
INTEGRITET I VEK KONSTRUKCIJA 

Vol. 26, Specijalno izdanje B 2026, str. S42–S52 

STRUCTURAL INTEGRITY AND LIFE 

Vol. 26, Special Issue B 2026, pp. S42–S52 

 

S42 

Mpho Mendy Nefale1 , Olumuyiwa Otegbeye1* , Md Sharifuddin Ansari2** , Shina Daniel Oloniiju3  

OVERLAPPING MULTI-DOMAIN PAIRED QUASILINEARISATION TECHNIQUE APPLIED 

TO THE MIXED CONVECTIVE FLOW OF JEFFREY NANOFLUID WITH 

MICROORGANISM AND ACTIVATION ENERGY 

PRIMENA MULTIDOMENSKOG PREKLAPANJA METODOM SPREGNUTE KVAZILINEARI-

ZACIJE NA MEŠOVITI PROTOK KONVEKCIJOM JEFFREY NANOFLUIDA SA 

MIKROORGANIZMOM I ENERGIJOM AKTIVACIJE 

 
Originalni naučni rad / Original scientific paper 

Rad primljen / Paper received: 15.04.2026 

https://doi.org/10.69644/ivk-2026-siB-0042 

Adresa autora / Author's address: 
1) School of Computer Science and Applied Mathematics, Univer-
sity of the Witwatersrand, Johannesburg, South Africa  
M.M. Nefale https://orcid.org/0000-0003-2045-9313 , 
O. Otegbeye https://orcid.org/0000-0003-1321-9776 ; 

*email: olumuyiwa.otegbeye@wits.ac.za    
2) School of Technology, Pandit Deendayal Energy University, 
Gandhinagar 382421, India  **email: md.sharifuddin@spt.pdpu.ac.in  
Md Sharifuddin Ansari https://orcid.org/0000-0002-9277-0904  
3) Department of Mathematics, Rhodes University, Makhanda, PO 
Box 94, Grahamstown 6140, South Africa 
S.D. Oloniiju https://orcid.org/0000-0002-9794-8580  

 
Keywords 

• Jeffrey nanofluid 

• bioconvection 

• activation energy 

• overlapping subdomains 

• paired quasilinearisation, spectral method 

Abstract 

This paper presents an innovative numerical technique, 

the overlapping multi-domain paired quasilinearisation OMD-

PQLM, developed for solving highly nonlinear systems of 

coupled partial differential equations (PDEs). The OMD-

PQLM is based on a strategy in which the equations are 

paired and treated concurrently, thereby improving compu-

tational performance through a reduction in the dimension 

of the coefficient matrix to be inverted while maintaining the 

high accuracy associated with spectral-based decoupling 

methods. The approach entails partitioning the entire com-

putational interval of integration into multiple smaller, over-

lapping subintervals. Solutions in each subinterval are ac-

quired using boundary conditions and solutions from preced-

ing subdomains. To assess the performance of the proposed 

technique, an analysis is performed on the governing differ-

ential equations. The mathematical model describes a Jeffrey 

nanofluid characterised by active energy and microorgan-

isms within a mixed convection flow environment. The inno-

vation of the OMD-PQLM provides a new understanding of 

numerical efficiency by merging overlapping multi-domain 

techniques with the paired quasilinearisation method (PQLM), 

which improves solution accuracy and convergence. The 

findings demonstrate that the OMD-PQLM provides highly 

accurate results, achieving rapid convergence with errors 

reaching as low as 10–14. Residual and solution error anal-

yses validate the method’s effectiveness and robustness. Flow 

characteristics concerning controlling parameters are thor-

oughly analysed, offering valuable insights into the system’s 

physical behaviour, especially the novelty of the model 

involving motile microorganisms. The study shows that the 

OMD-PQLM serves as an effective tool for addressing the 

nonlinear PDEs that often define complex phenomena within 

engineering research. 

