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Abstract

The objective of this study to propose a methodology to
examine nanofluids flow enhanced thermal conductivity and
heat transfer behaviour. The study aims to depict the opti-
mised parameter values at which enhanced thermal con-
ductivity of nanofluids results in more efficient cooling. To
achieve this, mixed convection nanofluid (Cu-water) flow
over a shrinking sheet under radiative effects is investigated
numerically using finite element method (FEM). The analy-
sis incorporates key parameters such as the suction, thermal
conductivity, radiation and mixed convection which govern
the flow and heat transfer characteristics. The numerical
investigation depicts that suction is the most dominant factor
which helps to reduce the boundary layer thickness and
enhance heat transfer. Radiative effects lead to a thicker
thermal boundary layer that consequently reduces the heat
transfer rate. The mixed convection parameter also contrib-
utes to higher heat transfer rate, simultaneously increasing
the skin friction. Corresponding diagrams are plotted to
illustrate the outcomes. Results show that the nanofluid
model developed in this work exhibits higher Nusselt number
as compared to the base microfluid model, confirming im-
proved heat transfer. Also, results obtained statistically by
Response Surface Methodology (RSM) using MATLAB® are
investigated for optimised value of parameters. The results
from the RSM model show a strong positive correlation with
our numerical FEM results. The RSM-ANOVA optimisation
reveals a strong correlation, giving accuracy of 0.975, high-
lighting the roles of suction and radiative heat transfer in
determining thermal behaviour. This study provides insights
for effective thermal management in thin-film manufacturing
processes.

INTRODUCTION

Thin-film coating processes as metal deposition, thin film
manufacturing, metal and polymer coating requires effective
thermal control to ensure uniform coating and stable film
structure. The heat removal process during film formation or
cooling can be enhanced by studying the effects of param-
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Izvod

Cilj ovog rada je u predstavljanju metodologije za prou-
Cavanje protoka nanofluida poveéane toplotne provodljivosti
i ponasanja prenosa toplote. Otkrivaju se vrednosti optimi-
zovanih parametara sa kojima poboljSana toplotna provod-
ljivost nanofluida dovodi do efikasnijeg hladenja. Da bi ovo
postigli, proucavamo numericki (metodom konacnih eleme-
nata - MKE) protok mesavine nanofluida (Cu-voda) preko
folije koja se skuplja, u uslovima zracenja. Analizom su
obuhvacéeni kljucni parametri, kao Sto su usisavanje, toplot-
na provodljivost, zracenje i konvekcija mesavine, kojima se
definisu karakteristike protoka i prenosa toplote. Numerickim
istrazivanjem se pokazuje da je usisavanje najdominantniji
faktor kojima se postize smanjenje debljina granicnog sloja
i poboljsava prenos toplote. Uticaji zracenja dovode do deb-
ljeg toplotnog granicnog sloja, kojim se smanjuje brzina
prenosa toplote. Parametar konvekcije mesavine takode dop-
rinosi povecanju brzine prenosa toplote, sa istovremenim
povecanjem trenja granicnog sloja. Dati su odgovarajuci
dijagrami koji ilustruju rezultate. Rezultati pokazuju da
model nanofluida razvijen u radu ima poveéan Nuseltov broj
u poredenju sa osnovnim modelom mikrofluida, cime se
potvrduje poboljsanje prenosa toplote. Takode, statisticki
rezultati dobijeni metodologijom odzivnih povrsina (RSM)
koriséenjem MATLAB® su obradeni radi optimizacije para-
metara. Rezultati RSM modela pokazuju jace pozitivno pok-
lapanje sa numerickim rezultatima MKE. RSM-ANOVA opti-
mizacija daje bolje poklapanje, sa tacnoséu 0.975, cime se
isticu uloge usisavanja i prenosa toplote zracenjem, u oceni
ponasanja prenosa toplote. Rad daje uvid u efikasno uprav-
ljanje prenosom toplote kod proizvodnih procesa taloZenja
sa tankim filmom.

