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Abstract

Lagrange interpolation is applied to the source localisa-
tion to optimise the computational resources used in AET.
Further, the potential of the optimisation is validated by
numerical tests in which the original distribution is assumed
to represent a damaged concrete plate. In the results of
numerical tests, the percentage velocity error between the
identified distributions and the original distribution is 2.59 %
obtained by the implementation of Lagrange interpolation.
This error is lower than the 8.81 % error of the conventional
method. Thus, it is noted that the implementation of the
interpolation contributes to the accurate identification in
comparison with the conventional method. Moreover, if the
result of the conventional AET is approximated as original
distributions, the larger number of the candidates used in
the localisation would be required. Therefore, it is con-
firmed that AET can be conducted with the optimisation of
computational resources if the Lagrange interpolation is
implemented.

INTRODUCTION

Elastic wave tomography (EWT) is a non-destructive test
method used to identify elastic wave velocity distributions
and has been applied to visualizations of heterogeneities
generated in materials /1, 2/. In applications of EWT, Chai
et al. /3/ visualised internal heterogeneities of concrete struc-
tures using identified low velocity distributions. Generally,
the velocity of defect areas is low in comparison with sound-
ness area and defects are identified as low velocity distribu-
tions. Hence, it is noted that EWT has a potential applying
to structural health monitoring of concrete structures. In
addition, although measurements of elastic waves require
installing sensors to the structures, the sensors are portable
and can be installed to field tests: for instance, Sassa /1/ has
attempted installing sensors to boreholes to identify the
velocity distribution of grounds. Thus, it is expected that
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Izvod

U ovom istrazivanju, Lagranzova interpolacija se prime-
njuje na lokalizaciju izvora kako bi se optimizovali racunski
resursi koriséeni u AET. Dalje, potencijal ove optimizacije
Jje potvrden numerickim testovima u kojima se pretpostavlja
da originalna raspodela predstavilja oStecenu betonsku
plocu. U rezultatima numerickih testova, procenat greske
brzine izmedu identifikovanih raspodela i originalne raspo-
dele je 2,59 % koji je dobijen primenom Lagranzove inter-
polacije. Ova greska je manja od greske konvencionalne
metode, koja iznosi 8,81 %. Dakle, primena interpolacije
doprinosi tacnijoj identifikaciji u poredenju sa konvencio-
nalnom metodom. Stavise, ako su rezultati konvencionalnog
AET aproksimirani kao originalne raspodele, bio bi potre-
ban vecéi broj kandidata koriséenih u lokalizaciji. Stoga,
potvrdeno se da AET moze biti sprovedena sa optimizaci-
jom racunarskih resursa ako se primeni Lagranzova inter-
polacija.

EWT can be applied to field tests and identify the velocity
distributions of existing structures.

In an algorithm of EWT, the differences between meas-
ured and computed travel times from elastic wave sources
to sensors, are minimised to identify elastic wave velocity
distributions. A measured travel time is obtained by a dif-
ference between a pulse originated time at the sources and
an arrival time at a sensor. Hence, in order to conduct EWT,
the location of the sources and pulse originated times are
required in the measurement. Although the large number of
measured travel times is required for the identification of
the velocity distributions since the tomography technique is
conducted on the basis of an inverse problem, the large
number of sources should be manually deployed to an anal-
ysis area. One method to generate these sources is the use
of transducers. However, to use a large number of transduc-
ers, a specialised measurement apparatus with many channels
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is required. Moreover, if only one transducer is used and
reinstalled at each source location, measurements must be
conducted multiple times, as the transducer must be manu-
ally installed and removed. These challenges are in other
methods used generating the sources as well as the use of
the transducer.

Another tomography technique is acoustic emission tomog-
raphy (AET) /4/ and AET has attempted to be applied to
structural health monitoring /5, 6/. Though both tomography
techniques have potential to identify the velocity distribu-
tions, AET does not require measurement of source locations
and pulse originated times since a source localisation is
implemented to obtain localised sources and computed pulse
originated times in an algorithm of AET. If AET are applied
to structural health monitoring, the sources can be easily
generated by randomly hitting a hammer and/or other tools
in an analysis area. Therefore, it is expected that the large
number of sources is easily measured to identify the practi-
cal distributions.