Ključne reči 

• Jeffrey nanofluid 

• biokonvekcija 

• energija aktivacije 

• preklapanje poddomena 

• spregnuta kvazilinearizacija, spektralna metoda 

Izvod 

U ovom radu je predstavljena inovativna numerička meto-

da, spregnuta kvazilinearizacija kod multidomenskog prek-

lapanja, OMD-PQLM, razvijena za rešavanje težih neline-

arnih sistema spregnutih parcijalnih diferencijalnih jedna-

čina (PDE). OMD-PQLM se zasniva na strategiji gde su 

jednačine spregnute i tretiraju se istovremeno, čime se pobolj-

šavaju performanse računa smanjenjem dimenzija matrice 

koeficijenata, koja postaje inverzna, uz održavanje visoke 

tačnosti spektralnih metoda razdvajanja. Pristup povlači za 

sobom podelu čitavog računskog intervala integracije u više 

manjih, preklapajućih podintervala. U svakom podintervalu 

dobijaju se rešenja korišćenjem graničnih uslova, kao i reše-

nja iz prethodnih poddomena. Za ocenu performanse pred-

ložene metode, izvodi se analiza osnovnih diferencijalnih 

jednačina. Matematički model opisuje Jeffrey nanofluid, koji 

karakterišu energija aktivacije i mikroorganizmi unutar 

mešovite sredine konvektivnog protoka. Inovativnost OMD-

PQLM daje novo razumevanje numeričke efikasnosti, inte-

grisanjem metoda preklapanja multi-domena sa spregnutom 

metodom kvazilinearizacije (PQLM), čime se poboljšava tač-

nost i konvergencija rešenja. Rezultati pokazuju da OMD-

PQLM daje rezultate veće tačnosti, sa brzom konvergenci-

jom, gde se greške smanjuju sve do 10–14.  Analize ostataka 

i greške rešenja potvrđuju efikasnost i robusnost metode. 

Kontrolni parametri karakteristike protoka su temeljno 

analizirani, čime se dobijaju korisna saznanja o fizičkom 

ponašanju sistema, a posebno uvođenje noviteta u modelu, 

obuhvatanjem specifične pokretljivosti mikroorganizama. 

Istraživanje pokazuje da je OMD-PQLM efikasan alat za 

obradu nelinearnih PDE, kojima se često definišu kom-

pleksni fenomeni u oblasti inženjerstva. 
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INTRODUCTION 

A Jeffrey nanofluid is characterised by the suspension of 

specific nanoparticles within a viscoelastic Jeffrey fluid me-

dium /1/. To characterise fluids displaying both viscous and 

elastic behaviours, the application of the Jeffrey framework 

has proven effective, as it accounts for both relaxation and 

retardation periods, /2/. Consequently, these nanofluids are 

highly applicable in processes requiring enhanced heat trans-

fer. These nanofluids are used in microelectronic cooling 

systems, polymer extrusion processes, and biomedical devices 

that require precise thermal regulation /3-6/. Nadeem et al. 

/7/ investigated the motion of a Jeffrey nanofluid near a 

surface extending exponentially. It was reported that an esca-

lation in the ratio between relaxation and retardation periods 

leads to a thinner velocity boundary layer, characterised by 

a faster reduction in velocity and a lower local skin-friction 

coefficient. When forced and free convection interact to en-

hance heat transfer, the phenomenon is referred to as mixed 

convection /8/. Recent developments in the field of non-

Newtonian nanofluidics have led to a renewed interest in the 

underlying principles of simultaneous natural and forced 

convective transport across various fluidic geometries /9-11/. 

The thermal behaviour of a Jeffrey nanoliquid within chan-

nels featuring flexible walls was examined in a recent study 

/12/. Detailed examination of these dynamics shows that 

while the thermal profile is enhanced by the effects of Ohmic 

heating, it is negatively correlated with intensified radiation 

and Hartmann parameters. A comparable analysis was con-

ducted regarding the magnetohydrodynamic (MHD) trans-

port of Jeffrey-based nanoliquids under mixed-convection 

conditions, /13/. This investigation reveals that the syner-

gistic effect of intensified magnetic fields and Ohmic heating 

serve to expand both thermal and hydrodynamic boundary 

layer thicknesses, which subsequently promotes superior heat 

transfer efficiency. Further research into the stationary trans-

port of heat and species surrounding an oblique, elongated 

cylinder reveals that a rise in the Deborah number results in 

a 20 % enhancement of the axial velocity, /14/. In addition, 

raising the radiation parameter increases the Nusselt number 

by almost 39 %, and the coupled influence of double strati-

fication and Joule heating greatly changes the distribution 

of nanoparticle concentrations /14/. Detailed examination of 

transport characteristics of a Jeffrey nanoliquid past a hori-

zontally oriented cylinder is conducted under conditions of 

combined natural and forced convection, /15/. The study 

utilises the Buongiorno framework to incorporate the mecha-

nisms of thermophoretic drift and Brownian diffusion. In 

this context, the synergistic influence of chemical responses 

and thermal radiation on the simultaneous natural and forced 

convection of a Jeffrey liquid is extensively studied, /16/. 

This analysis focuses specifically on the flow in the vicinity 

of an exponentially extending surface. Parallel to this, the 

MHD transport of a Jeffrey-based nanoliquid within a non-

uniform duct is the subject of further investigation, /17/. 

Under conditions characterised by minimal inertial forces 

and extended waves, that investigation evaluates the inter-

play between induced magnetic phenomena, frictional heat-

ing, and combined buoyancy effects. 