eters mixed convection, suction and radiation for effective
thermal management. By optimising these parameters, the
overall cooling performance of the thin-film layer can be
significantly enhanced. Abbas et al. /1/ analysed thermal
radiation parameter with a positive effect on temperature
distribution over stretching/shrinking sheets. Thermal radia-
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tion effects over shrinking/stretching sheets have also been
studied by Abdel et al. /2/. Temperature and velocity profiles
analysis over the boundary layers has been examined in /3/.
Thermal enhancement in hybrid nanofluid flow over inclined
thin surface is analysed by Alharbi et al. /4/. Nanofluid flow
and heat transfer in thin films over stretching surfaces under
the influence of suction and radiation is done by Alrehili et
al. /5/, along with other authors /6-7/ that have also studied
effects of thermal radiation over different geometries. The
authors have examined the effects of heat transfer in the
presence of radiation combining various parameters such as
magnetic effects, permeability, heat transfer to obtain sig-
nificantly higher thermal conductivity in various industrial
systems /8/. Analysis of Newtonian fluids under slip condi-
tions has been studied by Evans et al. /9/. Gonsalves et al.
/10/ analysed heat transfer in nanofluids considering convec-
tive boundary conditions using the finite element method.
Mixed convection flow under the effects of radiation is
studied by Gupta et al. /11/. Hady et al. /12/ studied radiation
parameter in a nanofluid over a nonlinearly stretching sheet
and observed that radiation parameter increases the thermal
boundary layer thickness and reduces Nusselt number. Heat
transfer is investigated by Hafeez et al. /13/ in a radiative
hybrid fluid flowing over a wedge surface. Also, the study
has been extended to unsteady nanofluid flows by Hayat
and Shahzad /14/ over radially stretching sheets. Ishaq et al.
/15/ studied two-dimensional nanofluid flow considering heat
and mass transfer in the existence of uniform magnetic field
and radiation over an unsteady porous stretching sheet. Huss-
ain et al. /16/ examined micropolar fluid for boundary layer
flow over stretching/shrinking sheet. Kamis et al. /17/ inves-
tigated the thin film convective boundary layer in the pres-
ence of suction and injection. Comprehensive review of
nanofluids is studied by Nabwey et al. /18/. Naseem and
Shahzad /19/ analysed heat transfer and nanofluid flow in
thin films over an unsteady stretching sheet under the effects
of entropy generation. These studies motivate the study and
application of numerical methods in nanofluid flows over
shrinking sheet. Variable properties of micropolar fluid are
investigated by Saraswathy et al. /20/. Thermal radiation and
magnetic field over effects over nonlinear shrinking porous
sheets is examined in /21/. Galerkin finite element method
is employed to compare the performance of nanofluids by
Sohail et al. /22/. Ullah et al. /23/ investigate thin film flow
of nanofluids considering the effects of thermophoresis and
Brownian motion under uniform magnetic field. Venkata
Ramana Reddy et al. /24/ consider the thermal radiation and
convective boundary conditions. Vrionis et al. /25/ develop
a thin film flow approximation solver under the effect of
environmental heterogeneities. In addition, the micropolar
flow is investigated over a shrinking sheet in study done by
Yacob and Ishak /26/. Zainal et al. /27/ examined velocity
slip condition at the boundary resulting in reduced skin fric-
tion coefficient. The present work considers a steady two-
dimensional nanofluid flow over a permeable shrinking sheet
with thermal radiation and mixed convection effects. Ini-
tially, FEM is employed to solve the governing equations of
the physical model, after which RSM is utilised to develop
a predictive model and perform a multi-objective optimisa-
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tion of the system’s performance. Thus, the present study
highlights that the cooling performance of shrinking sheets
is influenced by combined effects of radiation and the ther-
mophysical properties of the nanofluid.

MATHEMATICAL MODEL

Consider a two-dimensional steady flow of a nanofluid
over a permeable shrinking sheet, representing thermal cool-
ing operations in thin-film manufacturing. The x-axis is
assumed to be along the sheet and the y-axis normal to it;
the velocity components of the nanofluid are u = —U(x) and
v =V, (wall velocity). The sheet temperature is T,, and the
temperature far away from the sheet is 7w (Fig. 1). Suction
at the sheet is employed to stabilise the boundary layer,
while the shrinking sheet simulates the dynamic motion of
thin films during cooling. The nanofluid is assumed to be
incompressible and viscous, neglecting pressure gradients
and nanoparticle interactions with the surroundings. Primary
parameters of the study are Nusselt number and the skin-
friction coefficient, which govern surface shear and heat flux
to achieve uniform cooling and prevent thermal distortion in
sheet-based manufacturing processes.
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Figure 1. Physical model and coordinate system.

