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Abstract

Dental implants are artificial teeth surgically inserted into
a person's jaw to restore their chewing ability or look. They
support prosthetic teeth, such as crowns, bridges, and den-
tures. In this paper, the crown part of a dental implant system
in the shape of a hemispherical shell composed of function-
ally graded transversely isotropic material is considered.
The idea of transition theory has been employed to evaluate
transitional and plastic stresses in the shell under external
pressure, and the obtained results are used to compare the
strength and compatibility of zirconia and titanium-based
crowns. Resulting relations are substituted in the equilibrium
equation to create a nonlinear differential equation that
regulates this physical problem of the dental implant crown.
For estimating transitional stresses and pressure in the shell,
the transition function R in the form of radial stress Ty is
considered, and the analytical method is applied to solve equa-
tions by taking the critical point P — +co of the governing
differential equation into consideration. The study examines
a crown composed of FG transversely isotropic material
more robust and biocompatible than homogenous trans-
versely isotropic material. With the use of graphs and numer-
ical computations, it is observed that functionally graded
transversely isotropic material zirconia with k = 3 has the
highest circumferential stresses and lowest radial stresses.
Therefore, it can be concluded that zirconia dental implants,
known as ceramic implants are more suitable than titanium
dental implants due to their excellent aesthetic properties
and biocompatibility.

INTRODUCTION

Dental implants have gained popularity with the evolution
of technology in dental field. Dental implants enable people
to chew, bite, and talk confidently while also restoring the
natural functionality of their teeth. They are intended to
closely imitate natural teeth, creating a smooth and natural-
looking smile. They are customized to complement colour,
shape, and size of surrounding teeth, resulting in a harmoni-
ous look. Dental implant crowns are extremely durable and
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Kljuéne reci

- zubne krunice implantata

« funkcionalni kompozitni materijali

« transverzalni izotropni materijal

- polusferne ljuske, teorija plasti¢nosti
« teorija prelaznih napona

lzvod

Zubni implantati su vestacki zubi koji se hirurski uvode u
vilicu kako bi se omogucilo Zvakanje ili Zbog estetike. Oni
treba da nose zubnu protetiku, na pr. krunice, mostove i
proteze. U radu se razmatra krunica u konstrukciji zubnog
implantata, oblika polusferne ljuske, izradena od funkcio-
nalnog kompozitnog transverzalno izotropnog materijala.
Sa idejom uvodenja teorije prelaznih napona, proracuna-
vaju se prelazni i naponi plasticnog stanja u ljusci pod dejs-
tvom pritiska, a dobijeni rezultati se uporeduju sa kompati-
bilnoséu i1 évrstocom krunice na bazi cirkonijum oksida i
titanijuma. Dobijene relacije unose se smenom u jednacinu
ravnoteze, kako bi se dobila nelinearna diferencijalna jedna-
¢ina koja opisuje ovaj fizicki problem krunice zubnog im-
plantata. Za procenu prelaznih napona i pritiska u ljusci,
razmatra se prelazna funkcija R oblika radijalnog napona
Tw, a primenjuje se analiticka metoda za resavanje jednaci-
na uzimanjem u obzir kriticne tacke P — +oo date jednacine.
Istrazivanja obuhvataju krunicu od FG transverzalno izo-
tropnog materijala, koji je izdrzljiviji sa boljom biokompa-
tibilnoséu u odnosu na homogeni transverzalni izotropni
materijal. Upotrebom dijagrama i numerickog proracuna,
uocava se da funkcionalni kompozitni transverzalno izotrop-
ni materijal, tj. oksid cirkonijuma sa k = 3 ima najveée obim-
ske napone i najmanje radijalne napone u odnosu na titani-
jum. Stoga se mozZe zakljuciti da su zubni implantati od
oksida cirkonijuma, poznati i kao keramicki implantati
pogodniji u odnosu na zubne implantate od titanijuma, zbog
njihovih izvanrednih osobina biokompatibilnosti i estetike.

can endure for many years if properly maintained. Unlike
other dental alternatives, they do not require any specific
maintenance or repairs, thus makes them a long-term cost-
effective choice. However, the materials used for dental
implant crowns must be carefully selected to provide aes-
thetic appeal, longevity, and compatibility with the neigh-
bouring teeth. Here are the most popular options for dental
implants: ceramic crowns such as porcelain crowns, metal
crowns, zirconia-based crowns, metal-free crowns such as
titanium crowns. Common biocompatible materials include
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porcelain, zirconia, and metal alloys. Dental implant crowns
are subject to significant biting forces and constant use, so
their durability is of utmost importance. Different materials
have varying levels of strength and resistance to wear. For
instance, zirconia is known for exceptional durability, where-
as porcelain may be more prone to chipping or cracking.