At the end of the nineteenth century, Svante Arrhenius, a 

Swedish scientist, introduced the concept of activation en-

ergy, denoted by the symbol Ea and measured in kilojoules 

per mole (kJ/mol) /18/. This represents the minimum energy 

required for molecular or atomic interactions to initiate a 

chemical reaction. Different reactions exhibit distinct acti-

vation energy values, which can sometimes be negligible or 

even zero. This concept finds applications in fields such as 

food processing, suspended emulsions, geothermal energy, 

and chemical engineering. The Buongiorno framework /19/ 

is utilised to conduct a detailed examination of the transport 

phenomena within a Jeffrey-based nanoliquid passing over 

a stretching surface. This study evaluates the interplay be-

tween Arrhenius kinetics and frictional heating, while account-

ing for velocity discontinuity, thermodynamic irreversibil-

ity, and the Bejan number. They find that partial slip lowers 

velocity, while Brownian motion and activation energy raise 

temperature, concentration, and overall entropy generation. 

A positive correlation is found between thermodynamic 

irreversibility and several key physical parameters in the 

case of a second-grade nanoliquid, /20/. Specifically, the 

results indicate that the entropy production profile is en-

hanced by the intensification of inertial forces, viscous heat-

ing, magnetic effects, and thermal radiation levels. However, 

this trend is reversed when considering the temperature-

difference parameter, which results in a significant decline. 

Their work involves the use of the Runge-Kutta-Fehlberg 

shooting scheme under Arrhenius activation energy to seek 

numerical solutions. The transient MHD transport of a 

Jeffrey-based nanoliquid relative to a rapidly mobilised sur-

face is the subject of a recent investigation /21/. This study 

sought to determine the interplay between Arrhenius kinetics 

and imposed magnetic phenomena within the system. An 

analysis is conducted regarding the simultaneous transport 

of heat and species within a Jeffrey nanoliquid, /22/. The 

study evaluated the flow in the vicinity of a porous medium 

featuring exponentially increasing dimensions, while taking 

into account the mechanisms of an oblique magnetic force 

and Arrhenius-driven chemical kinetics. Jagadesh et al. /23/ 

studied a Jeffrey nanofluid in peristaltic motion within a 

vertically diverging conduit, focusing on flow, mass transfer, 

and heat processes while accounting for activation energy, 

internal heat production, radiative heat transfer, and an in-

clined magnetic field. Their results indicate that mass transfer 

rates, axial velocity, and concentration are enhanced by the 

activation energy parameter. Heat and mass transfer rates 

also increase under specific parameter combinations, offering 

insights for biomedical and industrial applications. These 

investigations demonstrate that activation energy plays a sig-

nificant part in shaping the behaviour of Jeffrey nanofluids, 

particularly through its influence on velocity, temperature, 

concentration, and entropy generation under different co-

nvective flow conditions. 

The phenomenon of bioconvection describes the mecha-

nism by which spontaneous patterns and density stratification 

are created when motile microorganisms interact with buoy-

ancy-driven effects and suspended nanoparticles. The study 

of convection induced by motile microorganisms is increas-

ingly gaining attention due to its applications in solar energy 
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collection, wastewater treatment, biological systems, and 

microfluidic devices such as biomedical dispersions and 

biogalvanic devices. Additionally, it contributes significantly 

to the study of microbially enhanced oil recovery, and the 

formation of hydrocarbon-bearing sedimentary basins. Insuf-

ficient mixing presents a significant challenge in various 

scientific and industrial processes. To address this issue, 

Kuznetsov /24/ introduces the novel concept of bioconvec-

tion in nanofluids through the incorporation of gyrotactic 

microorganisms. Ansari et al. /25/ investigate bioconvective 

MHD Casson fluid motion along a nonlinearly stretching 

surface, taking into consideration non-uniform heat genera-

tion, Brownian motion, thermophoresis, and absorption, as 

well as viscous and Joule dissipation. Their results show that 

these magnetic and thermal effects substantially modify the 

flow, heat transfer, and microorganism distribution. Waqas 

et al. /26/ conduct a dynamic analysis of bioconvection ef-

fects involving gyrotactic microorganisms in a Jeffrey nano-

liquid along an expanding sheet, taking into account the 

effect of ferromagnetic nanomaterials and the Lorentz force. 

