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Abstract

The current research aims to investigate the influence of
thermal radiation on heat transfer in a mixed convection
nanofluid flow generated by a nonlinear stretching sheet.
The study incorporates parameters such as magnetic fields
and non-uniform heat source/sink. By employing suitable
transformations, nonlinear ordinary differential equations de-
rived from nonlinear Navier-Stokes equations are solved
using the Runge-Kutta fourth-order method combined with
the shooting method. Graphical representations are utilised
to highlight the significance of variables as velocity and
temperature. An increase in the Eckert number Ec and the
non-uniform heat source/sink parameters (A", B") leads to
enhancements in temperature and velocity. Conversely, higher
values of magnetic parameter M, permeability parameter
K, and nonlinear stretching parameter n result in decreased
velocity and improved temperature distribution. Temperature
elevation corresponds to an increase in nanoparticle volume
fraction Fi. The Nusselt number and skin friction coefficient
exhibit a decreasing trend concerning magnetic restriction
M, Prandtl number Pr, permeability restriction K, and nano-
particle volume fraction Fi. Conversely, the skin friction coef-
ficient demonstrates an increasing trend, while the Nusselt
number decreases concerning the radiation parameter Ra,
non-uniform heat source/sink parameters (A", B), and the
Eckert number Ec.

INTRODUCTION

Xuan and Li /28/ described a method for creating a sus-
pension of nanophase particles in a base liquid called a nano-
fluid. A numerical analysis has been done to examine the
issue of a flat surface being stretched in a nanofluid results in
laminar fluid flow, Khan and Pop /15/. The stream and warm
transmission of a viscoelastic nanofluid across a stretched
surface were explored, considering the impact of viscous
dissipation and the additional job required due to warp, Rana
and Bhargava /24/. Goyal and Bhargava /7/ examined how
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Kljuéne reci

- nanofluid

« nelinearno rastegljiva traka

« toplotno zradenje

« zapreminski udeo nanocestica

- parametri neuniformnog izvora/ponora toplote

lzvod

Ovim istrazivanjem se izucava uticaj toplotnog zracenja
na prenos toplote u mesovitoj konvekcionoj struji nanofluida,
koja se generise nelinearno rastegljivom trakom. Uvode se
parametri kojima se opisuju magnetna polja i neuniformni
izvor/ponor toplote. Putem odgovarajucih transformacija i
primenom Runge-Kuta metode cetvrtog reda U kombinaciji
sa metodom pogadanja, resavaju Se nelinearne obicne dife-
rencijalne jednacine, izvedene iz nelinearnih Navije-Stoks-
ovih jednacina. Iscrtavanjem grafikona se uocava znacaj
promenljivih, kao Sto su brzina i temperatura. Porast Ekert-
ovog broja Ec i parametara neuniformnog izvora/ponora
toplote (A", BY) doprinosi poveéanju temperature i brzine. S
druge strane, vece vrednosti magnetnog parametra M, para-
metra permeabilnosti K i parametra nelinearnog razviace-
nja n, doprinosi smanjenju brzine i povec¢anoj raspodeli tem-
perature. Povecanje temperature odgovara povecanju zapre-
minskog udela nanocestica Fi. Nuseltov broj i koeficijent
trenja na zidu pokazuju smanjenje u odnosu na magneto-
strikciju M, Prandtlov broj Pr, permeabilitet K, i zapremin-
ski udeo nanocestica Fi. Suprotno tome, koeficijent trenja
na zidu pokazuje trend porasta, dok Nuseltov broj opada s
obzirom na parametar zracenja Ra, parametre neuniform-
nog izvora/ponora toplote (A", BY), i Ekertovog broja Ec.