Spherical shell structures are widely used in variety of
industrial applications, including hemispherical resonator
gyroscopes, energy harvesters. The hemispherical shell is
half of the spherical shell, hence the model is structurally
sturdier for use in the actual structure than the perfect shell,
for example in dental implant crowns. The material's strength
plays an essential role for all of these applications. Histori-
cally, homogenous materials were utilised to make shells,
but current researchers are intrigued by functionally graded
materials due to their different mechanical properties. FGMs
are advanced composite substances designed to endure tem-
peratures that are extremely high and are used in techno-
logical applications such as aerospace, medicine, defence,
energy and optoelectronics. Pompea and others /1/ investi-
gated that living tissues, such as bones and teeth, are classi-
fied as functionally graded materials from nature. In order
to replace these tissues, a compatible material is required that
will serve the same purpose as the original bio-tissue and the
best alternative for this application is functionally graded
material. Matsuo et al. /2/ applied laser lithography to fabri-
cate functionally graded dental composite resin posts and
cores and finite element method for stress analysis and found
FGM has wide used in dental field. Watari et al. /3/ de-
scribed how FGM were developed for biomedical applica-
tions, particularly implant applications, and found FGM is
best alternative for teeth and bone replacement. Zou et al.
14/ considered elastic spherical shells as research objects for
the underwater vibro-acoustic problems of structures coupled
with nonlinear systems and obtained the vibration response
without time-domain acoustic field solution. Ye et al. /5/
investigated multilayered FG spherical shells with basic
boundary constraints with the use of three-dimensional form
of shell theory of elasticity and compared results acquired by
approximate numerical methods. Chu et al. /6/ employed
chemical etching method to investigate the impact of SSD
removal on the Q factor variation and found chemical etch-
ing may efficiently eliminate the SSD from the surface of the
fused hemispherical silica resonator, while also greatly im-
proving the Q factor. Xu et al. /7/ discovered a dynamic
model of an inadequate hemispherical shell resonator and
analysed output error in it and demonstrated the impact of
frequency splitting on HRG output inaccuracy. Xu et al. /8/
discovered a thermoelastic model of a hemispherical shell
under variable temperatures and found it suitable for accurate
error analysis. Amabili et al. /9/ developed a nonlinear theory
for circular cylinder shells formed of incompressible hyper
elastic materials and compared the solutions obtained by
higher-order shear deformation theory. Beheshti et al. /10/
employed a higher-order shell theory for the significant
deformation of shells formed of transversely isotropic mate-
rials and investigated various instances to demonstrate the
functionality of the suggested elements in addition to ani-
sotropy effects.
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To describe the fracture properties of piezoelectric mate-
rials, Tan et al. /11/ developed a unique phase field compu-
tational framework with a temperature effect and found it
useful for the future design of piezoelectric devices in prac-
tical engineering. Mehta et al. /12/ discovered the stress
analysis of FGM disc and demonstrated that the disc with a
quadratic temperature profile expands more than the disc
with the linear temperature profile and found that a disc with
a quadratic temperature profile performs better than a disc
with a linear temperature variation. Shi and Xie /13/ evalu-
ated the analytical solutions of stress and displacement fields
of the FG cylinder under internal pressure and compared the
results with the existing results of related simplified prob-
lems. Kholdi et al. /14/ studied the stress analysis of a rotat-
ing annular disc formed of FGMs using Successive Approxi-
mation Method (SAM) and found increasing the percentage
of ceramic particles in the outer layers of the cylinder's wall
reduces the plastic strains in those layers, while increasing
the number of plastic strains and the range of plastic region
in interior thickness layers. Bagheri et al. /15/ investigate the
dynamic stress intensity parameters of multiple moving
cracks with arbitrary patterns placed along the FGP strip by
using a distributed dislocation approach and used graphs to
present the trend of both factors: stress intensity and electric
displacement intensity. Sharma et al. /16-17/ investigated
creep stresses in transversely isotropic cylinder having thick
walls formed of FGM with internal and external pressure
and found that both rotation and non-homogeneity have a
considerable impact on thermal creep strains. Chand et al.
/18/ evaluated the stresses in an annular isotropic disc under
internal pressure and found hoop stress is highest near the
compressible material disc’s outer surface, in contrast to
incompressible material. Godana et al. /19/ used Seth’s mid-
zone idea to generalized strain measure theory for model-
ling elastoplastic deformation in a transversely isotropic shell
under temperature gradient and consistent pressure and
found the stress distribution over the surface of the shell.
Shahi /20/ employed Seth’s transition concept to evaluate
stresses in a hemispherical shell formed of transversely iso-
tropic material for dental implant crown and found zirconia
is a better option for crown part of dental implant. Sharma
[22/ evaluated the stresses in a thin annular transversely
isotropic piezoelectric disk with variable thickness and den-
sity using mid-zone theory and found that a disk made of
barium titanate BaTiOs (piezoelectric) performs better than
a disk made of PZT4 (piezoceramic). Sharma and Nagar
/23/ employed analytic approach to evaluate the stresses in
an FG piezoelectric disc with variable compressibility and
variable density and found that annular disc made of PZT-4
is better for the purpose of engineering designs.

