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Abstract

This study examines the thermal behaviour of edge-loaded
disks composed of polystyrene and natural rubber under
varying temperatures (T = 0 and T = 0.5). The relationship
between angular speed and radius ratio is analysed, reveal-
ing that natural rubber disks require higher angular speeds
for initial yielding and plastic deformation compared to
polystyrene. As the radius ratio increases, angular speed
decreases, especially in fully plastic conditions. Elevated
temperatures enhance angular speeds for both materials,
indicating improved performance. These findings highlight
the critical impact of material composition and thermal
conditions on the mechanical response of rotating disks,
offering valuable insights for engineering applications
involving composites.

INTRODUCTION

Thermal behaviour of materials plays a critical role in
their structural performance, especially when subjected to
mechanical loads and temperature variations. This research
focuses on the thermal behaviour of edge-loaded disks made
from polystyrene and natural rubber, two distinct materials
with contrasting thermal and mechanical properties. Poly-
styrene, a widely used thermoplastic, is known for its rigid-
ity, low thermal expansion, and high thermal conductivity,
making it suitable for applications requiring dimensional
stability. In contrast, natural rubber, with its elasticity, flexi-
bility, and high thermal expansion, is commonly used in
applications where deformation and resilience are critical.
When these two materials are combined in a composite disk
and subjected to edge loading, their interaction under ther-
mal stress presents a unique case for analysis. The study of
thermal stresses in such disks is essential for applications
where materials undergo significant temperature changes,
such as in automotive components, aerospace parts, and
industrial machinery. Understanding the stress distribution
and deformation patterns can help improve material selec-
tion, design, and performance in environments where both
rigidity and flexibility are required. This research aims to
provide insights into the behaviour of polystyrene-natural
rubber composites under thermal and mechanical loads,
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Izvod

U ovom radu proucavamo termicko ponasanje ivicno
opterecéenih diskova sacinjenih od polistirena i prirodne
gume u uslovima promenljive temperature (T = 0i T = 0.5).
Analizira se veza izmedu ugaone brzine i odnosa poluprec-
nika, gde diskovi od prirodne gume zahtevaju vecée ugaone
brzine za nastupanje tecenja i plasticne deformacije u odno-
su na polistiren. Sa porastom odnosa poluprecnika, ugaona
brzina opada, posebno u uslovima potpune plasticnosti.
Povisena temperatura povecava ugaonu brzinu kod obe
vrste materijala, ukazujuci na poboljSanje performansi. Ova
otkrica naglasavaju kriticne uticaje vrste materijala i ter-
mickih uslova na mehanicko ponasanje rotirajucih diskova,
Cime se sticu bitna saznanja u inZenjerstvu i primeni kompo-
zitnih materijala.

contributing to the development of more efficient and dura-
ble composite materials for various engineering applications.
The study of thin rotating disks made from isotropic materi-
als has been thoroughly examined by Sokolnikoff /1/ and
Timoshenko and Goodier /2/ in the context of elastic behav-
iour, while Chakrabarty /3/ and Heyman /4/ addressed the
plastic range. Their approach to the fully plastic state does
not rely on the plane stress condition; thus, it is possible to
determine the required stresses and angular velocity for the
disk to reach full plasticity without assuming plane stress
(i.e., T-- = 0). In contrast, Gupta and Shukla /5/ provided an
alternative solution for the fully plastic state utilising Seth’s
transition theory alongside the plane stress condition.

OBJECTIVE OF THE STUDY

The objective of this study is to investigate the thermal
behaviour of edge-loaded disks made from polystyrene and
natural rubber. By analysing the interaction between these
two materials under thermal and mechanical loading condi-
tions, the research aims to understand stress distribution,
deformation patterns, and overall performance. The study
seeks to explore how the unique properties of polystyrene
and natural rubber affect thermal stress behaviour, particu-
larly in applications where temperature fluctuations are preva-
lent. Ultimately, the findings aim to provide valuable insights
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for optimising the design and material selection of composite
disks in various engineering applications, ensuring enhanced
durability and efficiency.

