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Abstract

Continuously inhomogeneous structural materials are
characterised by smooth change of their properties in a
solid. The most typical examples in this relation are the func-
tionally graded materials that have a quickly growing use
in a variety of structural applications in up-to-date engi-
neering. In many cases different continuously inhomogene-
ous structural members are subjected to temperature change
that may have significant influence on structural integrity.
This paper aims to clarify how the longitudinal fracture of
continuously inhomogeneous bars with fixed supports is af-
fected by temperature change. In particular, we consider a
bar with circular cross-section. The bar has two portions
with different radius. Besides, the bar hosts a longitudinal
crack representing a circular cylindrical surface. Due to the
fact that the bar is statically indeterminate structure (both
supports of the bar are fixed), the temperature change to
which the bar is subjected induces stresses that have influ-
ence on longitudinal fracture. The problem of strain energy
release rate (SERR) in the bar is solved. An approach from
the literature is used for checking. Since the bar has non-
linear elastic behaviour under temperature change, the com-
plementary strain energy is used for deriving SERR. A vari-
ety of graphs revealing the influence of temperature change
and other bar model parameters on SERR are presented.

INTRODUCTION

Continuously inhomogeneous structural materials which
are mixtures of two or more constituent materials exhibit
remarkable mechanical, thermal and fracture properties that
are significantly superior to the homogeneous materials from
which they are produced /1-3/. Compared to fibrous compo-
sites, continuously inhomogeneous structural materials are
also superior, mainly due to the smoothly changing micro-
structure, which reduces stress concentrations, thereby im-
proving the failure behaviour and increasing the load-bearing
capacity of structures /4, 5/. Rapid progress in the field of
continuously inhomogeneous materials offers excellent op-
portunities for tailoring the change of microstructure along
specific directions in the solid in order to produce materials
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Izvod

Kontinuirano nehomogeni konstrukcioni materijali karak-
terisu se neprekidnim promenama svojstava u cvrstom sta-
nju. Najtipicniji primeri ovog tipa su funkcionalni kompo-
zitni materijali sa brzo rastu¢om primenom u raznim savre-
menim inzenjerskim konstrukcijama. U mnogim slucajevima,
razni kontinuirano nehomogeni konstrukcijski elementi su
izlozeni promenama temperature, koje mogu imati znacajan
uticaj na integritet konstrukcije. Cilj ovog rada je da se raz-
Jjasni kako promena temperature utice na poduzni lom kon-
tinuirano nehomogenih Stapova sa nepokretnim osloncima.
Posebno razmatramo Stap kruznog poprecnog preseka. Stap
ima dva dela razlicitog poluprecnika. Pored toga, Stap ima
poduznu prslinu predstavijena kao kruzna cilindricna povr-
Sina. Zbog cinjenice da je Stap staticki neodreden (oba oslon-
ca Stapa su nepokretni), promena temperature kojom je Stap
izloZen izaziva napone koji uticu na poduzni lom. Resava se
problem brzine oslobadanja energije deformacije (SERR) u
Stapu. Za proveru se koristi pristup iz literature. Posto Stap
ima nelinearno elasticno ponasanje sa promenom tempera-
ture, za izvodenje SERR se koristi komplementarna energija
deformacije. Daje se niz dijagrama koji pokazuju uticaj
promene temperature i drugih parametara modela Stapa na
SERR.

with predetermined properties, /6-9/. All these advantages
make continuously inhomogeneous structural materials with
great potential to replace homogeneous metals and traditional
fibrous composites in numerous industries.

In recent decades, continuously inhomogeneous materi-
als, including functionally graded ones, have emerged as a
cornerstone technology in many sectors of up-to-date engi-
neering where various structural members operate under
temperature changes. The wide use of continuously inhomo-
geneous (functionally graded) materials represents an essen-
tial strategy for qualitatively improving the performance of
engineering structures subjected to heavy loads including
temperature fields. There are many issues related to failure
behaviour and fracture of these structures that are far from
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finding their satisfactory solution. Consequently, analysis of
different aspects of failure is crucial for assessing the integ-
rity and safety of continuously inhomogeneous structures
under temperature changes.