In all the above studies, elastic-plastic and creep stresses
are evaluated for different structures as elastic spherical
shells, circular cylinders, an imperfect hemispherical shell,
an annular isotropic disc, a thick-walled cylinder formed of
different materials as FG isotropic, FG transversely isotropic,
incompressible hyper elastic, etc., under different conditions,
i.e., pressure and temperature using shell theory, classical
theory, and transition theory. But no one evaluated elastic-
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plastic stresses for FG transversely isotropic hemispherical
shell using transition theory.

The objective of this research is to examine the strength
of dental implant crown in the form of hemispherical shell
composed of FG transversely isotropic material. Transitional
and plastic stresses are evaluated in a hemispherical shell of
FG transversely isotropic material subjected to external pres-
sure. In the present problem, the dental crown composed of
FG transversely isotropic material is considered which is a
novelty of this research. Dental crowns of FG transversely
isotropic material (titanium and zirconia) are compared based
on biocompatibility and durability of the crowns.

MATHEMATICAL FORMULATION

Consider a hemispherical shell with inner- and outer
radius as i1 and ry, respectively, under uniaxial external pres-
sure p with constant thickness and variable compressibility,
Figs. 1 and 2. The external pressure acts radially to simulate
the state of axial compression.

Figure 1. Geometry of hemispherical shell with external pressure.

——

l

Figure 2. Structure of dental implant crown in the form of
hemispherical shell.

In the form of spherical coordinates (r, 6, ¢) the dis-
placement coordinates u and v are considered to be
u=r(1-p), v=0 (Borah/21/), @
where: =[S (r)] is a function of r; and r = V(x? + y?).

Using the generalised strain measure /21/, the strain com-
ponents are given as

o =T+ M=l " 0P,

=", @
n

where: strain measure is n; and g’ = dg/dr.
Stress-strain relationships for transversely isotropic mate-
rials by Hooke’s law are given as:

Trr =Ca38rr +2C12€09
Top =Cr28rr +2(C11 —Cep)€00 *
Tro=Tgp =Ty =0- 3)
Substituting Eq.(2) into Eq.(3), the stresses are:
T =S 5 P)" 1+ 2221 .

€g0 = e(o(o

Too =To 21[1 A" (L+P) ]+M[1 A", @4

where: rg’ = P (P is function of g, and gis function of r).