To model the steady boundary layer flow of nanofluid,
the continuity, momentum and energy, the equation can be
formulated under assumptions of Boussinesq and boundary
layer approximations governed by continuity, linear momen-
tum and energy equations, respectively, as follows:

ou %y, (1)
ox Oy
2
M%Jrv@:‘if@_;u%g_rw)g, @)
X Y Py P
2
ua_Twa_T:anfa_g_;%, 3)
o R (pCy o

where: g is acceleration due to gravity; g, is radiative heat
flux; nf denotes nanofluid, and parameters of nanofluids are:
My dynamic viscosity; p,r density; (pf).r thermal expansion
coefficient; (0C,),s heat capacitance; o, thermal diffusivity;
qr radiative heat flux; and v;rkinematic viscosity.

The relevant velocity and temperature boundary condi-
tions over a shrinking sheet are:
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at y=0: u=-Ux), v=">,, T=T, and
as y—oow u—>0, T>Tx. “4)
Nanofluid properties appearing in governing equations
are expressed using the following relations /10/:
Ppr =0=P)p s + P
(PC )y =(=)(PC,) r +H(pC, ).

(PB)uy =(A=8XPP) r +(PB)s- >
knf B ks* +2kf _2¢(kf _ks*)

kp kat2kpplhy—kg)
#y

(1-¢)*°
Here, ks is the thermal conductivity of the nanofluid. Sub-
scripts f denote the base fluid, and s* denotes solid nanopar-
ticles, so o+ is the density of nanoparticles; pris density of
the base fluid; ¢ is the volume fraction of nanoparticles; zr
is dynamic viscosity of the base fluid.
Under the effects of radiation, the Rosseland’s approxi-
mation for the radiative heat flux vector ¢, is given by /11/:
4
g, = —2ox 0T (6)
3k oy
Here, k" is Rosseland mean spectral absorption coefficient,
and o" represents the Stefan-Boltzmann constant. The vari-
ation in temperature within the flow is assumed to be ade-
quately small such that 7* can be represented as a linear
function of temperature. This is achieved by expanding 7*
in a Taylor series about 7w and omitting higher-order terms:
T4 ~4737-374. (7)
On substituting Eqs.(5), (6) and (7) into the energy Eq.(3),
we get the following:

*m3 2
L 9T oT _ anf.+160—73<>]5_§. (8)
Velocity components can be expressed in terms of the
stream function i as:
w=2Y and ,—_9v ©)
Oy ox

Introducing non-dimensional similarity variables to trans-

form the governing partial differential equations:

Hypp = ®)

1= afrs v = v, 06 =——=. (10

The nonlinear partial momentum differential Eq.(2) and
energy Eq.(3) get reduced to a set of nonlinear ordinary dif-
ferential equations as below:

" n /2
Kf"+ K (ff" = (/") +K,0=0,
K39”+K4f9’20 H
where values of K, K, K>, K3 and K4 are obtained as
=5 K :1—¢+¢&,
(1-¢)~ Pr

K
Ky=1-¢+¢ PP , K3= o | AN
PBs Ky 3

an
(12)

il

(13)
(PCp)
Also, similarity transformations reduce boundary condi-
tions Eq.(4) to:

a0 4%
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fO)=s, f7(0)=-1, 6(0)=1,

f(n—>0, 8(n—>0, as n—>wo. (14)

The dimensionless parameters are Prandtl number Pr,

radiation parameter N,, Grashof number Gr, Reynolds

number Re. The mixed convection parameter A is defined

as the ratio of the Grashof and Reynolds numbers:
L Gr_gf(,-T,)

(15)
Re2 a2x

The skin friction coefficient Cy and Nusselt number Nu
are significant physical quantities in our study:
c; :T_WZ’ Nu=—4 |

pU ky (T, T.,)

The shear stress at the wall 7, and the constant surface
heat flux ¢ are given by:

——_e __ (o) [40 ar? (17)
w /unf ay y=0: q nf’ ay o 3](* ay o

Using similarity transformations in Eq.(10) and values of
parameters from Egs.(15) and (16), follows as:

Re'2C =$ £7(0),

k
Re 2 Nu=—| 212N |o0)-
k. 3"

(16)

(18)
S

FINITE ELEMENT FORMULATION

To solve nonlinear equations, we reduce the third-order
Egs.(11) and (12) by considering % = f*. Now, the system of
reduced equations is given by:

f’ - h = 0 s
Kh"+ K (fh'—h*)+K,0=0,

K30"+K,f0'=0, (19)
and transformed boundary conditions as
fO)=s, h0)=-1, 6(0)=1,
h(n) >0, 8(n >0 as p—o>o. (20)