This paper analyses longitudinal fracture. It should be
immediately pointed out that longitudinal fracture in beam-
like structures has been extensively studied in many publi-
cations /10-16/. However, the aforementioned publications
consider longitudinal fracture mainly in simply supported
and cantilevered beam structures, although in engineering
practice, beams with other boundary conditions are often
used. Another characteristic of the aforementioned publica-
tions is that they usually deal with beams of linear-elastic
behaviour. In view of these findings, the aim of this paper is
to analyse longitudinal failure in continuously inhomogene-
ous nonlinear elastic bars with fixed supports under temper-
ature change. In particular, a bar with circular cross-section is
treated. The crack in the bar is a circular cylindrical surface.
Since both supports of the bar are fixed, it is a statically
indeterminate structure, therefore temperature change in-
duces stresses that affect longitudinal failure. The bar is con-
tinuously inhomogeneous along its length. Therefore, the
material parameters are smooth functions of the longitudinal
coordinate of the bar. The SERR in the bar under temperature
change is derived. The SERR verification is performed using
an approach published in scientific literature. It is studied
how the SERR changes due to variation of the temperature
and the distribution of material parameters longitudinally to
the bar. The influence of the geometric parameters of the bar
configuration also is evaluated by applying the obtained
SERR solution to temperature changes. Possible applications
of the solution in the structural design of bars with fixed
supports are also presented. Finally, a promising direction
for further development and sophistication of the present
analysis is indicated.

ANALYSIS

The bar studied in this paper is depicted in Fig. 1.
I 1,

N N

' —#k— r
crack._ _
gy——————————- 7 .
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Figure 1. Bar with fixed supports.

The cross-section of the bar is a circle. The bar has two
portions, LiL, and L,L4, with different radii, namely R; and
R,. Furthermore, the bar hosts a longitudinal crack of length
a, in portion L,L3. The crack represents a circular cylindri-
cal surface of radius R;. The front of the crack is in bar
section L3. The bar is under uniformly distributed tempera-
ture change 7. Both supports of the bar are fixed, i.e., the bar
is a statically indeterminate system.

The mechanical behaviour of the bar is nonlinear elastic
and is treated by the constitutive law given in Eq.(1), /17/,
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o=——, (1)
D+Qe¢
where: o and ¢ are stress and strain; D and Q are material
parameters. Since the material is continuously inhomogene-
ous along the bar length, D and Q change smoothly along
the axis x, as given in Egs.(2) and (3),

D; —-D
D=D, +— "h B, )
4 +h)*
O, -9
0=0; +—+—x°, 3)
(h+h)
where 0<x<l+l,- “4)

In Egs.(2) and (3), Dr1 and D4 are values of D in sections
L, and L4 of the bar, Qr1 and Q4 are values of Q in the
corresponding sections, and £ and J are parameters. The
origin of axis x is in section L1, as depicted in Fig. 1.

The coefficient of thermal expansion ¢; also changes
smoothly along the bar length. Equation (5) describes the
change of ¢, along axis x,

o —a
at —atLl +tL4—tileﬂ > (5)
(h+1h)
where nggll-f'lz . (6)

Here, ay1 and oy4 are values of ¢ in sections L; and L4 of
the bar, A is a parameter.

Since both supports of the bar are fixed (Fig. 1), the uni-
formly distributed temperature change induces an axial force.
The mutual axial displacement A/ of the bar end sections, L;
and L, is zero, i.e.,

Al=0, ()
A=Al +Aly, - ®)
Here, Alziz3 and Alszs are the prolongations of bar portions

LiLs and L3L4, in respect. They are obtained by using Egs.
(9) and (10),

where

AILILG :ALIZ’JI+A1’1L3NL1L3’ (9)
(10)
where: Ariz3 and Azsza are the prolongations due to temper-

ature change; AL1L3NL1L3 and AL3L4NL3L4 are prolongations in-
duced by axial forces. The prolongations are evaluated as

AZL3L4 =ALLy +AL3L4NL3L4 ’