For functionally graded properties of the transversely iso-
tropic material, the compressibility of the shell is assumed
to be varied radially,

F K P K P K .
C11=Co1| — | » Ce6=Coss| — | » G2 =Corz| —| - ©
0] I 0]

Using Egs. (4) and (5), the stresses are given as

Trr—°°—33( j [L- "W+ P)"]+ 2°°12( j n-p"1.

n

Too =Ty Conﬂ( J[l B"(1+P)"]+

L 2(Co11 — Coes)( J[l 5. ©)

n
Equations of equilibrium for the shell are as follows:

Ty . 1 0Ty, +1 T . 2Ty —Tgg =Ty +Trg COLO 0.
or rsing dp r 00 r

Mg, 1 Moy L L10Tgp 3Trg +(Tgg —Typ)COLO |
or rsin@ dp r 00 r

GTW . 1 8T¢(p +1 6T¢9 . 3Tr¢) + 2T99 cotd _ (7)
or rsin@ op r 06 r

Substituting Eq.(6) into Eq.(7), we observe that all the
equilibrium equations are satisfied except:
aTrr _ 2(Trr _THH) -0. (8)
or r

Equation (8) may also result in the conclusion that

Tpp—Tog =0- ©)

By putting the values of T.r and Tes from Eq.(6) into Eq.(8), the governing differential equation is obtained as

n ]_ dP
as
where: C; = (Coss — Co12)/Co33, C2 = (Co12 — Co11 + Coes)/Cosa.

The interior and exterior surfaces of the hemispherical
shell are assumed to have boundary conditions as follows:

T =0 at r=n,
Tr=—p at r=r,.

pIP(P+Y)

(11)
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r[é(l—ﬂ"(P+1)")—2ﬁnP(P+1)"}+%(1—Cl){—2ﬂnp+%(1—ﬂ”)}+%[(1—ﬂn(P+1)n)C1+2(1—ﬂn)Cz] (10)

TRANSITION FROM ELASTIC TO PLASTIC STATE

Seth's mid-zone theory states that the transition from elas-
tic to plastic takes place at transformation point P — o
[21]. For estimating transitional and plastic stresses, the tran-
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sition function R is considered in the form of radial stress T, as

nT,,

R=(3-2C;)-—™=(3-2C;)-(1- "1+ P)")-2(1-C)(1- 8"), (12)
C33
where: C33 is any constant.
Taking logarithmic differentiation of Eq.(12) with respgct to r, we get
N on+l n1dP n n n, 2n n
— P(P+)" " —+—p"P(P+])" +—(1-C P
T L L W
dr (3-2C)-(1-p"@+P)")-2(1-C))2- ")
Putting dP/dg value from Ekq.(10), we get )
2 2
(-4 (P+)M)+ T (1-CE- ")+ I A"(P+D)")C +2(L- 5M)C,]
dlogR _r r r , (14)
dr (3-2C))-(@-p"@+P))-20-C)E- ")
and then employing the transition point P — +c and inte- Using boundary conditions, Eq.(11), we get
grating we get 3_2 —(3-2C r —(k+2C,)
R A (k+2C). as) | A= —(k+2Ccl1) Cp=B-2C) Cos3 1_(_2j . @17)
CA i i n I
where: A is the integration constant. n 1
Equating Egs. (10) and (11), and then by substituting the Substituting Eq. (17) in Eq. (16), we get
value of Ty in qu.(?), we get stresses as: . (3_2C1)c T k - r —(k+2C;) )
Ty =E[Lj ((3-2cy)-Ar®2@)). (16) e CY A W T |
nin ]
Using Eq.(17) in equation of equilibrium, Eq.(7), we get
k —(k+2C;) k —(k+2Cy)
r(3-2¢,) k(r r 1 r r 1
Tog =T +———Coas| —| — | |1-| — +k+2C)|—| | — : 19
00 =Trr on 033[r[r2] ( (ﬁj ( 1) o) n (19)
Initial yielding emerges at the shell’s exterior surface, as a result, Eq.(19) at r = r, yields
| | r(3-2C,) K I, —(k+2Cy) r2 ~(k+2Cy+1) 20)
Too —T, =Y Y] =|———Cga3| —|1-| = +(k+2 - :
00~ trrlp—y, =11 1 on o8|y (ﬁj ( Q)( flj
For the state of fully plastic (C; — 0), Eq.(20) becomes
3r. k r, ) r, D
Yz & —2C033 i 1—[—2j "rk[—zJ ' (21)
2n r, n n
We present the following non-dimensional components as
r r rr 00 Ter Tog p p
R=—, Ry=-%, = = =1 =% n=" = 22
r1 0 r1 Or1 Y, g1 Y, Or2 Y, 092 Y, Pi Y, Pt Y, (22)