Strengthening the ferromagnetic and Lorentz parameters in-

creases heat transfer while decreasing velocity and microor-

ganism density. Algehyne et al. /27/ explore the effect of 

magnetic and buoyancy forces on the interaction between 

nanoparticles and microorganisms, taking into account fea-

tures such as chemical reactions, thermophoresis, Brownian 

motion, heat absorption and generation, and the Darcy-

Forchheimer effect. The results indicate that stronger mag-

netic, buoyancy, and Darcy-Forchheimer influences decel-

erated flow, whereas higher heat generation, Eckert, and 

thermophoretic parameters increase the temperature and 

nanoparticle concentration. Alqurashi et al. /28/ explore bio-

convective transport within the MHD stream of micropolar 

nanoliquids over a vibrating boundary, considering non-

uniform heat sources, motile microorganisms, and melting; 

they find that enhanced melting raises velocity, micro-rota-

tion, temperature, and microorganism density, while a 

stronger magnetic field slows the flow yet further increases 

microorganism density. Alzahrani et al. /29/ perform a study 

on three-dimensional Jeffrey nanofluid involving motile 

microorganisms, and it is reported that stronger bioconvec-

tion and magnetic fields increase mass and heat transfer but 

reduce the fluid velocity. To examine the thermal transport 

characteristics, the research utilises non-Fourier thermal 

relaxation models alongside fluctuating thermal conductiv-

ity and internal energy source/sink mechanisms. The stability 

of bioconvectional transport driven by gravitactic microor-

ganisms within a non-isotropic porous medium is the subject 

of a novel study /30/. This investigation utilises the Bous-

sinesq approximation in tandem with a Jeffrey-Darcy frame-

work to examine underlying thermal and biological dynam-

ics. Results show that stronger mechanical anisotropy and a 

larger Jeffrey number lower the stability threshold for con-

vection, higher Péclet number and microbe concentration 

intensified instability, while thermal anisotropy is stabilis-

ing at low cell density but destabilising at high density. A 

comprehensive analysis of the bioconvectional transport 

within a non-Newtonian nanoliquid is conducted in a recent 

publication /31/. The study focuses on the flow characteris-

tics surrounding an arcuate boundary while integrating the 

behaviour of motile microorganisms. They find that stronger 

magnetic fields diminish the velocity boundary layer but 

raise temperature and nanoparticle concentration. A numer-

ical exploration into the bioconvective transport of a tangent 

hyperbolic nanoliquid is conducted /32/. This investigation 

focuses on the flow passing over a porous surface charac-

terised by exponential expansion, subject to specific interfa-

cial conditions while incorporating the effects of an applied 

magnetic force alongside the motility of microorganisms. 

The study incorporates key factors such as activation energy, 

radiative heat transfer, Ohmic heating, and a spatially varying 

internal heat source. It is reported that higher magnetic and 

Weissenberg numbers reduce the velocity field, mixed‑con-

vection and radiation parameters enhance heat transfer, and 

larger bioconvection Lewis and microorganism slip numbers 

decrease microorganism density. 

Developing efficient numerical algorithms to solve these 

highly nonlinear coupled differential systems and other 

equally demanding engineering problems remains a central 

research priority in computational mathematics. Spectral 

methods, renowned for their high accuracy and exponential 

convergence rates, have been extensively employed to tackle 

complex problems in disciplines such as fluid dynamics, heat 

transfer, and boundary layer flows /33-35/. Techniques based 

on spectral discretisation and iterative linearisation have 

proven effective in various applications, /36-39/. However, 

these methods often encounter challenges when dealing with 

large computational domains or require enhancements in 

computational efficiency, /40/. 

To overcome limitations of traditional spectral methods, 

domain decomposition techniques have been introduced, par-

titioning the computational domain into smaller subdomains 

to enhance efficiency and accuracy /41/. Numerical strategies 

based on quasilinearisation within partitioned spectral 

domains have conclusively been shown to optimise compu-

tational precision. Specifically, overlapping and bivariate 

iterations of this type have been found to significantly 

improve the speed of convergence /42-43/. In this study, we 

propose a novel numerical algorithm called the overlapping 

multi-domain paired quasilinearisation (OMD-PQLM). A 

variant of the OMD-PQLM is applied to solve the MHD 

Williamson-nanofluid motion across an exponentially ex-

tending sheet modelled by a strong nonlinear set of ordinary 

differential equations (ODEs), demonstrating higher accu-

racy than standard paired quasilinearisation (PQLM) /44/. 

The OMD-PQLM works by pairing equations and solving 

them simultaneously. The method divides the entire compu-

tational domain into several smaller, overlapping subdo-

mains. This implementation of overlapping enhances solu-

tion convergence and overall accuracy. Previous studies have 

addressed similar problems using different numerical tech-

niques. For instance, Khan and Tlili /45/ utilise a homotopic 

algorithm to examine Jeffrey nanofluid motion in a gyrotac-

tic microorganism environment, thereby demonstrating the 

influence of the primary system variables on the resulting 

flow characteristics. While their method demonstrates effec-

tiveness, its accuracy heavily depends on careful parameter 

selection, which can be a limitation in complex applications. 
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The current investigation utilises the OMD-PQLM frame-

work to evaluate the triple convective transport of a Jeffrey-

type nanoliquid. This model characterises the dynamics in 

the proximity of a suddenly mobilised interface, incorporat-

ing the influence of activation energy and microorganisms. 