Alllllgt: I G(ﬂdx; (11)
0
L+l
AZL3LI_ J. a,tdx, (12)
L+a
L+a
Allﬂl’jNLL (J; 6[4lgdx, (13)
L+l
Allf5L4NL3L4 - {_ 8L3L4dx’ (14)
1ta

where: &.123 and &:3.4 are strains in portions LiL3 and L3L4
of the bar. Then we transform Egs.(9) and (10) as
L+a L+a

AlLlez ("; attdx+ (J; ngl/jdx’ (]5)
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L+, L+,
AZL3L4 = J. attdx+ '[ 813L4dx' (16)
L+a L+a
The strains are expressed as functions of stresses using
Eq.(1) as given in Eqs.(17) and (18),

D
G _ L7 (17)
l-oy,.,0
o;.1. D
e, _ LT (18)
1_0—113L4Q
By using Eqs.(8), (15)-(18), we transform Eq.(7) to:
L+a Li+a ‘711L}D L+, L+l oLl D
[ oyrdx+ | —2—dx+ | qudx+ [ ———dx=0.(19)
0 0 1oL, L+a L+a ' TOLL,

Since the bar is in equilibrium, the axial forces N3 and
Ni3r4 in portions LiL3 and L3L4 of the bar are equal,
NL1L3 =NL3L4' (20)
The axial forces are presented as functions of stresses by
Egs.(21) and (22),

NL1L3= J._[ UlqlgdAz (21)
L1113
1314)
Then, Eq.(19) is transformed as
jJ. O_L,L3dA: H GL3L4dA . (23)
(Ay13) (Ar514

From the fact that the stresses induced by axial forces are
distributed uniformly in bar cross-sections, it follows that
Eq.(23) can be re-written as

O-L]L_;ALIL320-L3L4A[3L4’ (24)
where the cross-section areas 47173 and A;3.4 are
2
Equations (19) and (24) are used for determining the

stresses by MATLAB®.

The SERR G in the nonlinear elastic bar is obtained by
applying Eq.(27),
du”
ddy.
where: U" is complementary strain energy in the bar struc-
ture; dA.- is infinitesimal growth in the area of the delami-
nation crack. The quantity, dA4. is

dA,, =27Rda (28)

where: da is infinitesimal growth in the length of the delami-
nation crack. Thus, we replace Eq.(27) by

G= 7)

G-V (29)
2R da
The complementary strain energy is determined as
U :UL1L3 +UL3L4' (30)
Complementary strain energy in portion L;L3 is evaluated as
. L+a "
l/lel/3 :ALle I uoqlgdx, (31)
0

where the density of complementary strain energy uo"z123 is
defined by equation
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% ey

oLy =OL Ly L1~ ] oL 4L, - (32)

0
Analogically, for the complementary strain energy in por-

tion L3L4 of the bar, we have

N h+h 13
UL, =Apz, [ worz,dx (33)

L+a

€131y

*
where  wug; g o=op e, ~ [ onden, -
0

(34)
SERR is extracted from Eq.(29) by MATLAB®. An ap-
proach from the literature is used for checking of the SERR
solution obtained here, /18/. The application of this approach
for the longitudinal crack problem under consideration gives
R R,
G:L[J. u;thdR— I M;ahRde . (35)
Ri\o 0
The complementary strain energy densities o and uo" 4
refer to cross-sections behind and ahead of the crack front.
The use of Eq.(35) results in SERR (via MATLAB) which
is a match of the SERR extracted from Eq.(29).

INFLUENCE OF TEMPERATURE CHANGE AND OTHER
PARAMETERS ON THE SERR

The analysis is developed at /; = 0.300 m, ., = 0.600 m,
R1=0.003 m, R, =0.012 m, a = 0.400 mm, ¢ = 60 °C, =
0.5, 6= 0.6 and A= 0.7. It is also demonstrated how the
analysis can be applied in the design of structures subjected
to temperature change (for instance, to determine the radius
of the bar cross-section). Figures 2-4 illustrate the influence
of various parameters on the SERR established by analysis
(SERR is shown in dimensionless form). Determination of
the radius is illustrated in Fig. 5. The problem for determin-
ing the critical temperature is treated too (Fig. 6).