Source localisation used in AET selects the sources from
candidates located in an analytical model. The candidates
are installed with regular intervals and if the interval of
candidates is decreased, an accuracy of a localised source is
raised. Although the accuracy of the localisation should be
raised to improve the accuracy of identified velocity distri-
butions, computational resources used in AET are raised
because the number of candidates is increased in an ana-
Iytical model. If an interval of candidates installed in an
analytical area which is a square is halved, the number of
candidates quadratically increases. Moreover, if the interval
is halved in the cube, the number of candidates increases
cubically. Thus, if the increment of candidates can be
prevented, computational resources can be optimised.

Lagrange interpolation has a potential to localise sources
at locations between the candidates. In the previous study
/7/, Lagrange interpolation is applied to the source localisa-
tion and the sources are localised between the candidates.
Thus, if Lagrange interpolation is applied to AET, it is
expected that computational resources used in AET are opti-
mised. Although Lagrange interpolation has been applied to
AET, AET did not identify accurate velocity distributions.
In this study, Lagrange interpolation is applied to AET using
improved source localisation. Further, in order to provide
reasons why an optimisation using the interpolation should
be applied to AET using improved source localisation, the
AET algorithm and the optimisation process are detailed.
Furthermore, the performance of optimisation is validated
by numerical tests which approximate concrete plates with
a defect.

IDENTIFICATION OF ELASTIC WAVE VELOCITY
DISTRIBUTIONS

Tomography techniques

Analytical models of tomography techniques consist of
several cells. Further, homogeneous velocities are assumed
in each cell and differences in velocities approximate the
heterogenous velocity distributions. While complex distribu-
tions are identified if a size of the cell is minimised, the
required measured data is raised. An example of a 2D ana-
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lytical model is shown in Fig. 1. In Figure 1, the slowness
which is the reciprocal of velocity, is set to each cell and
computed travel times are obtained by use of the slowness.
The computed travel time 7} from source i to sensor j is
defined as

where: Si is slowness in the cell k; /; is length of ray-path
from source i to sensor j in cell k. It should be noted that
Ray-Tracing /8/ is used to obtain /; as Ray-Tracing consid-
ers the refractions and diffractions of elastic waves. More-
over, Ray-Tracing has been applied to EWT and EWT using
Ray-Tracing improved the identified velocity distributions of
the concrete specimen /9/. In order to identify the velocity
distributions, error of 7Tj; is required and the error ATy is
defined as

where: To; is measured travel time from source i to sensor j.
In tomography techniques, S; is computed by a minimisation
of AT}; on the basis of inverse problems and computed S; is
approximate to the original distributions. Thus, it is noted
that S is the variable of tomography techniques. In addition,
if the number of S is raised to identify the complex velocity
distributions, the required number of measured travel times
is raised owing to increments of the variables.

In order to obtain measured travel times, locations of the
sources and pulse originated times of elastic waves from
sources are required. The sources are manually installed to
obtain measured travel times if EWT is conducted. The
sources should be widely located in a model because ray-
paths should be propagated to all of the cells in an analytical
model to compute Sy by Eq.(2). The number of travel times
should be sufficiently larger than the number of slowness
since the number of travel times corresponds to the number
of Eq.(2) used in an inverse problem. Thus, EWT has poten-
tial to be widely conducted for structural health monitoring if
the sources are easily installed. On the other hand, the source
localisation is implemented in AET to compute locations of
sources and the pulse originated times, and it is noted that
installing the sources is easier than in EWT analysis. There-
fore, it is expected that AET is conducted for the practical
identification of the distribution.