The variational form of Eq.(19) over element (7., 7e+ 1)
is given by:
fpetwi (' =h)dn =0
jgjﬂ wy (K" + K (fh'—h*)+K,0)dn=0
jg:ﬂ wy(K30"+ K, f0)dn=0. 20

Here, wi;, w» and ws are linearly independent weight func-
tions corresponding to variation in functions f, 4 and 6,
respectively. Dividing the domain into n linear elements
and assuming linear shape functions i, the finite element
model is obtained from Eq.(21) by using linear approxima-
tion functions, where approximations for f, 4, 6 and the

weight w; over a single element are defined as:

2 2
f:ijlfj‘//js h:Zj:Ihj‘//j,
2 .

922]:191W17 W =y; for l:l,2 (22)
Introducing Lagrange’s interpolation functions for a linear

element on (7, e+1):
Mer1 =7
yi () =———

Ne+1 e

=1,
Net+1 e

and ()= 23)
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Using these approximations, we convert Eq.(21) to form
the element stiffness matrix, where the global matrix is rep-
resented in the form:

(K" K1 KR [0
(K (K] (K21 ) |=| 07} |-
(K1 (k721 kP1\O)) )
Here, [K™"] are 2x2 and {f"}, {b™} are 2x1 order matrices,

where (m, n =1, 2, 3). The specific element components are
given by:

dy;
11 o J 12 _ ot 13 _ 21 _
KU :'..77773 ll/llﬁdn, 1<lj —_L’]]e ll/ll!/ljdn, 1<U —0, JKU —0,

(24)

cdy dy;: _
22 — Me+1 dl//l l//J Me+1 . l//-] _
Kz] =-K 7, d77 d?] d’]+KlL7€ Vi d77 fd77

K [y hdn

K ==Ky [y jdn, K3 =0, K2 =0, (29)
dh Tet1
and {b,-l}ZO, {blz}:—mwi {d_} ’
(1-¢) Ty,
k AN Te+1
{b?}{ih ’}u{dﬂ - (26)

k f 3 d?] N
On assembling the element equations, we obtain a system
of nonlinear equations which are solved iteratively. The
system is linearised by assuming that the functions f and
are known at a lower iteration level. Computations for the
functions f, 4, and @ are then carried out for higher level.
The process is repeated until the required accuracy of

0.0005 is obtained. The results of the convergence study for
a different parameter set are presented in Table 1.

Table 1. Convergence study results for different values of n (Pr =

1,s=3,N.=1).
n h(1.2) 0(1.2)
40 0.16811 037195
80 0.15858 037808
120 0.15686 037922
160 0.15625 037961
200 0.15598 0.37980
240 0.15583 0.37990
280 0.15574 037996
320 0.15568 0.38000
360 0.15564 0.38003
400 0.15561 0.38005
440 0.15559 0.38006
480 0.15557 038007
520 0.15556 038008
560 0.15555 0.38009
600 0.15554 0.38009
640 0.15553 0.38010
680 0.15553 038010

In Table 1, the convergence behaviour is observed for
values of /(1.2) and 6(1.2) as the number of elements is
increased from 40 to 680. The convergence in values beyond
n = 600 shows that the FEM solution has reached independ-
ence validating that the mesh resolution is sufficient, and no
change is observed on further refinement. This proves accu-
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racy of numerical solutions and the independence of mesh
for n > 600.

Table 2. Comparison of analytical and FEM results for f"(7) at
different 7 values.

n 1'(7) analytical FEM
0 -1.00000 -1.00000
1 -0.07295 -0.07223
2 -0.00532 -0.00522
3 -0.00039 -0.00038
4 -0.00003 -0.00003
5,6,7,8 0.00000 0.00000

For the case of a viscous fluid, the exact analytical solu-
tion for the velocity gradient f(77) subject to the boundary
conditions is given by Yacob and Ishaq /26/ as:

s+\/s2 -4

f'(m)=—exp(-Cn) where, C=— (27)

and s is suction parameter. The flow velocity f'(7) values
obtained by FEM and the analytical results are presented in
Table 2. It is evident from the table that the numerical results
obtained using the present FEM formulation are in close
agreement with the analytical solution. This confirms the
accuracy and validity of the present FEM results.