a stretched sheet's speed fall border line situation affected
the stream and warm transmission of non-Newtonian nano-
fluids. Consideration is given to the influences of thermo-
phoresis and Brownian motion as well. In Zeeshan et al.
29/, boundaries of natural convection, generating heat using
an inverted cone, magnets on different wall temperatures,
water and ethylene glycol-based nanofluids are taken into
consideration. In Das /2/ a numerical investigation is made
into the issue of flow of a nanofluid's boundary layer across a
stretching, nonlinear leaky sheet at a certain surface warmth
with partial slip. Khan et al. /12/ focused on the 3-dimen-
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sional stream of a nanofluid above a flexible pane that has
been widened in two asymmetrical directions nonlinearly.
In Pal and Mandal /21/, the belongings of thermal rays of
varied convective border coating stream towards a stagna-
tion-point stream in nanofluids above an extending or shrink-
ing immersed in spongy media, as well as heat generation
and viscous dissipation, are of interest. Sandeep et al. /27/
examined the nanofluid with thermophoretic magnetohy-
drodynamic dissipative border layer overflow an unstable
stretched sheet in a porous material with an internal heat
source/sink that varies with space and time. Naramgari and
Sulochana /19/ premeditated the mass and heat transport in
a thermophoretic radiative nanofluid flowing throughout a
sheet immersed in a porous media with internal effects of
suction/injection, viscous dissipation, and heat generation/
absorption that was increasing exponentially. Das et al. /3/
used Cu-water nanofluid to investigate the convective warmth
transport behaviour of nanofluid above a leaky stretched
pane with thermal convective border line conditions, a mag-
netic pasture, slip speed, and how nanoparticles affect flow
and heat transfer characteristics. In Devi and Devi /4/, the
flow past a stretching sheet is investigated using two fluid
types: hybrid nanofluid (Cu-Cl,Os/water) and nanofluid (Cu/
water). To inspect the influence of physical characteristics,
a parametric study has been conducted in Hayat and Nadeem
/10/ to increase the rate of heat transmission even more,
‘hybrid nanofluid’ is being used. This novel 3D model is
used to investigate the effects of thermal emission, warm
production, and chemical reactions over stretching sheets
while rotation is present. Khan and Azam /13/ explored the
erratic mass and heat transport mechanisms in a permeable
stretching surface-induced magnetohydrodynamic (MHD)
Carreau nanofluid flow. In Jamaludin et al. /11/ Cu-water
and Ag-water were the two types of nanofluids that were
studied in a continuous and porous, vertically expanding/
constricting sheet subjected to 3-dimensional MHD mixed
convective flow. Malvandi et al. /17/ examined a nonlinear
stretching/shrinking sheet under a constant two-dimensional
stagnation-point flow of nanofluids in the presence of blow-
ing/suction. In Geng et al. /6/, numerical study is done to
study the flow of nanofluids in a rotating system and the
transmission of heat between two horizontal plates. Haroun
et al. /8/ explored the convective mass and heat transport in
a magnetohydrodynamic nanofluid stream through a leaky
material in excess of a stretched sheet. (Cu/water) and Al,Os/
water, two different kinds of nanofluids, are examined. In
Patel /22/, convection is blended in two dimensions under
the influence of a constant magnetic field, the Casson fluid
flows past an infinite serving dish in a spongy medium.
Daniel et al. /1/ scrutinize, in the company of heat emission,
gooey debauchery, and chemical reactions, the impact of
slip circumstances on the electrical magnetohydrodynamic
nanofluid flow in a two-dimensional unstable mixed convec-
tion flow across a stretched sheet. When nanoparticles and
a magnetic field are present, Faraz et al. /5/ explored the
phenomena of heat radiation and mixed convection in an
axisymmetric flow of Casson fluid. Hayat et al. /9/ studied
the effects of buoyancy force on a magnetised, viscoelastic
nanofluid. The problem formulation introduces characteris-
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tics of Brownian movement, viscous dissipation, and ther-
mophoretic features. Khan et al. /14/ look at the impact of
numerous slips on the Jeffrey fluid model for the presence
of Soret and radiation in the unstable magnetohydrody-
namic viscoelastic buoyant nanofluid in front of a stretched
permeable sheet. Nandeppanavar et al. /18/ explore the char-
acteristics of non-Newtonian Casson nanofluid mass and heat
transfer in conjunction with steady two-dimensional flow
next to the boundary when an exponentially stretching sheet
is present. In Roy and Pop /26/, investigations are made into
the stream and warm transmission properties of a second-
class hybrid nanofluid on a stretchable, leaky sheet. In
Mabood et al. /16/, a hybrid nanofluid based on water par-
ticipating in a consistent, forced convection that evolves on a
stretched surface is studied to determine the effect of hybrid
nanoparticles on several physical characteristics. In Naveen
et al. /20/, the Koo-Kleinstreuer-Li model is primarily used
in the study to examine the rheological characteristics of the
nanofluids. In Punith Gowda et al. /23/, a theoretical analysis
is conducted to investigate the influence of Stefan's blowing
condition, thermophoresis, and Brownian motion on the flow
of a second-grade liquid over a curved stretching sheet. In
Revathi et al. /25/, the ability to increase the rate of absorp-
tion in a tray column absorber using methanol-based hybrid
nanofluid CH3OH+SiO2+Al, 05 is found.