This problem is significant in engineering and biological 

applications, where accurate modelling of fluid flow with 

chemical reactions and microbial interactions is crucial. 

OMD-PQLM demonstrates highly accurate results, with con-

vergence and accuracy validated through residual and solu-

tion error analysis. Flow characteristics are thoroughly ana-

lysed concerning relevant controlling parameters, showcas-

ing the method's robustness and effectiveness in overcom-

ing the limitations of existing numerical techniques. 

MATHEMATICAL REPRESENTATION OF THE PHYSI-

CAL SYSTEM 

Free convection flow of Jeffrey nanofluid along with 

motile microorganisms is studied. For t > 0, the boundary 

surface remains stationary, and the fluid’s temperature, nano-

particle content, and microbe density are all prescribed as 

zero. When t > 0, the bounding surface starts moving with 

uniform velocity qs along x, i.e., the vertically upward direc-

tion, and fluid temperature, microorganism density, and con-

centration of nanoparticles at the plate are maintained at Ts, 

Cs, and Ns, whereas the free stream values of those are T, 

C, and N. The heat-transfer study accounts for the joint 

influence of bioconvection, viscous dissipation, thermo-

phoresis, and Brownian diffusion together with activation 

energy. Imposing the initial and boundary constraints in 

Eq.(5) alongside the non‑dimensional governing relations in 

Eqs.(1)-(4) reproduces the flow model. 
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where: , , , and h are respectively, dimensionless fluid 

velocity, fluid temperature, nanoparticle concentration, and 

microorganism density. 

Mathematically, the flow problem is constrained by the 

following initial and boundary conditions: 

- initial conditions 

(y, 0) = 0,  (y, 0) = 0, (y, 0) = 0,  h(y, 0) = 0,  t = 0,  y > 0, 

- boundary conditions at the surface 

(0, t) = 1,  (0, t) = 1,  (0, t) = 1,  h(0, t) = 1,  t > 0, y = 0, 

- and boundary conditions in the far field 

(y,t) → 0, (y,t) → 0, (y,t) → 0, h(y,t) → 0, t > 0, y → ,  (5) 

where: 
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The physical parameters considered in this work, namely 

the skin friction coefficient Cfx, the Nusselt number Nux, the 

Sherwood number Shx, and Nmx, which represents the local 

motile microorganism concentration, are defined as 
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Below, the list of includes variables and measures involved. 

lb  bioconvection Lewis number 

n  fitted rate constant 

1  proportion of relaxation to 

retardation time 

K  chemical reaction parameter  

 n /(ns – n) bioconvection parameter 

 (Ts – T)/T temperature difference 

E Ea /kT Arrhenius activ. energy parameter 

 Grx /Rex
2 Richardson number 

Q1  buoyancy ratio parameter 

Pr  Prandtl number 

M B2qs
2 magnetic parameter 

Nb DB(s – )/ Brownian motion parameter 

Pe  Peclet number 

Le  Lewis number 

N DT(Ts – T)/T thermophoresis parameter 

Ec qs
2/(Ts – T) Eckert number 

Grx ((1 – )/2)x3g(Ts – T) Grashof number 

Rex (qsx)/ Reynold number 

Q2  bioconvection Rayleigh number 

FORMULATION OF THE OMD PQLM 

The following section provides an overview of the OMD-

PQLM structure in relation to a broad collection of partial 

differential equations (PDEs) consisting of K coupled equa-

tions with K dependent variables. We define the governing 

PDE system as follows: 

1 2[ ( , ), ( , ), , ( , )] 0,   1,2, , .j K j K         = =F  (7) 

Equation (7) represents a coupled, nonlinear PDE system, 

where Fj denotes the j-th nonlinear operator for j = 1, …, K. 

The solution set {1, 2, …, K} is defined by the collection: 

[{1
(0), 1

(1), …, 1
(r1)}, …, {K

(0), K
(1), …, K

(r1)}]. 

Paired quasilinearisation method 

To address Eq.(7), we utilise the PQLM, /39/. While pair-

ings can technically be assigned stochastically, we adopt a 

sequential ordering to clarify the PQLM implementation. 

