dissipation,
and curve 2 - without taking into account energy dissipation).
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when energy dissipation is not taken into account, we deter-
mine the specific strain energies that are involved in the
expressions of the integral J by integrating the stresses in
both spring and dashpot of the viscoelastic model. The
graphs in Fig. 3 indicate that energy dissipation leads to the
reduction of the J integral.

The influence of mass distribution across the beam thick-
ness on the lengthwise fracture in the moving beam is also
evaluated. In this relation, the change of the non-dimen-
sional J integral is presented as a function of m, /my, ratio
in Fig. 4. The rapid growth of the J integral with increase of
the mn, /my, ratio that can be seen in Fig. 4 is explained by
increase of intensities of the distributed inertia load and the
deadweight of the beam member. The influence of accelera-
tion on lengthwise fracture is also evaluated. For this pur-
pose, first, the change of J integral due to growth of the
na/ny ratio is analysed. The non-dimensional J integral at
three n»/n; ratios is reported in Fig. 4. The growth of the
ny /m ratio induces increase of the J integral (Fig. 4).

0.10~

0.08—

J p
X107 06~
up b

0.04r-

0,021~

0.0 0.5 1.0 1.5 2.0

Figure 4. Non-dimensional J integral reported as a function of
Min /Mip tatio (curve 1 - at na/n1 = 0.5, curve 2 - at na/n1 = 1.0,
and curve 3 - at nz2/n1 = 1.5).

It is analysed also how lengthwise fracture is influenced
by the continuous change of parameter 7 across the beam
thickness. This influence is illustrated by graphs presenting
the non-dimensional J integral as a function of 7, /7, ratio
in Fig. 5. The reduction of J integral with growth of 7, /7
ratio is due to stiffening of the beam. The influence of s/r
ratio on the J integral is also illustrated in Fig. 5. The
growth of the J integral with increase of s/r ratio that can be
observed in Fig. 5 is attributed to growth of the intensity of
the inertia load acting on the moving beam.

The analysis developed in the current paper can be applied
in structural design of nonlinear viscoelastic beams which
move with varying acceleration. In particular, the analysis
allows us to take into account the influence of the energy
dissipation when determining the sizes of the beam member
by applying the principles of fracture mechanics. For
instance, determination of beam thickness requires the J
integral to be obtained at various //b ratios (the correspond-
ing graph is reported in Fig. 6). The beam thickness marked
by heq is found by the condition for equality of the integral J
and fracture toughness J., as illustrated in Fig. 6. Beam thick-
ness is determined also for the case when energy dissipation
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is not taken into account (this beam thickness is marked by
huq as shown in Fig. 6). It can be seen in Fig. 6 that taking
into account energy dissipation allows us to realize some
economy of material (without compromising the safety)
since beam thickness is reduced compared to that obtained
when energy dissipation in not considered in the structural
design (the explanation of this finding consists in the fact
that energy dissipation leads to reduction of the amount of
energy spent for crack propagation).

0.10—

0.08 \
T
b

LN

0.06r—

0.04—

0.02-

0.0 0.2 0.4 0.6 0.8

M,
Figure 5. The non-dimensional J integral reported as a function of
M /M ratio (curve 1 - at /s = 0.5, curve 2 - at #/s = 1.0, and

curve 3 - at /s = 1.5).

0.10

0.08—

J 6
x10 -
"J;,H.‘f' 0.06

0.04

0.02-

0.0 0.5 1.0 1.5 2.0

h

Figure 6. Non-dimensional J integral reported as a function of 4/b
ratio (curve 1 - with taking into account energy dissipation, and
curve 2 - without taking into account the energy dissipation).

CONCLUSIONS

The analysis reported in the current paper allows us to
evaluate the effect of energy dissipation on the lengthwise
fracture in continuously inhomogeneous nonlinear visco-
elastic beams moving at a varying acceleration. It is found
that taking into account energy dissipation leads to reduc-
tion of the J integral. Analysis can be applied in structural
design of moving beams by using the principles of fracture
mechanics. It is shown that considering the energy dissipa-
tion in the structural design allows us to economise material
without compromising the safety of moving engineering
structures. The effect of various parameters of the theoreti-
cal model on lengthwise fracture at taking into account the
energy dissipation in the beam is evaluated. It is found that
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the J integral reduces when Dy,/Dyy and 7, /1y ratios
grow. The growth of my,/my,, ratio causes a rapid increase
of J integral value. Increase of the J integral is detected also
when n;/n; and s/r ratios grow.
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