RESULTS AND DISCUSSION

The effect of various important parameters such as suction
parameter s, mixed convection parameter A, and radiation
parameter N, on velocity and temperature profiles are studied
and shown graphically by keeping the volume fraction of
the nanoparticles fixed at ¢ = 0.01, and Prandtl number Pr =
6.2, while other parameters are varied to analyse their influ-
ence on the skin-friction coefficient and Nusselt number.
These results are shown in Figs. 2-7.

04+

02

0

-0.2

fi(n)

.04 -
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-08 "5=2

-1

2 4 6 1
Figure 3. Temperature distribution for varying s (N-=0.5, 1=0.1).
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Figure 2 depicts the impact of suction parameter s on the
velocity distribution as suction pulls the fluid particles closer
to the surface, making the boundary layer thicker. A higher
value of s reduces the velocity, keeping the flow stable on
shrinking surfaces. The effect of the suction parameter s on
the temperature profile 8(7) is depicted in Fig. 3. As suction
increases, the thermal boundary layer becomes significantly
thinner and the temperature gradient at the wall is reduced,
indicating a higher rate of heat transfer.

2 4 6 8

b
0 2 4 6 n

Figure 5. Temperature distribution for varying 4 (N, = 0.5, s =1.0).

The effect of mixed convection parameter A on the veloc-
ity of a fluid is illustrated in Fig. 4. A higher value of A4
causes a stronger upward push, which increases the velocity
in the reverse flow region. Figure 5 depicts the effect of the
mixed convection parameter A on the temperature profile
(7). A stronger buoyancy force leads to a decrease in the
fluid’s temperature closer to the wall, resulting in a higher
rate of heat transfer.

0.2

04+

08

Figure 6. Velocity distribution for varying N- (s = 3.0, 4= 5.0).
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Figure 6 shows the effect of the thermal radiation param-
eter V. on the velocity profile. A higher value of N, improves
fluid velocity in the boundary layer due to the influence of
the mixed convection parameter. In Fig. 7, the effect of the
thermal radiation parameter N, on the temperature profile
6(n) is depicted. Higher thermal radiation allows heat from
the hot surface to penetrate more deeply into the fluid hence,
it lowers the heat transfer from the surface.

e N =05
—N =1
e N, = 1.5

c—N, = 2

2 4 67

Figure 7. Temperature distribution for varying N: (s = 3.0, A=5.0).
Table 3. Impact of A, Nr and s on skin-friction coefficient /”'(0).

N=1,5=5 A=3,5=5 A=3,N-=1
A 17(0) N 1"(0) s 1"(0)
20 | 395139 | 0.5 | 3.96861 1.0 3.19074
25 | 409603 | 0.7 | 4.07698 3.0 3.81842
3.0 | 423885 | 1.0 | 4.23885 5.0 4.23885
35| 437993 | 1.5 | 4.50193 7.0 4.88553
40 | 451934 | 20| 475091 100 | 5.87576

The results obtained in Table 3 depict the values of the
skin friction coefficient for different values of the chosen
parameters. An improvement in Nusselt number is observed
with increasing suction parameter, indicating enhanced sur-
face heat transfers. This suggests that applying controlled
suction through porous sheets can effectively thin the thermal
boundary layer, enabling more uniform cooling. Also, higher
radiation reduces the Nusselt number, highlighting the need
to minimise excess thermal radiation during cooling stages.

Table 4. Impact of A, NV,, and s on Nusselt number 6'(0).

N=1,5=5 A=3,5=5 A=3.N=1
4 J7(0) Nr S"(0) s S"(0)
20 | 395139 [ 05| 3.96861 1.0 | 3.19074
2.5 | 4.09603 | 0.7 | 4.07698 3.0 | 3.81842
3.0 | 423885 | 1.0 | 4.23885 50 | 4.23885
3.5 | 437993 | 1.5 | 4.50193 70 | 4.88553
40 | 451934 | 20| 475091 | 100 | 5.87576

In Table 4 it is observed that as the radiation parameter
N, increases, it reduces the Nusselt number, while increase
in the mixed convection parameter A leads to increased heat
transfer. The suction parameter s exhibits the most significant
impact, improving heat transfer by thinning the thermal
boundary layer. The numerical analysis shows that the com-
bination of suction and convection parameters with radiation
improves thermal management.

Figure 8 presents comparison of Nusselt number with the
base study /10/ and shows that the introduction of nanopar-
ticles significantly improves the thermal performance of the
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current model. Nusselt number shows a consistent increase
with values of A4, N, and s depicting higher values than the
microfluid flow, confirming the enhanced thermal conductiv-
ity and superior heat-transfer performance of nanofluid flow.

