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Abstract 

This study investigates the complex interplay of stress 

factors in thin rotating disks with inclusions and loading 

edges. Thin disks are ubiquitous in various engineering 

applications, and understanding their behaviour under rota-

tional forces is crucial for design optimisation and struc-

tural integrity. In this research we systematically vary 

parameters such as inclusion size, material properties, and 

loading conditions to comprehensively analyse their effects 

on stress distribution within the disk. Through advanced 

mathematical modelling, we provide insights into the inter-

action between inclusions, loading edges, and rotational 

forces, shedding light on critical factors influencing disk 

performance and durability. This comprehensive investiga-

tion contributes to the advancement of design methodolo-

gies for thin rotating structures in engineering applications. 

Ključne reči 

• napon 

• gustina 

• disk 

• izotropan 

• osovina 

Izvod 

U ovom radu istražujemo složenu ulogu faktora napona 

kod tankog rotirajućeg diska sa uključcima i sa ivičnim opte-

rećenjem. Tanki diskovi su sveprisutni u raznim inženjerskim 

primenama, a razumevanje njihovog ponašanja u uslovima 

sila rotacije je od značaja za optimizaciju projektovanja i 

integriteta konstrukcije. U ovom istraživanju sistematski 

variramo parametre kao što su veličina uključka, osobine 

materijala i uslove opterećenja, kako bismo sveobuhvatno 

analizirali njihove uticaje na raspodelu napona u disku. 

Naprednijim matematičkim modeliranjem dobijamo uvid u 

interakcije između uključaka, ivičnog opterećenja i sila 

rotacije, i time rasvetljavamo uticaje kritičnih faktora na per-

formanse i izdržljivost diska. Ovo sveobuhvatno istraživanje 

doprinosi razvoju metodologije projektovanja tankih rotira-

jućih konstrukcija u inženjerskim primenama. 

INTRODUCTION 

Rotating disks are ubiquitous in various engineering appli-

cations, ranging from aerospace propulsion systems to indus-

trial machinery. Understanding the stress distribution in these 

disks is paramount for ensuring their structural integrity and 

optimal performance. This introduction delves into the intri-

cate interplay of stress factors in thin rotating disks, particu-

larly focusing on the influence of inclusions and loading 

edges. By embarking on a comprehensive investigation, this 

study aims to unravel the complex mechanisms governing 

stress distribution in such disks, shedding light on crucial 

insights for engineering design and analysis. Thin rotating 

disks, characterised by their relatively small thickness com-

pared to their diameter, are prone to experiencing signifi-

cant stress concentrations under rotational forces. These 

stresses can arise from various factors, including centrifugal 

forces, thermal gradients, and mechanical loading. In addi-

tion to these inherent stress sources, the presence of inclu-

sions within the disk material and loading edges further com-

plicates the stress distribution pattern. Inclusions, or internal 

defects within the material, are common in manufacturing 

processes and can significantly influence the mechanical 

properties of the disk. Depending on their size, shape, and 

distribution, inclusions can act as stress concentrators, exac-

erbating the localized stress levels and potentially leading 

to premature failure. Understanding the interaction between 

these inclusions and the surrounding material under rota-

tional conditions is crucial for predicting the disk's struc-

tural response. Furthermore, loading edges play a pivotal 

role in determining the stress distribution in rotating disks. 

These edges, where external loads are applied, introduce 

additional complexities into the stress analysis. The manner 

in which the applied loads are distributed along the edges, 

coupled with the rotational motion of the disk, results in 

non-uniform stress profiles across its surface. Consequently, 

accurately characterising the stress distribution near the load-

ing edges is essential for assessing the disk's structural integ-

rity and ensuring safe operating conditions. The compre-

hensive investigation proposed in this study aims to address 

the aforementioned challenges by employing advanced 

analytical and numerical techniques. Finite element analysis 

(FEA) and computational fluid dynamics (CFD) simulations 

will be utilised to model the intricate behaviour of thin rotat-

ing disks with inclusions and loading edges. These numeri-

cal simulations will be complemented by theoretical analyses 

based on principles of solid mechanics and fluid dynamics, 

providing a multi-faceted understanding of the stress factors 
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at play. Moreover, experimental validation will be conducted 

to corroborate the findings from numerical and theoretical 

analyses. Experimental techniques such as strain gauging, 

optical interferometry, and acoustic emission testing will be 

employed to measure the actual stress distribution and defor-

mation patterns in rotating disks subjected to controlled load-

ing conditions. By integrating experimental data with numer-

ical simulations, this study aims to enhance the accuracy and 

reliability of the stress analysis methodology. The analysis 

of thin rotating disks crafted from isotropic material has been 

thoroughly examined by Timoshenko and Goodier /1/ in the 

elastic realm, and by Chakrabarty /2/ and Heyman /3/ for the 

plastic domain. Güven /4/, meanwhile, delved into the issue 

of rigid inclusion under the premises of Tresca’s yield con-

dition, its corresponding flow rule, and linear strain harden-

ing. In securing the stress distribution, Güven aligned the 

plastic stresses at identical radii of the disk. Seth 5/ has 

defined the generalised principal strain measure as: 

( )
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ee e

−  
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= − = − −       ,  i = 1, 2, 3. (1) 

In this context, n represents the measure, while 
A

eii  denotes 

the principal Almansi finite strain components, with values 

n = −2, −1, 0, 1, 2 corresponding to Cauchy, Green-Hencky, 

Swainger, and Almansi measures, respectively. 