Using Egs. (16) and (19), the transitional and plastic stresses in non-dimensional manner can be stated as

(R/Ro)k (1_ R—(k+2C1) )

B (R/Ro)k (1_ R_(k+2C1))(l+k)+ r, (k +2C1)(R/R0)k R-(k+2C;+1)

o= Op1

. Li(l— Ry (k+2C) ) (ks 2C1)Ro(k+2q+l)}

2(R/R)* 1-R ™)

. Lt(l— Ry P2 | (k- ch)Ro(k+2Cl+l):|

O, - ’
P K R ) kR
2 E( -Rp")+ 0

Initial pressure in a non-dimensional form may be de-
scribed as
2 —(k+2Cy)
2 (1-Ry 2

_ Fd
P 5(1— Ry (2% )+ (k + 2Ry K+ 26+D)
r, 0 1/Rg

Pressure required for fully plastic state in a non-dimen-
sional form

(24)

)
- "2 . (25)
- Ro¥)+kRy **D
2

ps=
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_ (R/Ro)X (1= R7¥)(2+K) +kry (R/Ry)¥ 1R+ |

S88

(23)
I, Ll:(l— Ry)+ kRa(kJ'l)}

NUMERICAL DISCUSSION

The standard values of all material constants for the
considered materials are used from Table 1. To illustrate
the impact of pressure on elastic plastic stress distributions,
the values of parameters used in this study are selected arbi-
trarily. All graphs are drawn using Mathematica® software.
Figures 3 to 17 represent the initial and fully plastic pressure
and transitional and fully plastic stresses with different radii
ratios R = r/r, in the case of the hemispherical shell of func-
tionally graded transversely isotropic materials (titanium and
zirconia) for different values of k = 1, 2, and 3, respectively.
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Table 1. Material constant values of transversely isotropic
materials titanium, zirconia, dentin, enamel, and HAP.

Material constant Ci1 C33 C12 C13
titanium 162.7 | 180.7 92 69
zirconia 361 258 142 55
dentin 37 39 16.6 8.7
enamel 115 125 42.4 30
hydroxyapatite (HAP) 117.9 | 165 | 30.55 | 66.4
Graphs for transition state
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Figure 3. Initial pressure in the hemispherical crown for dental
implant for k = 1.
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Figure 4. Initial pressure in the hemispherical crown for dental

implant for k = 2.
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Figure 5. Initial pressure in the hemispherical crown for dental
implant for k = 3.

Figures 3, 4 and 5 illustrate the pressure necessary for
initial yielding in a hemispherical shell for functionally
graded transversely isotropic materials (titanium and zirco-
nia) for different values of k= 1, 2, and 3, respectively.
Results are compared with standard tooth materials such as
dentin, enamel, and hydroxyapatite (HAP). It can be shown
that if k extends from 1 to 2, and then from 2 to 3, the values
of initial pressure increase as the shell thickness increases.
The value of pressure on the shell’s external surface is maxi-
mum. It is also seen that pressure in the case of a zirconia
shell for all three values of k is greater than pressure in the
case of a shell of titanium for all three values of k.

Figures 6, 7 and 8 show the behaviour of radial stresses
for initial yielding in a hemispherical crown of functionally
graded transversely isotropic materials (titanium and zirco-
nia) at different values of k = 1, 2, and 3. Results are com-
pared with standard tooth materials such as dentin, enamel
and HAP. It can be shown that stresses are maximum at the
shell’s outer surface and if the value of k extends from 1 to 2,
and then from 2 to 3, the values of radial stresses decrease
with decrease in the shell thickness. It can also be concluded
that values of stresses for zirconia for all three values of k
are less than values for titanium for all three values of k.
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Figure 6. Radial stresses in the hemispherical crown for dental
implant for k = 1.
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Figure 7. Radial stresses in the hemispherical crown for dental
implant for k = 2.
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Figure 8. Radial stresses in the hemispherical crown for dental
implant for k = 3.
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Figure 9. Circumferential stresses in the hemispherical crown for
dental implant for k = 1.
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Figure 10. Circumferential stresses in the hemispherical crown for
dental implant for k = 2.
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Figure 11. Circumferential stresses in the hemispherical crown for
dental implant for k = 3.