v,y

Boundary Layer

B(x)=Byx 2

Nano Particle

u,x

Figure 1. Schematic diagram of the problem.
CONSTRUCTION OF THE PROBLEM

This paper examines a continuous 2-dimensional MHD
nanofluid stream across saturated nonlinear stretched sheet
in a porous medium when thermal energy and a nonlinear
heat source/sink are present. Copper nanoparticles are used
with water as the base fluid. It is commonly accepted that
the suspended nanoparticles and the base fluid are in thermal
equilibrium. Understood to be in the following form are the
fluctuating stretching speed, changeable magnetic field and
porous medium permeability in the flow of nanofluids uy =
ax", B(x) = Box(" 2 K(x) = Kox*™" correspondingly, where
the parameter for stretching a sheet is n, the extending con-
stant a, the permeability constant is Ko, and magnetic field's
constant is Bo. The stretched sheet's surface is also main-
tained at a certain temperature Ty = T + bXx?" 16, Ty is the
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limitation describing the surface temperature, a constant b
(> 0), exist and T-. denotes nanofluid's ambient temperature.
The flow issue is regulated by the following 2-dimensional
continuity, momentum, and energy equations,

ou  ov

~Z+210, 1
oy 1)
ou oV Hnf o u_ nf Vnf
u—dv—="2 - T RZu——u+gBy (T-T,,) (@
K N pu oy’ P K(x) i
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with the associated boundary conditions,
u=uy, =ax", v=0, T=T, =T, +bx*"?, at y=0
u—0, T>T, as y—ow, 4
where: u and v are the consequent lateral and vertical veloc-
ities in the xy-path; x and y are directions parallel to the sheet
and along the sheet, respectively; pnr is effective density; kns
is thermal conductivity of nanofluids; g is coefficient of
viscosity; K(x) is variable permeability; (oCp)ns is the warm
capacitance at steady pressure; S is thermal expansion, ons
is electrical conductivity; respectively. Whereas the radio-
active warm flux and variable heat source/sink, respectively,
are denoted by symbols g- and '’ and is given by
q"= Qf ATy -T) BT T-T,) . 6)
n
The approximate Rosseland's formula for the radiant heat
flow is

4o aT4
g == (6)

3k oy
where the Stefan-Boltzmann constant ¢* and mean absorp-
tion coefficient k™ are used with their respective values. The

Tailor series expansion of T about T is

T4=4172 311 )
Nanofluid's thermophysical characteristics are described as
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where: ¢ is nanoparticle fraction of solid volume; ks is the
thermal efficiency of nanoparticles; px is density of the pure
fluid; ks is thermal efficiency of base fluid; ps is nanoparti-
cle density; o3, ot are conductivity of electricity of hanopar-
ticles and base fluid; u is effective viscosity of base fluid;
(0Cp)s, (0Cp)s are heat capacitances of nanoparticle and base
fluid; g, 5 are temperature expansion factors of nanoparti-
cles and base fluid, respectively. The following non-dimen-
sional similarity transformations are introduced for the pur-
pose of simplifying the equations with partial differentials
(2) and (3) into equations of ordinary differential types that

are not dimensional,
n+l

(n+Da (n-1)/2 \/2va r T-T,
= S , = == f , 2] =
y\/ 2v X v n+1x (). 6(n) Ty—T

(14)

w 0
where: 77(x,y) is the likeness variable; v denotes the fluid's
kinematic viscosity. Dimensionless temperature and the stream
function specified by &(7) and y(x,y). Velocity components
can be defined as follows in terms of the stream function v,

u=a—l//, v, (15)
oy OX
Equations (2) and (3) are changed by putting Egs.(5)-(15)
into them,
Ng 24

N2 n+1

~=~ 0 (16)
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N4 Ny n+1
N
N32—mf'2) 2 l(A f'+B%0),
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dependent upon subsequent non-dimensional circumstances
f(n)=0, f'(n)=1 6(n=1 at n=0
f'(n)=0, 6(n)=0, as n—> o,
O Bg . . . Vi .
is magnetic restriction; K =— is the
apg aKo
Gr
Re? .
. xX° .
convection parameter, where Gr=gg; (T, _TOO)_2 is the

Ve

(17

(18)

where: M =

porous medium permeability parameter; 4 =—_ is mixed

XU,
Ve

Grashof number; and Re= is the Reynolds number;

is

; C
160" T is the radiation parameter; pr_M
3k Ky K

Ui
(Cp)f (TW _Too)

The engineering physical parameters are skin friction coef-
ficient Ci and local Nusselt number Nux. These are given by:

Ra=

Prandtl number; is Eckert number.