GOVERNING EQUATIONS

A thin annular disk made of polystyrene and natural
rubber, characterised by a constant density and defined by a
central bore radius »; and an outer radius ro, is examined
(Fig. 1). This disk, composed of uniform material, is sub-
jected to edge loading while rotating at an angular speed
about an axis perpendicular to its plane. With a constant and
sufficiently small thickness, the disk operates under a state
of plane stress, implying that the axial stress 7. is negligi-
ble. The temperature at the central bore of the disk is de-
noted by 7.
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Figure 1. Geometry of the disk.

The equation of stress is given by Thakur, /8/:
2/‘ 3-2¢—p" {1 ct+(2-c)(P+1)" +”C§T} :
2up”

ncéT
2up”
Tg=Tp, =T, =T, =0, M

where: ¢ =2/ + 2. All equlhbrlum equations are fulfilled,
with the exception of:

T,

T

Tegz%{_’)—%’—ﬂ {2 c+(—c)(P+1)" + 52

d
Z(}"T;,,)-Teg +p[02]”2=0' (2)
The boundary conditions are as follows:
T+=0,T=To at r=ri; T,=Ly,®=0 at r=rn
and T = Toln(r/b)/In(a/b) . 3)

By substituting Egs.(1) and (3) into Eq.(2), we obtain a
nonlinear differential equation expressed as:
14pP _ npa)zr2 _negTy .
2u 2u
1" [1=(P+1Y —nP{l-c+Q-c)(P+1'} ], (@)
where: To= To/In(r;/ro). According to Eq.(4), the turning
points of fare identified as P = -1 and too.

Q=B P(P+1)""
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SOLUTION

It has been demonstrated /5-26/ that the asymptotic solu-
tion for principal stress transitions from elastic state to the
plastic state at transition point P — too. The transition func-
tion R is defined as follows:

R="[Ty, —ch]z[(3—2c)—/3" {2—c+(1—c)(P+1)"}—
2u

_negT }
M

By performing logarithmic differentiation of Eq.(5) with
respect to 7 and substituting the value of dP/df from Eq.(4),
we obtain:

)

2.2
ﬁ”(l_cjxl:l—(P+l)”—n(l—c)P+npwr
d(ogR) _ ~ \2-c 2up”
dr {3 2o M2 —c+(1-c)(P+1)"}— ”Cﬂ}
2u
+nC§TO(3_2C)}+(2—c)nP,[)’”
u(4-2¢c)p" (6)

By taking the asymptotic value P from Eq.(6) and inte-
grating, we arrive at:

R=Ar""". @)
where: v=1—¢/(2 — ¢). From Egs.(5) and (7), we obtain:
CETH1
Typ = 2/'1 K7 v=l STy n(r/FO) ] (8)
log(7; /1)

By substituting Eq.(8) into Eq.(2) and performing the inte-
gration, we obtain:
:[2_;,) v, CETylog(r/n) €50, pa*r?
nv In(;/n)  InGi/rp) 3
By applying boundary condition Eq.(3) to Eq.(9), we obtain:

2.9
r

rr

2
’?,V ” ”0L0+p§) g~ 1+
2u(ry —17)
L Cehy
lrl( 1/1)

2

A=

[r In(r; [ry)— +r0:|J , and

\4

1
(o —1")

B=- [r03—rl~3]+
hlff:/TOO)[F In(r; /ry)—1; +V0]J :

By inserting the values of 4 and B into Eqgs.(8) and (9),
we arrive at:

r—r w” aE®
Lp=—r (”0L0+p [rg—rfh—o
3_,3 +¢
! log(r; / iy)(1-v)
x[{ln(r/ro)—l}—i{ln(ri/ro)—l}}, (10)
r
v—1 2
Tpo=—"— (FOLO*"DG) [Vo3—r'3]+—OZETO
(g —1; 3 (7 /r)(1-V)
x[rl-ln(ri/ro)—ri+r0])+aE(2_C)Toln(r/rO) S an