Assuming {w1, w2} constitutes the primary pair, the quasi-

linearisation is applied to operators F1(w1, …, wK) and 

F2(w1, …, wK) to yield a linearised system. This iterative 

procedure is subsequently applied to consecutive pairs, 
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where the refined solutions from previous pairings are used 

to update the succeeding ones. The pairing structure is gen-

eralised as: 

Fb[w1, …, wK] = 0,  b  {{1,2}, {3,4}, …, {K – 1, K}}. (8) 

Overlapping computational domains 

The overlapping strategy is implemented across both spa-

tial and temporal dimensions. The total spatial integration 

interval [0, f] is partitioned into S overlapping subdomains, 

each of length , denoted as: 

 Ap = [0
 p, N

 p],   p = 1, 2, …, S . (9) 

Each segment is subdivided using a set of N + 1 collo-

cation points. Similarly, the temporal domain [0, f] is di-

vided into T overlapping subdomains of length , defined 

by: 

 Bq = [0
q, N

q],   q = 1, 2, …, T . (10) 

Within the Ap and Bq subintervals, the final two nodes 

overlap with the first two nodes of the subsequent intervals 

Ap+1 and Bq+1, respectively. These subinterval lengths are 

rigorously defined as: 

 0

1
(1 ) 1 cos

2

f

S S
N





 



−
 =

  
+ − −   

  

, (11) 

 0

1
(1 ) 1 cos

2

f

T T
N





 



−
 =

  
+ − −  

  

. (12) 

Here, N + 1 and N + 1 represent the density of collocation 

points in their respective intervals. The total spatial interval 

can be expressed as: 

0 2 (2 2 ) 1 2 ( )( 2)
2

f
s

S        
 

− =  − +  − − =  − +  − − 
 

  (13) 

Equation (13) serves as the basis for deriving Eq.(11), 

where  signifies the overlapping distance. 

 
Figure 1. The spatial domain configuration featuring an 

overlapping grid. 

Figure 1 illustrates the overlapping grid structure for the 

spatial interval; a mirrored configuration is applied to the 

temporal domain. We define  = 0 – 1, focusing on the 

primary interval A1, where   [0, 
1] and the length is 

 = N
1 – 0, we apply a linear mapping 

2


 


= +  

1
0

2

N
 +

+  to convert the domain into the spectral domain 

[–1, 1]. Utilising Gauss-Lobatto nodes m = cos(m/N) for 

m = 0,1, …, N, we find: 

 
0 1 0 1( ) 1 cos

2 2 N
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


    

    
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. (14) 

Consequently, the total length in Eq.(13) becomes: 

0 (1 ) 1 cos (1 )
2

f S S S S
N
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


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.  (15) 

Solving for  recovers Eq.(13). A similar derivation 

provides the temporal interval length. 

Preceding the application of the spectral collocation method 

within every discrete subinterval, the intervals Ap and Bq 

are mapped to   [–1, 1] and   [–1, 1] via: 

0 0

0,   { } cos
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p p p p
N N Np
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, (16) 
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 

. (17) 

Spectral discretisation technique  

This segment illustrates the use of the Chebyshev spectral 

collocation technique to resolve the governing equations 

represented by Eqs.(1)-(4) in both spatial and temporal 

dimensions /46/. As established previously, the overlapping 

computational domains Ap and Bq undergo linear mapping 

into the canonical coordinates   [–1, 1] and   [–1, 1], 

respectively. The computational procedure for evaluating the 

local solutions w1,r (, ), …, wK,r (, ) involves the utili-

sation of bivariate Lagrange interpolants, structured as: 
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 ⁝ , 
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where: i and j represent cardinal basis functions defined 

by the products: 
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which satisfy the Kronecker delta property at nodal points: 

 
,

0   if  
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. (20) 

The discretisation utilises the Chebyshev-Gauss-Lobatto 

nodes, denoted by i and j, consistent with the definitions 

in Eqs.(21) and (22): 
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i

i N
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 . (22) 

The differentiation operators D and D are derived by 

scaling the canonical differentiation matrices to reflect the 

physical dimensions of the subdomains /46/. These trans-

formed matrices are explicitly given by: 

 
2

D D 


=


 (23) 

 
2

D D 


=


, (24) 
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with respect to the spatial and temporal coordinates, in 

respect, we can approximate the partial derivatives of the 

state variables by employing these operational matrices. 

COMPUTATIONAL STRATEGY FOR SYSTEM 

APPROXIMATION 

This segment outlines the application of OMD PQLM. 

The approximations involve the pairing of {, } and {, h}. 