-4 j
7 "7 i+1
; AWy
I/

M Sensor o Nodal point

@ Source =»Ray-path
Figure 1. Illustration of tomography techniques: a) analytical

model used in tomography techniques; b) approximated ray-paths.

i

Source localisation used in AET
The source localisation selects the source from candidates
of sources located in analytical models. A conceptual dia-
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gramme of the source localisation is shown in Fig. 2. In
Fig. 2, the illustrated dots imply the candidates and the can-
didates are selected by uses of approximated ray-paths from
sensors to the candidate. It should be noted that the approxi-
mated ray-paths are computed by Ray-Tracing. If the ray-
path is approximated, the computed travel time from sensor
to the candidate is obtained by the use of Eq.(1). Hence,
pulse originated times P; can be computed as subtraction of
arrival times of computed travel times and are defined as
Fy=4; =Ty @)
where: A is arrival time of an elastic wave at sensor j.
Equation (3) is noted that the number of P; in each candi-
date is the same as the number of installed sensors. Thus,
variances of pulse originated times in each candidate are
obtained and the variance o7 at the candidate i is defined as

» 12 o 2
o; :;Z(Pi_Pij) ) “)
j

where: n is number of sensors; ﬁl is the average of pulse

originated times at candidate i. If the localised sources at
the candidate approximate the location of the original source,
o approaches 0 because the lengths of ray paths are more
accurate than others. Therefore, the source which is the mini-
mum o7 in all of candidates, is selected. Further, if the local-
ised source is accurate, it is expected that 131 is approximated

measured pulse originated time.
In Eq.(2), To; and T could be computed as subtraction of
Aj of ﬁl and the use of the length of ray-path from localised

source i to sensor j. It is noted that the accuracy of the local-
ised sources contributes to accurate identification. The accu-
racy of the localised source can be improved if the number
of candidates in a model are increased to shrink the interval
of candidates. However, computational resources used in
AET are raised because the candidates should be memorised
in Random Access Memory (RAM) to conduct the source
localisation. Therefore, an optimisation method should be
applied to the source localisation.

\[/
~N/L -
7N

J\

B Sensor © Candidate
@ Source = Ray-path

Figure 2. Illustration of source localisation based on ray-tracing.

Optimisation of computational resources on the basis of
Lagrange interpolation

In order to conduct the optimisation, the suppression for
incrementing the candidates should be proposed. Lagrange
interpolation has potential to suppress the increment of the
candidates if the sources are localised between candidates.
The outline of source localisation using Lagrange interpola-
tion is shown in Fig. 3. Moreover, Lagrange interpolation
implemented in the source localisation is defined as
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where: m is number of selected candidates; u is coordinate
of the source; u; and u; are coordinates of the candidate i, /;
and o7 is the variance of the pulse originated time obtained
at candidate i. In Eq.(3), the output of L(«) implies the vari-
ance of the pulse originated times and L(u) is a quadratic
function if m is equal to 3. It should be noted that the candi-
date localised as the sources by Ray-Tracing and others on
either side of the localised candidate shown in Fig. 3a, are
applied to Eq.(3). According to the algorithm of the source
localisation based on Ray-Tracing, the candidate in which the
minimum variance is computed is selected. Thus, it is noted
that « used in the computation of minimum L(u) implies the
sources location. Moreover, the coordinate of the source is
obtained by the following Eq.(6),
oL _y. (©)
Ou
Owing to the implementation of the interpolation function
defined as the quadratic function, the output of L(u) has the
vertex. Thus, the original source ug is obtained by the solu-
tion of Eq.(6). Moreover, Fig. 3b implies the example of
computing the coordinate of u in the horizontal axis. If L(u)
is applied to candidates in the vertical axis, it is expected that
the coordinate of uo in the vertical axis, is obtained.
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Figure 3. Illustration of source localisation using Lagrange interpo-
lation: a) example of source located between candidates; b) La-
grange interpolation using the coordinate in the horizontal axis.

In the previous study /7/, L(u) is applied to the source
localisation and AET is conducted with localised sources.
However, the identified velocity distribution has not clearly
approximated the original distribution in the numerical test.
In the numerical test, the candidates used in the source local-
isation are located in the nodal points of the cells. In the used
model in the previous study, if the interval of the candidates
is minimised, the number of cells is raised. Thus, it implies
that the required number of travel times increases because
the variables of the tomography techniques set in the cells
are raised. Therefore, the velocity distribution which was of
low accuracy was possibly identified by the use of the insuf-
ficient number of travel times.
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The accuracy of the source localisation using L(u) depends
on the interval as the vertex of L(u) approaches 1 with mini-
mising the interval of the candidates. Hence, the interval of
candidates should be considered as accuracy of the source
localisation and the suppression of computational resources.
The minimisation of the interval should be considered to
not increase the cells. In this study, the candidates are
located inside of cells and between nodal points as well as
nodal points. Kobayashi et al. /6/ have conducted AET with
these improved candidates. Thus, the results note that AET
can be conducted with these improved candidates. Further-
more, the minimisation of the interval is not related to the
increment of the cells, and it is expected that the accurate
distribution is identified by AET using L(u) with the practi-
cal interval if these improved candidates are applied.