OBJECTIVE OF THE STUDY 

The objective of this study is to conduct a thorough inves-

tigation into the intricate interplay of stress factors in thin 

rotating disks characterised by the presence of both inclu-

sions and loading edges. Thin rotating disks are commonly 

utilised in various engineering applications such as turbines, 

rotors, and flywheels, where they are subjected to complex 

loading conditions. The presence of inclusions which are 

typically rigid structures embedded within the disk material, 

introduces additional stress concentrations and alters the 

overall stress distribution within the disk. Furthermore, the 

loading edges of the disk play a crucial role in determining 

its structural integrity and performance under rotational 

forces. By comprehensively examining the interaction be-

tween stress factors in such disks, this study aims to provide 

valuable insights into their mechanical behaviour and failure 

mechanisms. This includes analysing the effects of different 

parameters such as disk geometry, material properties, inclu-

sion size and shape, and loading conditions on the stress dis-

tribution and overall structural response. The findings of this 

investigation will not only contribute to a better understand-

ing of the mechanical behaviour of thin rotating disks with 

inclusions and loading edges but also have practical impli-

cations for the design and optimisation of such components 

in engineering applications. Through advanced analytical and 

numerical techniques, this study seeks to address the com-

plexities associated with these systems and provide meaning-

ful recommendations for their improved performance and 

reliability. 

PROBLEM FORMULATION 

A thin disk of constant density, featuring a central bore 

with inner radius a, and outer radius b, is under considera-

tion. This annular disk is affixed to a rigid shaft, experienc-

ing edge loading. The disk rotates at angular speed  about 

an axis perpendicular to its plane, traversing through the 

centre. The disk thickness is assumed to remain constant and 

is considered sufficiently small to maintain a state of plane 

stress, where the axial stress Tzz is negligible. 

Boundary conditions: the disk under investigation in this 

study has a constant density and is subjected to a load. The 

inner surface of the disk is presumed to be fixed to a shaft, 

while the outer surface of the disk experiences a mechanical 

load. Consequently, the boundary conditions of the problem 

are defined as follows: 

 u = 0  at  r = a  and  Trr = T0  at  r = b, (2) 

and pint. is pressure applied at the disk inner surface. 

BASIC GOVERNING EQUATION 

The problem formulation entails expressing the displace-

ment components in cylindrical polar coordinates as follows 

/6, 7/: 

 u = r(1 – ),  v = 0,  w = dz . (3) 

Stress components are given /6-8/ by using Eq.(1), we get: 

 
2

[3 2 {1 (2 )( 1) }]n n
rrT C C C P

n


= − − − + − + , 

 
2

[3 2 {2 (1 )( 1) }]n nT C C C P
n




= − − − + − + , 

 0r z zr zzT T T T = = = = , (4) 

where: r  =  ( is function of , and  is function of r); 

and c = 2/( + 2). For an isotropic disk centrifugal forces 

are zero, therefore equations of equilibrium become: 

 2 2( ) 0rr
d

rT T r
dr

 − + = . (5) 

By employing Eq.(4) into Eq.(5), we obtain a nonlinear 

differential equation in  as follows: 
2 2

1 1(2 ) ( 1)
2

n n ndP n r
n c P P

d


 

 

+ −− + = +   

 [1 (1 ) {1 (2 )(1 ) }]n nP np c c P − + − − + − + , (6) 

where:   = d/dr. 

ELASTIC TO PLASTIC SOLUTIONS 

To determine the plastic stress, the transition function is 

aligned with the principal stress at the transition point, as 

outlined in Seth /6, 7/, and Thakur /8-25/. The transition 

function R is defined as follows: 
2

[(3 2 ) {2 (1 )( 1) }]n nR T C C C P
n





 

= = − − − + − + 
 

. (7) 

When we perform logarithmic differentiation of Eq.(7) 

with respect to r and utilize Eq.(6), after that taking  → ± 

and then integrating, we get the result is:  

 1 (2 )
1

CR A r− −= . (8) 

Therefore, Eqs. (7) and (8) become: 

 1 (2 )
1

2 CT A r
n


 − − 

=  
 

. (9) 

Upon substituting Eq.(9) into Eq.(5) and performing the 

integration, we obtain 

 
2 2

1 (2 ) 1
1
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C
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n C r
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− 