Nonlinear terms are approximated by the application of the 

first order Taylor series, as a result 

1 1
0 1 1 1 2 3 4 1 5[ ] [ ] [ ] [ ] [ ]r r

r r ra a a a a a
t t

 
  + +

+ + +
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 (25) 
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 (26) 

where: a0 1; a1 = –(1 + 1)M; a2 = 2; a3 = –(1 + 1); a4 = 

(1 + 1); a5 = –(1 + 1)(–Q1r – Q2hr); 
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The most recent iterations for f and  are utilised in the 

subsequent couple of equations, 
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where: c0 = 1; c1 = –LeK(1 +  r+1)ne–E/(1+r+1); c2 = –Le;  

3 1r
b

N
c

N

  += − ; e0 = –Pe(1 + hr); e1 = –Pehr; e2 = 1; e3 = 

–Per; e4 = –Pe r; e5 = –lb; e6 = –Pehrr – Pehrr. 

Through the application of the Chebyshev spectral collo-

cation approach and the subdomain strategy, the decoupled 

linearised equation pairs are computed in the following 

manner: 
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RESULTS AND ANALYSIS 

Using OMD‑PQLM, we compute the solutions for the 

system in Eqs.(1)-(4) associated with boundary constraints 

specified in Eq.(5). The OMD-PQLM utilises N = 5 and N 

grid points, with S = 8 and T = 6 subintervals for spatial and 

temporal domains, respectively. The count of overlapping 

domains is increased to increase the method's accuracy. To 

monitor convergence, successive iterates are compared and 

their difference is measured with the infinity norm: 

 ( 1) ( 1)r r rE u u+ +
= − , 

where: E(r + 1) is the solution error after iteration (r + 1). 

Solution errors from subsequent iterations, along with the 

infinity norms of these errors, are presented in Figs. 2 to 5. 

OMD-PQLM demonstrates rapid convergence, achieving 

convergence in fewer than 9 iterations for all , ,  and h. 

All solutions converge to a high degree of accuracy, with 

errors reaching as low as 10–13 to 10–14 This indicates the 

method's efficiency and robustness in handling complex non-

linear equations. The swift convergence is attributed to the 

effective combination of the overlapping multidomain 

approach and the paired quasilinearisation method, which 

collectively enhance computational efficiency and accuracy. 

 
Figure 2. Variation in  between subsequent iterations. 

 
Figure 3. Variation in  between subsequent iterations. 

 
Figure 4. Variation in  between subsequent iterations. 
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Figure 5. Variation in h between subsequent iterations. 

Resulting approximate outcomes generated by the OMD-

PQLM approach must be subsequently inserted within the 

converted governing formulations to evaluate residual norms 

using the following procedure: 
2 3
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Figure 6. Iterations vs. Res(r+1). 

 
Figure 7. Iterations vs. Res(r+1). 

Figures 6 to 9 display the residual errors obtained using 

the OMD-PQLM against the iterations count. The residual 

error is crucial for evaluating accuracy by assessing how 

closely the estimated solution satisfies the governing equa-

tions. It is evident that with an increase in iteration count, 

there is a decrease in residual errors, indicating an improve-

ment in accuracy. The OMD-PQLM achieves residual errors 

as low as 10–14, showcasing its effectiveness as an accurate 

technique for tackling the system of equations. 

 
Figure 8. Iterations vs. Res(r+1). 

 
Figure 9. Iterations vs. Res(r+1). 

The influence of the buoyancy parameter, Q1 

Buoyancy parameter Q1 is associated with a reduction in 

the hydrodynamic boundary layer; the profiles of velocity  

slow down near the boundary surface. This phenomenon can 

be characterised as a stronger influence of buoyancy forces 

counteracting flow momentum. These effects are captured 

in Fig. 10. 

  y 
Figure 10. Role of Q1 on . 
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Role of the bioconvection Rayleigh number, Q2 

A ratio of buoyancy force due to the swimming of micro-

organisms to viscous force is termed the bioconvection Ray-

leigh number. A stronger bioconvection number conveys a 

stronger buoyancy force caused by microorganism distribu-

tion, i.e., a development in microorganism concentration 

gradients causing upward or downward movement in fluid 

regions, which results in a reduction in fluid motion. This 

fact is captured in Fig. 11. 

  y 
Figure 11. Role of Q2 on . 

The influence of the temperature difference,  

An increment in temperature difference  implies a larger 

temperature difference between the boundary and ambient 

temperature. More width in this difference causes nanopar-

ticles to flow from hot to cool regions. This phenomenon is 

captured in Fig. 12. Nanoparticle concentration boundary 

layers become thinner. 

  y 
Figure 12. Role of  on . 

  y 
Figure 13. Role of Pe on h.  

Role of the Peclet number, Pe 

Effects of Peclet number Pe on microorganism density 

are illustrated in Fig. 13. The Peclet number performs a com-

parison between the rate of advection and the rate of diffu-

sion. Higher values of Peclet number point to a good domi-

nation of advection over diffusion; hence, this obstructs the 

emergence of dense microorganism layers, resulting in a 

marked decline in microorganism concentration within the 

boundary-layer region. 