INITIAL CONDITIONS OF THE NUMERICAL TEST

In the numerical test, AET is conducted to approximate
the original velocity distribution shown in Fig. 4. Moreover,
the analytical model is shown in Fig. 5, and the initial con-
ditions are listed in Table 1. The original distribution is re-
ferred to a damaged concrete plate. Further, the soundness
area is shown in red cells. The used velocity of soundness
concrete refers to application of EWT in the concrete struc-
ture /10/ and the used velocity is 4000 m/s. The damaged
area is shown in green cells, and the velocity of damaged
concrete is assumed 3000 m/s because the velocity is lower
than the soundness.

1.00m

Velocity [m/s]
4000

1.00m

— 3500

3000

[ 2500

Figure 4. Original velocity distribution.
025m 025m 0.25m 025m

¢ Candidate
W Sensor

Velocity [m/s]
4000

- 3500

3000
[ 2500

Figure 5. Analytical model used in numerical tests.

An analytical model used in the numerical test is the
square in which one side of the square is 1.00 m. The model
consists of 25 cells. Thus, it is noted that 25 variables are

INTEGRITET I VEK KONSTRUKCIJA
Vol. 25, br.3 (2025), str. 367-372

applied to AET. 14 sensors are installed around the model.
Hence, it is expected that the ray-paths are propagated in all
of cells. The number of candidates is 121 and the interval is
0.1 m. The applied arrival times to numerical tests are
obtained by Ray-Tracing conducted on the original distribu-
tion. Moreover, original sources applied to Ray-Tracing are
randomly located in the original velocity distribution and the
number of sources is 300. In the first step of AET, the ho-
mogenous velocity distribution which is 4000 m/s is set in
the model. Thus, in the numerical test, the damaged area is
iteratively identified from the homogenous velocity distri-
bution.

In the conventional source localisation based on Ray-
Tracing, the sources are selected from the candidates. If the
sources between candidates are localised by the use of the
interpolation function and the identification of the velocity
distribution is improved rather than the result of the conven-
tional method, it implies that AET can be conducted with the
optimised number of candidates and it is expected that the
optimisation of computational resources is verified.

Table 1. Initial conditions.

Velocity of soundness area (m/s) 4000
Velocity of damaged area (m/s) 3000
One side of the square (m) 1.00
Number of cells 25
Number of sensors 14
Number of candidates 121
Interval of candidates (m) 0.10
Number of sources 300

RESULTS AND DISCUSSION

AET is conducted using initial conditions listed in Table
1, and results of the identifications are shown in Fig. 6.

Velocity [m/s]
4000

-— 3500

3000
[ 2500

Velocity [m/s]
4000

-— 3500

3000

[ 2500

Figure 6. Identified elastic wave velocity distributions: a) result of
conventional method; b) result of the implemented interpolation.

As shown in Fig. 6a, the identified distribution visualises
damaged area in the bottom left. Although the low velocity
visualised by the yellow cells is identified, these yellow cells
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belong to the soundness area in the original distribution. On
the other hand, according to Fig. 6b, the visualised low veloc-
ity is improved by the implementation of the interpolation
and it is confirmed that the identified distribution by the
implementation more closely approximates the original dis-
tribution in comparison with the result of the conventional
method if the interval of the candidates is fixed.

Results of localisation are shown in Fig. 7. It should be
noted that the white dots are original sources, and black dots
are localised sources. As shown in Fig. 7a, localised sources
are not located between the candidates as localised sources
are selected from the candidates. On the other hand, as shown
in Fig. 7b, Lagrange interpolation localises sources between
the candidates. It is noted that Lagrange interpolation has
potential to improve the accuracy of the source localisation
based on Ray-Tracing.