(1-v)n(; /)
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As observed from Eq.(11), Tee reaches its maximum at
the internal surface; thus, yielding will occur at this surface,
leading to Eq.(11) becoming:

v—1

2
3 ET;
|Tool,._ SY/ A, F0L0+—pw [Vg—ri3]+—a 0
=y =) 3 In(r; /ry)1-V)
ET;
x[nln(n/ro)—n+roJ)+g 0~ y(say) »

and angular speed @; necessary for initial yielding is given by:

2,2 2
Q2 P b 35 | _riv)—bLO— aE®y
Y @ A Y(-v)

I n (g -r)
X971 — + + =l (12
Gy /) G /n) v

where: L= Lo/Y. We introduce the following non-dimen-
sional components as R = r/ry, Ro= ri/ro, Q*= parri’/Y,
aETy/Y=T, 0,= 1./Y, oo= 1e9/Y and L = Lo /Y. Equations
(10), (11), and (12) become:
v v 2
o, _ R Ry L+&(1—R8)
R(1-Rg) 3

2
TR R+

l(Ro)T){RO n(Ry)—Ry +

W[R(m 1)—Ry(InRy—1)] (13)

VRV—I 2 3
L —’ 1-
(1—R5){ R

Og =

{Ro In(Ry)—Ry + 1}}

l(Ro)(l
N TInR ’ (14)
In(Ry)(1-1)
o3 |0=Ry T
©-R)| vRy (1=v)
Ary-Fo_, L 1R | (15)
InR, InR, VR(‘)’—l

Equations (13), (14), and (15) provide the thermoelastic-
plastic transitional stresses and angular speed for a thin rotat-
ing disk subjected to edge loading. The stresses and angular
speed described by Eqs.(13) and (14) for full plasticity are
given by:

VR~ \/7{ —La-r)+ —{Rol (Ro)— R()*‘H}

7T Ra- Vi) In(Ry)
_f 3 _p3 2T{ln(RO)_1} _ 16
L (x Ro>+—R1 i, Kol (9
1
U‘Q_zﬁ(l—J_)[ 5 1R I(Ro)
x{Ry In(Ry)— R0+1}]+2T1nR (17)

In(Ry)
From Eq.(11) the angular speed @> @; for which the
disk becomes fully plastic v=0.5 at » = b is given by:

I DY e _ 18
_I_Ro{za JRo)-0% lnRO(ROInRO Ry+1)| (18)

Q%=
Iy

where: of :riQf(Y/p)l/2 )
0
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Validation of results

The presented results in Eqs.(13)-(18) are the same by
neglecting load and thermal conditions from the results given
by Thakur, /8/.

RESULTS AND DISCUSSION

To compute the stresses and angular speed from the anal-
ysis, the following values are used: Poisson's ratio is set at
v=0.33 for polystyrene (PS), v= 0.5 for natural rubber (NR),
L=0,0.1, and 7= 0 and 0.5, respectively. The parameters
chosen include an inner radius ;= 1 mm, an outer radius
ro= 2 mm, and a reference radius Ry = 0.5. The graphs in
Fig. 2 illustrate the relationship between angular speed and
the radius ratio at two different temperature conditions, 7=
0 and 7= 0.5. In summary, the analysis of angular speed ver-
sus radius ratio at different thermal conditions reveals signif-
icant insights into the behaviour of edge-loaded disks made
from polystyrene and natural rubber. At 7= 0, the results
indicate that natural rubber disks require higher angular
speeds for initial yielding and fully plastic deformation com-
pared to polystyrene, reflecting the distinct mechanical prop-
erties of these materials. As the radius ratio increases, the
angular speed decreases, particularly under fully plastic con-
ditions. When the temperature is elevated to 7= 0.5, a simi-
lar trend is observed, but the overall angular speed values

—=—P3L=0, initial yieldng

4.5 —=— NE,L =0, initial yielding
---o---P3L =01, initial yielding
4 -~~~ NR,L=0.1, initial yielding
—— L=10, fully-plastic
35 <~ o~ L=0.1, fully-plastic
3
.jl 5