The influence of the bioconvection Lewis number, lb 

A sketch of the consequences of bioconvection Lewis 

number lb on microorganism density is presented in Fig. 14. 

Bioconvection Lewis number tails off with the density of 

microorganisms close to the boundary. A slower diffusion of 

microorganisms occurs in comparison with heat transfer in 

fluid for higher values of lb. This slower diffusion of micro-

organisms results in a deterioration in their density. 

  y 
Figure 14. Role of lb on h.  

Behaviour of the solutions associated with the chemical reac-

tion parameter, K 

Parameter K is directly proportional to the chemical reac-

tion rate. A higher value of K means a faster chemical reac-

tion rate. This parameter shows a significant effect in the 

bioconvection buoyancy-driven flow system. As the rate of 

chemical reaction goes up, the nanoparticle concentration 

and density of microorganisms both decline. This attribute 

is visualised in Figs. 15 and 16. 

  y 
Figure 15. Role of K on . 

  y 
Figure 16. The role of K on h.  
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The influence of relaxation-retardation time ratio, 1 

Variations of 1 reflect the material’s elastic and viscous 

response. Higher and lower ratios correspond to more viscous 

and elastic behaviour, that is, slower and faster recovery, in 

respect. As 1 increases, indicating a larger ratio of relaxation 

time to retardation time results in increased viscosity of the 

fluid, leading to a decrease in velocity  within the fluid 

boundary layer. 

  y 
Figure 17. The role of 1 on . 

Role of the Prandtl number, Pr 

Figures 18-21 indicate that increasing the Prandtl number 

Pr leads to lower  and  profiles, a higher h profile, and a 

complex behaviour in , which decreases initially and then 

increases beyond a certain point. The reductions in  and  

suggest that higher Pr values, corresponding to lower thermal 

diffusivity, slow down the fluid flow and heat transfer. The 

increase in h implies that the motile microorganism density 

is enhanced, possibly due to altered thermal conditions fa-

vouring their activity. The behaviour of  reflects a nuanced 

interaction between thermal and mass diffusion processes at 

different distances from the wall. 

  y 
Figure 18. Role of Pr on . 

  y 
Figure 19. Role of Pr on . 

  y 
Figure 20. The role of Pr on . 

  y 
Figure 21. Role of Pr on h. 

Role of the magnetic parameter, M 

A substantial rise in magnetic parameter M results in a 

decline in  and h and rise in  and , as depicted in Figs. 

22-25. The decline in  suggests that the applied magnetism 

exerts a Lorentz force opposing the fluid motion, effectively 

damping the flow. The increase in  and  implies that the 

suppression of convection leads to higher temperatures and 

nanoparticle concentrations near the wall. The decrease in h 

may be due to the magnetic field's influence on the micro-

organisms, potentially hindering their mobility or affecting 

their distribution within the fluid. 

  y 
Figure 22. Role of M on . 

  y 
Figure 23. The role of M on . 
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  y 
Figure 24. Role of M on . 

  y 
Figure 25. Role of M on h. 

CONCLUSIONS 

This study develops and validates the OMD-PQLM, a 

numerical algorithm that efficiently solves systems of non-

linear PDEs. OMD-PQLM pairs equations and solves them 

simultaneously while dividing the global domain into smaller 

overlapping subdomains. This approach achieves rapid con-

vergence and high accuracy, requiring fewer than nine iter-

ations to reach the stopping criterion, and the solution error 

decreases to the order of 10–14. The method is applied to a 

mixed convection model of Jeffrey nanofluid motion incor-

porating gyrotactic microorganisms and activation energy. 

Residual and solution error analyses confirm its robustness. 

A detailed investigation of the governing parameters is 

performed to assess their influence. The results of the investi-

gation show that fluid velocity decreases as the buoyancy 

ratios Q1, Q2, Prandtl number Pr, relaxation time parameter 

1, and magnetic parameter M increase. It is also shown that 

microorganism density decreases with higher values of bio-

convection Lewis number lb, Peclet number Pe, chemical 

reaction rate K, and magnetic parameter M. Conversely, the 

microorganism density is enhanced by a higher Prandtl num-

ber. Furthermore, the inhibition of convective transport by 

magnetic field results in elevated temperature and nanopar-

ticle concentration profiles. These findings further clarify the 

transport phenomena within the Jeffrey nanofluid model. 

These overall findings indicate that OMD-PQLM provides a 

reliable tool for addressing complex nonlinear PDE systems 

in diverse scientific and engineering applications. 
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