=O—Base: microfluid Present: nanofluid

Lecal Nusselt
Local Nusselt number

l},__o——o———o——‘a

05
4 05 07 1 15

Mixed Convection A Radiation parameter N Suction parameter s

Figure 8. Comparison of Nusselt number for varying A, Ny, and s
with base study, /10/.

RESPONSE SURFACE METHODOLOGY

To study the association between various input variables
and their corresponding output variables developed a hybrid
method. This method uses various statistical and mathemat-
ical techniques to optimise multiple responses. RSM is used

to optimise the results from the given data. In statistics, nu-
merical and experimental designs like Box-Behnken Design
and Central Composite Design (CCD) /20/ are used to cal-
culate empirical correlations. We use CCD in this study. A
second-order multivariate regression model is fitted to pre-
dict the average Nusselt number and skin friction coefficient.

Table 5. Parameter levels for CCD-RSM design.

Parameter -1 0 1
$(0.01 <¢<0.1) 0.01 | 0.05 | 0.10
5(0.5<5<5.0) 0.50 | 2.75 | 5.00
A(0.5<1<5.0) 0.50 | 2.75 | 5.00

Nr(0.2<N-<3.0) 0.20 1.60 | 3.00

For this study, a total of 36 experimental runs were con-
ducted for parameters: volume fraction ¢, suction parameter
s, mixed convection parameter A, and radiation parameter
N,, each investigated at three levels as summarised in Table
6. The experimental design also includes responses in runs
26-36 with identical responses as obtained in run 25, hence
the responses have been omitted in the table.

Experimental design is based on the factorial approach
comprising 36 runs that have responses of Nusselt number
and skin friction number for different governing parame-
ters.

Table 6. Experimental design and responses.

Run AN | s | ¢ A N s O+ Skin friction Nusselt number

1 o S e O 0 O I | 0.5 0.2 0.5 0.01 0.7558 0.1615
2 -1 -1l 0.5 0.2 0.5 0.1 0.7492 0.1118
3 O e O O O | 0.5 0.2 5 0.01 4.1378 19.547
4 -l -1 |1 1 0.5 0.2 5 0.1 4.1385 18.471
5 S 0 O | 0.5 3 0.5 0.01 0.5606 0.1135
6 11t 0.5 3 0.5 0.1 0.5581 0.1135
7 -1 1 1 |-l 0.5 3 5 0.01 4.1824 5.6915
8 -1 1 1 1 0.5 3 5 0.1 4.1836 5.5955
9 I [ -1 ]-17]-1 5 0.2 0.5 0.01 1.4443 5.3705
10 I [ -1 ]-1]1 5 0.2 0.5 0.1 1.6772 4.1413
11 I [ -1 ] 17]-1 5 0.2 5 0.01 4.1307 19.547
12 1 [ -1 11 1 5 0.2 5 0.1 4.1375 18.472
13 1 1| -17]-1 5 3 0.5 0.01 3.4751 0.8626
14 1 I | -1]1 5 3 0.5 0.1 3.4893 0.8536
15 1 1 1 |-l 5 3 5 0.01 4.5751 5.6959
16 1 1 1 1 5 3 5 0.1 4.5872 5.6001
17 -1 0]01]0 0.5 1.6 2.75 0.055 2.279 5.6085
18 1 01010 5 1.6 2.75 0.055 2.7585 5.6221
19 0O[-1]1]071]0O0 2.75 0.2 2.75 0.055 2.2387 16.302
20 0 1 010 2.75 3 2.75 0.055 2.8574 3.3671
21 0[O0 ]-1]0 2.75 1.6 0.5 0.055 2.2009 0.9381
22 010 110 2.75 1.6 5 0.055 4.2479 8.7153
23 01 01]07]-1 2.75 1.6 2.75 0.01 2.5131 5.7068
24 0] 01071 2.75 1.6 2.75 0.1 2.5288 5.5266
25 0] o0o]o0of]oO 2.75 1.6 2.75 0.055 2.5209 5.6153

RSM analysis for Nusselt number (Nu): the second-order
response surface model developed for the Nusselt number
is given as

Nu=fo+ fid+ BN+ fos + fap + fu > + PN + Pras® +

+ fug? + PN, + Pisds + Pudo+ PusN, + fuN,g+ Prse . (28)