First, the influence of the coefficient of thermal expansion
along bar length on SERR is analysed, as well as the influ-
ence of parameter Dz;. These influences are illustrated in
Fig. 2, where the relation between SERR and 4/ ratio
is plotted at three D;4/Dy; ratios. In Fig. 2 we observe a
growth of SERR with a rise in a4/c1. Growth in SERR
with increasing ratio D4 /Dy is also observed (Fig. 2).
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—x 10" 003
R 0.03]
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Figure 2. SERR vs. ratio a4 /cuw1 at Dra /D1 = 0.5 (curve 1),
Di4/Di1 = 1.0 (curve 2), and Dr4/Dr1 = 2.0 (curve 3).
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The following is an analysis of the influence of tempera-
ture change in the bar on SERR in relation to ratio a/l. In
this regard, SERR is plotted against temperature in Fig. 3 at
three a/l, ratios. A significant increase in SERR resulting
from temperature rise can be seen in Fig. 3. An increase in
SERR as a result of increasing a//, ratio can also be seen

(Fig. 3).
0.05—
0.041- 3
GD,,
—x 10 L
R 0.03
0.02—

0.01~

| | | I
0.0 15 30 45 60
t'C
Figure 3. SERR vs. temperature at a/l = 0.2 (curve 1), a/l>=0.4
(curve 2), and a/l> = 0.6 (curve 3).

Next, influences of bar geometry and change of parameter
QO in the bar longitudinal direction on SERR are analysed
via L/l and Qr4/Qq ratios, respectively. Figure 4 shows the
variation of SERR with increasing /> //; ratio at three Or4/Or1
ratios. We observe that SERR rises smoothly with the rise
of /I ratio (Fig. 4).
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Figure 4. SERR vs. ratio 2/l at Qr4/Qr1 = 0.5 (curve 1),
Qr4/Q11 = 1.0 (curve 2), and Qr4/0r1 = 2.0 (curve 3).

It is also demonstrated how to determine the radius of the
cross-section of the bar in portion L,/L4 based on fracture
mechanics by using the solution of SERR. In this regard, the
variation of SERR with rise of R,/R; ratio is depicted in
Fig. 5. The ratio at which SERR reaches the fracture tough-
ness of the material G.:

G=Ge» (36)
is used to determine the desired radius, as shown in Fig. 5.

Finally, it is shown that the problem for determining the
critical temperature in the bar with a longitudinal crack can
also be treated with the help of the solution of SERR, de-
rived in section 2 of the paper. Here, the critical temperature
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t. is understood as the temperature at which crack growth
begins. Therefore, when the temperature reaches its critical
value 7., the SERR in the bar reaches the fracture toughness
G.. Namely this condition is applied to determine the critical
temperature. The way for determining the critical tempera-
ture is presented in Fig. 6.
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Figure 5. SERR vs. ratio R2/R1.
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Figure 6. Determination of the critical temperature.

CONCLUSIONS

The analysis developed in this paper helps to understand
the longitudinal fracture behaviour of continuously inhomo-
geneous bars with fixed supports in cases when the bars are
subjected to temperature changes. The mechanical behaviour
of bars is nonlinear elastic. All material parameters represent
smooth functions of the longitudinal coordinate in the bar
structure. The solution of SERR obtained here can be used
to examine how the longitudinal fracture performance of bars
evolves when various parameters of continuously inhomog-
enous bars are changed. It is found that the SERR is signifi-
cantly affected both by changes in purely geometric param-
eters such as the ratio of lengths of the two portions of the
bar, and by the distribution of material parameters of the
nonlinear stress-strain law along the length of the bar. The
effect of growth of l»/l, Dia/Dr1 and Qr4/Qp ratios is an
increase in SERR.

Changes in SERR caused by changing the ratios o4/
and a/l,, as well as temperature are examined also. An in-
crease in SERR is detected when ratios cuz4/cuz1 and a/lp, and
temperature increase. The derived solution of SERR has
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useful applications in the design of bars with fixed supports.
It is considered how the solution can be used to determine
the radius of the bar. A method for determining the critical
temperature in bars with a longitudinal crack based on the
obtained solution is also presented. The study of the case of
a continuously inhomogeneous bar with fixed supports, sub-
jected to both mechanical loading and temperature change,
can be indicated as an important direction for further devel-
opment and improvement of the present longitudinal fracture
analysis.
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