Figures 9, 10 and 11 show the trend of circumferential
stresses at initial yielding in the hemispherical shell for func-
tionally graded transversely isotropic materials (titanium
and zirconia) for different values of k =1, 2, and 3, respec-
tively. Results are compared with standard tooth materials
such as dentin, enamel and HAP. It can be shown that
stresses are maximum at the shell’s inner surface, and if the
value of k extends from 1 to 2, and then from 2 to 3, the
values of circumferential stresses increase with the increase
in shell thickness. It can also be concluded that values of
stresses for zirconia for all three values of k are greater than
the values for titanium for all three values of k.

Graphs of fully plastic state
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Figure 12. Pressure required at fully plastic state in the
hemispherical shell with different values of k.
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Figure 13. Radial stresses for fully plastic state in the
hemispherical shell with different values of k.
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Figure 12 shows the pressure needed at fully plastic state
in the hemispherical shell for distinct values of k. It can be
shown that pressure increases with increase in the value of
compressibility parameter k of the shell.

Figure 13 shows radial stresses for fully plastic state in the
hemispherical shell for different values of k. It can be shown
that radial stresses increase as shell thickness increases. Also,
the value of stresses for compressibility parameter k = 1 is
greater than that for k =2 and k = 3.

0.60,
0.55}
0.50
0.45]
0.40
0.35/
0.30
0.25/
0.20

— kis1
— kis 2
kis 3

Stresses

06 0.7 0.8 0.9 10 R
Figure 14. Circumferential stresses for fully plastic state in the
hemispherical shell with different values of k.

Figure 14 shows circumferential stresses for fully plastic
state in the hemispherical shell for different values of k. It
can be shown that stresses decrease as shell thickness in-
creases. Also, the value of stresses for compressibility param-
eter k = 3 is greater than that for k = 1 and k =2.

PARTICULAR CASE (TRANSVERSELY ISOTROPIC
MATERIAL)

Graphs for transition state
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Figure 15. Initial pressure in the hemispherical crown for
transversely isotropic materials.
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Figure 16. Radial stresses at initial yielding in the hemispherical
crown for transversely isotropic materials.

Figure 15 shows the pressure needed for initial yielding
in the hemispherical crown for different materials (titanium,
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zirconia, dentin, enamel and HAP). It can be shown that the
values of initial pressure decrease as shell thickness increases.
The value of pressure on the shell’s external surface is mini-
mum.

Figure 16 shows the trend of radial stresses at initial yield-
ing in a hemispherical crown for transversely isotropic mate-
rials (titanium and zirconia). Results are compared with dentin,
enamel and HAP. It can be shown that stresses are maximum
at the shell’s outer surface and the values of radial stresses
increase as shell thickness increases.
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Figure 17. Circumferential stresses for initial yielding in the
hemispherical crown for transversely isotropic materials.

Figure 17 shows the trend of circumferential stresses at
initial yielding in a hemispherical crown for transversely iso-
tropic materials (titanium and zirconia). Results are com-
pared with dentin, enamel and HAP. It can be shown that
stresses are maximum at the shell’s outer surface and values of
circumferential stresses increase as shell thickness increases.

SUMMARY AND CONCLUSION

The analytical solution is obtained for transitional and
plastic stresses in a hemispherical shell composed of func-
tionally graded transversely isotropic material with external
pressure using transition theory. A comparison is made be-
tween two crowns made of functionally graded transversely
isotropic materials (titanium and zirconia) to investigate
which is better for a dental implant on the basis of their
strength, durability, and longevity. With the help of all the
graphs and numerical computations, it has been concluded
that the initial pressure for all values of k is higher for zir-
conia than that of titanium. Radial stresses for zirconia for
all three values of k are lesser than values for titanium for
all three values of k. Circumferential stresses for zirconia
for all three values of k are greater than values for titanium
for all three values of k. Zirconia with k =3 has higher cir-
cumferential stresses and lower radial stresses than titanium.
Therefore, it can be concluded that the hemispherical shell
of zirconia is more compatible for the crown part of dental
implant than that formed of titanium.
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