Model fit statistics: number of observations 36, error degrees
of freedom 21, root mean squared error 1.05, R-squared:
0.97, adjusted R-squared: 0.96, p-value < 0.001.
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Figures 9-11 illustrate that the Nusselt number increases
moderately with increasing A, while higher suction values s
enhance heat transfer. The nanoparticle volume fraction ¢ is
found to have a negligible effect on the Nusselt number.
Whereas the radiation parameter N, strongly suppresses heat
transfer when combined with higher suction.
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Figure 9. Contour plot for Nusselt number vs. s, A.
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Figure 10. Contour plot for Nusselt number vs. s, ¢.
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Figure 11. Contour plot for Nusselt number vs. s, ¢.

Table 7. Coefficients estimated for Nusselt number using CCD-RSM.

Term Estimate SE t-Stat P-Value
Intercept -0.9499 1.1801 -0.8049 0.4298
A 1.5384 0.7536 2.0413 0.0539
Ny -6.1628 1.1455 -5.3802 <0.001
K 5.6649 0.7536 7.5168 <0.001

¢ 25.0500 37.6820 0.6647 0.5134
AN, -0.1535 0.0832 -1.8454 0.0791
As -0.1323 0.0517 -2.5550 0.0184
) -0.7333 2.5894 -0.2832 0.7797
Nr:s -0.9050 0.0832 -10.874 <0.001
N:: ¢ 3.2037 4.1615 0.7698 0.4499
s: ¢ -0.6515 2.5894 -0.2516 0.8037
A2 -0.1132 0.1282 -0.8831 0.3871
& 1.8600 0.3312 5.6148 <0.001

52 -0.2690 0.1282 -2.0976 0.0482
¢2 -282.480 320.6400 -0.8809 0.3883

The RSM analysis of the Nusselt number in Table 7
demonstrates that the suction parameter s has the most sig-
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nificant positive effect on the Nusselt number. While the
radiation parameter N, has negative effects. The mixed
convection parameter 4 shows a moderate positive effect,
while the nanoparticle volume fraction ¢ does not signifi-
cantly impact heat transfer. The linear interaction term, N, : s
is highly significant, showing that radiation strongly reduces
the positive effect of suction. Quadratic effects confirm a
nonlinear relationship between these parameters and heat
transfer.

Table 8. ANOVA results for the Nusselt number response.

Source SumSq | DF | MeanSq | F-value | P-Value
Total 1016.80 | 35 29.05
Model 993.70 | 14 70.97 64.53 <0.001
Linear 811.26 4 202.81 184.41 <0.001
Nonlinear 182.44 10 18.24 16.58 <0.001
Residual 23.09 21 1.09
Lack of fit 23.09 10 2.30 -
Pure error 0 11 0

Table 8 of ANOVA provides the significance of the re-
sponse surface model for the Nusselt number. The overall
model is highly significant with an F-value of 64.539 and a
P-value < 0.001, indicating that the variation explained by
the model is much greater than the residual error. Linear
terms contribute the most to the model, dominating the re-
sponse behaviour. Also, the curvature and interaction effects
show the interaction of nonlinear terms. The residual error
is very small, indicating that the model fits the data well and
is suitable for prediction and optimisation.

RSM Analysis for skin friction (f”(0)): the second-order re-
sponse surface model developed for skin friction is given as
F0)= o+ BiA+ N, + Bos + fagp+ k> + PN + fas +

+ @ + PN+ Pisds + Budp+ PrsN:+ fuN,p+ Puse . (29)
Model fit statistics: number of observations 36, error degrees
of freedom: 21, root mean squared error: 0.228, R-squared
0.97, adjusted R-squared: 0.95, P-value < 0.001.

Figures 12-14 illustrate the effects of interaction on skin
friction. Skin friction increases with increasing mixed con-
vection, but this effect is reduced by higher suction. The plots
in the middle confirm the ANOVA results. It is observed that
skin friction behaviour is dominated by strong quadratic
effects rather than linear effects, particularly the A : s inter-
action, which plays an important role in controlling the
boundary layer.

4.2369 5
3.4792

27214

(0)
S

1.2059

0.4482 0.5

Figure 12. Contour plot for skin friction vs. s, A.
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Figure 14. Contour plot for skin friction vs. s, N;.

Table 9. Coefficients estimated for skin friction using CCD-RSM.

contribute significantly to the model, confirming curvature
and interaction effects. The residual error is minimal, sug-
gesting a good fit of the model.