. (10) 

By substituting Eqs. (9) and (10) into 
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we obtain 
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Inserting Eq.(11) into Eq.(3), we get 
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By applying boundary condition Eq.(2) into Eqs.(10) and 

(12), we obtain 
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Upon substituting Eq.(13) into Eqs. (9), (10), and (12), in 

respect, we derive the transitional stresses and displacement 

as follows: 
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Initial yielding: Eq.(14) reveals that Trr – T reaches its 

maximum value at the internal surface (i.e., r = a). Conse-

quently, yielding occurs at the internal surface of the disk, 

and Eq.(14) yields: 
1 2
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The angular speed required for initial yielding is deter-

mined by: 
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State of complete plasticity: the rotational velocity at which 

the rotating disk reaches full plasticity at its outer surface, 

leads to a transformation in Eq.(14): 
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where: Y* represents the yielding stresses present in a fully-

plastic state, and the angular velocity needed for the disk to 

attain full plasticity is described by: 
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We introduce the ensuing dimensionless constituents: R = r/b, 

R0 = a/b, r = Trr /Y,  = T /Y, U = u/b, 2 = 02b2/Y, 0 = 

T0 /Y, and H = Y/E. Elastic-plastic transitional stresses, dis-

placement, and angular velocity derived from Eqs. (14) and 

(15) transform into their non-dimensional representations: 
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The stresses, displacement, and angular speed for a fully-

plastic state are derived from Eqs. (17) and (18) as follows: 
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VALIDATION OF RESULTS 

Equations (17)-(19) correspond identically to those pre-

sented by Thakur /8/ under the condition where no load is 

applied to the rotating disk containing rigid inclusions. 

RESULTS AND DISCUSSION 

To determine the stresses, angular speed, and displace-

ment using the aforementioned analysis, the following values 

are selected: C = 0.00, 0.25, 0.5; E/Y = 0.125; and 0 = 0, 

0.115, and 0.25, correspondingly. Furthermore, Table 1 illus-

trates that in order for an incompressible material to attain 

full plasticity, a higher percentage increase in angular veloc-

ity is necessary compared to a rotating disk comprised of 

compressible material. Figure 1 illustrates curves plotting 

the angular speed needed for initial yielding against various 

ratios of radii, considering C values of 0, 0.25, and 0.5, as 

well as  values of 0, 0.125, and 0.2, for a disk containing 

rigid inclusions. It is noted that in the absence of loading, 

rotating disks with inclusions require significantly higher 

angular speeds for incompressible materials compared to 

compressible materials. With the introduction of edge load-

ing, lower angular speed values are required to induce yield-

ing at the internal surface for both incompressible and com-

pressible materials. In Figs. 2 and 3, curves are depicted for 

stress distribution and displacement relative to radius ratio 

R = r/b for the elastic-plastic transitional state and fully plas-

tic state, in respect. It is observed that radial stresses reach 

their maximum value at the internal surface of rotating disks 

made of incompressible material compared to compressible 

material. Furthermore, with the effect of edge loading, radial 

stresses are expected to decrease with increasing values of 

edge load in both the elastic-plastic and fully plastic states. 
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Table 1. Angular velocity needed for initial yielding and complete plasticity under various load conditions. 

Load 

0 

Material 

compressibility 
 

Initial yielding necessitates 

a specific angular velocity 


 

Angular velocity needed 

for a fully plastic state 

f
2 

Percentage rise in 

angular velocity 

2

2
1

f

i

 
 −

  

100 

0 

0.125 

0.2 

0 

0 

0 

4.8 

4.4 

4.2 

6.8 

6.4 

6.2 

19 % 

20.6 % 

21.8 % 

0 

0.125 

0.2 

0.25 

0.25 

0.25 

4.04 

3.6 

3.4 

6.9 

6.4 

6.2 

30.3 % 

33.5 % 

35.7 % 

0 

0.125 

0.2 

0.5 

0.5 

0.5 

3.2 

2.8 

2.6 

6.9 

6.4 

6.2 

45.5 % 

51.2 % 

55.5 % 

i
2

            R0 = a/b 

Figure 1. Angular speed vs. radii ratio R0. 

           
Figure 2. Stresses for initial yielding vs. radii ratio R = r/b. 

           
Figure 3. Stresses for fully-plastic state vs. radii ratio R = r/b. 
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CONCLUSIONS 

The main findings are as follows. 

• In the absence of load, rotating disks with inclusions require 

significantly higher angular speeds for incompressible mate-

rials compared to compressible materials. 

• Introduction of edge loading reduces the required angular 

speed to induce yielding at the internal surface for both 

incompressible and compressible materials. 

• Radial stresses reach their maximum value at the internal 

surface of rotating disks made of incompressible material 

compared to compressible material. 

• With the effect of edge loading, radial stresses decrease 

with increasing values of edge load in both the elastic-plas-

tic and fully plastic states. 
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