W Original source
@ Localized source

Velocity [m/s]
4000

— 3500

3000
[ 2500
W Original source
@ Localized source

Velocity [m/s]
4000

— 3500

3000

[ 2500

Figure 7. Original and localised sources: a) result of conventional
method; b) result of implementing the interpolation.

Errors of AET are listed in Table 2. The errors of the iden-
tified velocities are represented by percentage velocity errors
between the identified distributions and original distribution.
Moreover, the computation of percentage velocity errors
refers to the previous study on elastic wave tomography /2/.
The average of the localisation errors is the average distance
between localised sources and original sources. Further, the
average of the localisation errors is computed by the use of
300 sources. According to Table 2, the percentage velocity
errors of 2.59 % obtained by the implementation is lower
than 8.81 % obtained by the conventional method, and it is
noted that the contribution of Lagrange interpolation to the
accurate identification is validated by the percentage velocity
erTors.

As shown in Table 2, the averages of localisation errors
are 0.0488 m for the conventional method and 0.00788 m
for the implementation of interpolation. Thus, it is confirmed
that the accuracy of the localisation is improved by the
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implementation, and the improved source locations con-
tribute to the accurate identification. In Table 2, the average
errors of 0.00788 m obtained by the implementation of the
interpolation is approximately one-tenth of the interval of
candidates of 0.1 m. Moreover, in the previous study /7/, the
average of localisation errors was approximately one-tenth
of the interval of the candidates as well if the localisation
implementing the interpolation is conducted on the original
distribution. Therefore, it is confirmed that the accuracy of
the localisation with the implementation of the interpolation
is approximately one-tenth of the interval of the candidates.
In the results of the implementation of the interpolation, the
damaged area and the soundness area are clearly distin-
guished. Thus, the distribution identified by the implemen-
tation is more accurate in comparison with the results of the
previous study. In addition, it is noted that the candidates
should be placed at points between candidates and where
there are internal cells as well as nodal points of cells.

Table 2. Errors of identifications and the localisations.

Conventional | Implementation of the
method interpolation
Percentage velocity
errors (%) 8.81 2.59
Ave?rage of localisa- 0.0488 0.00788
tion errors (m)

Kobayashi et al. /11/ conducted the source localisation,
and the results imply that the average localisation is the half
of the interval of candidates. Thus, if conventional AET is
conducted to identify the distribution approximated as the
result of the implementation, the interval of the candidates
should be 0.02 m. Hence, 2601 candidates are required if the
model is formed by the square having one side 1.00 m and
it is expected that the number of candidates are optimised
from 2601 to 121 of the initial condition, shown in Table 1,
is applied to the AET analysis.

CONCLUSIONS

In order to conduct the optimisation of the computational
resources used in AET, the implementation of Lagrange
interpolation is proposed. In addition, the performance of
the optimisation is validated by the numerical test and the
conclusions obtained by numerical test are listed as follows.
+ The accuracy of the identified velocity distributions is

validated by the percentage velocity errors between the

identified distributions and the original distribution. In the
results of numerical test, the error of 2.59 % obtained by
the implementation of Lagrange interpolation is lower than

8.81 % obtained by conventional method, and it is con-

firmed that the implementation of the interpolation con-

tributes to the accurate identification in comparison with
the conventional method if the interval of the candidates
is fixed.

+ In the results of the source localisation, the average errors
of 0.00788 m obtained by the implementation of the inter-
polation is approximately one-tenth of the interval 0.1 m.
Therefore, it is noted that the accuracy of the localisation
implementing the interpolation is approximately one-tenth
of the interval of the candidates.
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« If conventional AET is conducted to identify the distribu-
tion approximated as the result of the implementation in
this numerical test, it is expected that the interval of the
candidates would need to be 0.02 m. Although 2601 can-
didates are required if the model is formed by the square
with a side of 1.00 m, AET implementing the interpolation
could be conducted with 121 candidates to identify the
accurate velocity distribution. Thus, it is confirmed that
the implementation of Lagrange interpolation could be
applied to the optimisation of computational resources as
the increase in the number of candidates contributes to the
increment of computational resources demand in AET.
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