Table 10. ANOVA results for the skin friction response surface model.

Source SumSq | DF | MeanSq F P-value
Total 43.7760 | 35 | 1.2507
Model 42.6820 | 14| 3.0487 58.550 | <0.001
Linear 36.1060 | 4 9.0266 173.350 | <0.001
Nonlinear 6.5760 | 10 | 0.6576 12.6290 | <0.001
Residual 1.0935 | 21 | 0.0521
Lack of fit 1.0935 | 10| 0.1094 - 0
Pure error 0 11 0

Optimisation of system parameters

A numerical optimisation study is conducted to determine
the optimal set of governing parameters for two objectives:
to maximise the rate of heat transfer and minimise the skin
friction of the fluid at the surface. The optimisation is per-
formed using RSM. Optimal values derived from this anal-
ysis are shown in Tables 11 and 12.

Table 11. Parameter settings that maximise heat transfer rate.

Optimal parameter Optimal value
Mixed convection (1) 3.6215
Radiation (N;) 0.2000
Suction (s) 5.0000
Volume fraction (¢) 0.0350
Predicted maximum Nusselt number (Numax) 20.5104

Table 12. Parameter settings that minimise skin friction.

Term Estimate SE t-Stat P-Value
Intercept 0.1959 0.2567 0.7630 0.4539
A 0.3697 0.1639 2.2545 0.0349
N» 0.1698 0.2492 0.6813 0.5030
s 0.2204 0.1639 1.3445 0.1931
¢ 5.2889 8.1993 0.6450 0.5258
AN, 0.0998 0.0181 5.5145 <0.001
Ais -0.0823 0.0112 -7.3117 <0.001
) 0.1686 0.5634 0.2993 0.7676
Nr:s -0.0490 0.0181 -2.7090 0.0131
Nr: ¢ -0.2070 0.9055 -0.2286 0.8213
s: @ -0.1340 0.5634 -0.2379 0.8142
A2 -0.0175 0.0279 -0.6296 0.5356
2 -0.0304 0.0720 -0.4223 0.6770

52 0.1218 0.0279 4.3651 0.0002
$? -42.8540 69.7690 -0.6142 0.5456

The regression analysis for skin friction f”(0) in Table 9
depicts that the mixed convection parameter has a positive
linear effect. The A : s interaction and the A : N, interaction
are the most influential factors, playing a vital role in the
determination of skin friction. The volume fraction of the
nanoparticle does not show a statistically significant influ-
ence. The quadratic term for suction s? is also highly signif-
icant having P = 0.0002, which confirms a strong nonlinear
effect of suction on skin friction.

The ANOVA results in Table 10 confirm that the skin
friction model is highly significant with F = 58.55 and P <
0.001, indicating that RSM model explains most of the vari-
ation compared to residual error. Linear and nonlinear terms
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Optimal parameter Optimal value
Mixed convection (1) 0.5000
Radiation (Nr) 0.2000
Suction (s) 0.5000
Volume fraction (¢) 0.0100
Predicted minimum skin friction (£ "(0)) 0.5827

Results of the optimised parameter depict that to maxim-
ise the Nusselt number, strong suction with weak radiation
is required, which effectively enhances convective cooling.
Although, to minimise skin friction, weak suction combined
with low mixed convection is needed. In general, suction
emerges as the dominant factor in controlling heat transfer,
where maintaining low radiation consistently improves ther-
mal performance.

CONCLUSION

Research in nanofluid flow over a shrinking sheet is
paving the way for more sustainable thin film manufacture
where effective cooling significantly influences the stability
of the film. However, wall suction is the most influential
factor in improving heat transfer and stabilising the flow,
whereas high radiation parameter strongly suppresses ther-
mal performance. Also, the mixed convection parameter
affects heat transfer positively but also increases skin friction
indicating a trade-off performance. This has been observed
through graphical representations of temperature and velocity
of current study. Finite element analysis confirms that the
Nusselt number increases from 0.71 to 2.85, highlighting
suction as the most effective parameter for enhancing heat
transfer. The results of ANOVA confirm that our RSM
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model agrees with FEM results having P < 0.001 and R? ~
0.975. The surface and contour plots further reveal that skin
friction is primarily governed by the combined influence of
suction and mixed convection. This nanofluid model offers
a superior thermal efficiency compared to the basic micro-
fluid system, making it a more effective model for applica-
tions where heat-transfer enhancement is a primary objective.
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