0.5 Rn
Figure 2. Angular speed vs. radii ratio at 7=0 and 7= 0.5.
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are higher, suggesting that increased thermal conditions en-
hance the performance of both materials. These findings
underscore the crucial influence of material composition and
thermal effects on the mechanical response of thin rotating
disks, providing valuable guidance for engineering applica-
tions involving composite materials. The graph in Fig. 3
illustrates the relationship between angular speed (Q7?) and
variable L for both polystyrene (PS) and natural rubber (NR)
disks under varying thermal conditions. The results indicate
that: at 7= 0 both materials exhibit higher angular speeds
during initial yielding compared to their performance at 7 =
0.5. As L increases, there is a noticeable decrease in angular
speed for both materials, particularly in the fully plastic con-
dition. The trends reveal that natural rubber disks require
lower angular speeds for initial yielding than polystyrene
when subjected to higher thermal conditions. This behaviour
underscores the significant influence of both material compo-
sition and temperature on the mechanical performance of
edge-loaded disks, providing critical insights for their appli-
cation in engineering contexts. Overall, the data emphasise
the distinct performance characteristics of polystyrene and
natural rubber in terms of angular speed under varying con-

ditions.

—&— P8, T =0, initial yielding
—=— NE,T =0, mnitial ineldmg
---o---P3.T =05, initial yielding

---#--- NR.T = 0.5 nitial yieldng
—— T =0,Fully-plastic
Tl oo o= T=0.5, Fully-plastic
e

0 0.05 0.1 0.15
Figure 3. Angular speed vs. L.

—=— P53 L =0, initial yielding
—=— NR,L =0, initial yielding
-0~ P3L=01,mtial yielding
-—-#---NE,L=0.1, nitial vielding
—+— L=0, fully-plastic
---o---L=0.1, fully-plastic

0 0.1 02 _ 03 04
Figure 4. Angular speed vs. T.
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Figure 5. Stress distribution vs. radius R.

The graph in Fig. 4 illustrates the relationship between
angular speed squared (©7?) and parameter T for different
material conditions and loading scenarios. The graph includes
several curves representing different configurations: PS
(perfectly solid) and NR (non-rigid), with L=0 or L = 0.1,
under initial yielding and fully plastic conditions. It shows
that as T increases, the angular speed-squared changes depend-
ing on the material properties and loading conditions. The
curves for L = 0 exhibit different slopes compared to those
for L = 0.1, indicating the influence of this parameter on
mechanical behaviour. The fully plastic conditions typically
result in lower angular speeds compared to the initial yield-
ing cases, suggesting that material deformation significantly
affects the system's rotational dynamics. Figure 5 presents a
comprehensive view of stress distribution versus radial posi-
tion (R) for various material conditions and parameters,
comparing two scenarios: 7 = 0 and 7 = 0.5. The graphs
illustrate radial and hoop stresses for both perfectly solid
(PS) and non-rigid (NR) materials, with load parameters
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L=0 and L= 0.1. In the upper Fig. 5, when 7= 0, radial
stress decreases with increasing radius, with PS materials
exhibiting higher stress values than NR materials. Hoop stress,
in contrast, initially increases and then decreases across the
radial distance. In the lower Fig. 5, when 7= 0.5, a similar
trend is observed, but with generally higher stress values
across both material types. The influence of the load param-
eter L is notable in both upper and lower Fig. 5, particularly
with L= 0.1, which results in distinct stress behaviours
compared to L = 0.

CONCLUSIONS

The main findings are:

- the edge-loaded disks made from polystyrene and natural
rubber exhibit distinct behaviours under different thermal
conditions;

- natural rubber disks require higher angular speeds for ini-
tial yielding and fully plastic deformation compared to
polystyrene;

- fully plastic conditions generally result in lower angular
speeds than initial yielding conditions, highlighting the
significant effect of material deformation on rotational
dynamics;

- radial stress decreases with increasing radius; PS materi-
als have higher stress values than NR materials;

- hoop stress initially increases and then decreases across
the radial distance.
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