» Ec=

T, XQw
Cp=— . Nug=— W (19)
X prVZV X I(f (TW _Too)
where
au or
Tw = Hnf (g) » Ow =K (EJ +(Ar)y=0" (20)
y=0 y=0

the relations will be
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12
12
Nu, Re; 2 =—N4(1+%j[”7+1) 00 (22
4

The result of Eqgs.(16)-(17) jointly through borderline cir-
cumstances Eq.(18) is determined through a systematic
numerical method as the shooting technique. We translate
the nonlinear equivalences into first order regular differen-
tial equivalences by labelling the variable quantity, i.e., f=
fi, f/ =1, f"=1f3, " =1y, =14, 0' =15, 0" =15’

Hence, the system of equations becomes

f/=f,, f5="fs, fé:i(&m +K]+ﬁ(2—”1 £2 - f1f3j—

n+1{ N, N, \n+
Ng 2
_Ne 22 ¢ (23)
N2 n+1
-1
, , Ra Pr 2(2n-1) )
fl=fe, fd=|lr—n | N 2 g, — f fe |-
4 5: 15 ( N4] {N4|: 5( n+l 2'4 1'5
2m 2 2 N * *
—Ec| N, f2 4+ N, f j———l Af,+B )b (24)
(23 3n+12} n+1N2( 2+B )
f1(0) =0, f2(0) =1, f4(0) =1, as 7 — O,
fy(0) =0, fs(0) =0, as 7 0. (25)

The 4™-order Runge-Kutta method combined with a
shooting technique is employed for stepwise integration, and
calculations are conducted using MATLAB® software.

INFLUENCE OF DIVERSE RESTRICTIONS

In this paper, we use a nanofluid model with a nanoparti-
cle volume fraction to see how a nonlinear stretch sheet
affects the stream of a magnetohydrodynamic nanofluid by
producing heat, radiating heat, and dissipating heat. Figures
2a and 2b show how the magnetic constraint M affects veloc-
ity and temperature. Here, we observed that the temperature
increases as M increases, but the velocity profile decreases.
It is noteworthy to observe that a stronger magnetic field
makes nanofluid flow more difficult. The momentum bound-
ary layer thickness decreases as a result of change in the
velocity profile, as illustrated in Fig. 2a. Higher values of M
result in a larger Lorentz force in the magnetic field which
increases the thickness of the thermal boundary layer.

Table 1. Skin friction coefficient and Nusselt number with respect
to parameters M, Pr, K, Fi, 4, Ra, Ec, A", B, and n.

Parameter CiRel”? NuRe 12
M=1 -4.312859 -2.419147
M=2 -4.538491 -2.762798
M=3 -4.754942 -3.094793
Pr=4 -4.274883 -2.214479
Pr=5 -4.312859 -2.419147
Pr=6 -4.,337168 -2.680131
Pr=7 -4.355598 -2.960463
K=0 -2.143398 -1.688000
K=0.25 -3.365953 -2.036332
K=0.5 -4.312859 -2.419147

K=1 -5.807584 -3.152316
Fi=0.5 -4.312859 -2.419147
Fi=0.55 -5.563274 -2.799610
Fi=0.6 -7.385978 -3.452175
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Fi=0.65 -10.187514 -4.571075
A=1 -4.312859 -2.419147
A=2 -3.709127 -2.116945
A=3 -3.122402 -1.897445

Ra=0.1 -4.318104 -2.411620

Ra=0.5 -4.312859 -2.419147

Ra=15 -4.299615 -2.446785

Ec=0.2 -4.312859 -2.419147

Ec=0.5 -4.143767 -5.575018

Ec=0.8 -3.983659 -8.433959

A'=-2 -4.437335 -0.831094

A= -4.398341 -1.339466
A= -4.356642 -1.869702
A= -4.312859 -2.419147

B"=-05 -4.395837 -1.486713
B"=0 -4.360049 -1.904231

B"=05 -4.312859 -2.419147
B" = -4.245589 -3.102538

n=0.1 -3.676495 -6.170103
n=0.2 -4.059005 -3.744905
n=0.3 -4.312859 -2.419147
n=04 -4.515895 -1.501794

Evidently, the Lorentz force is generated by a magnetic
field of antagonistic/resistive strength that causes the velocity
of the fluid to drop and causes the flow boundary layer to
narrow. Moreover, the thickness of the heat boundary layer
increases as the temperature profile improves. Figures 3a and
3b show the behaviour of the velocity and the temperature
profile for various values of Prandtl number Pr. These data
make it abundantly evident that a rise in Pr lowers the veloc-
ity and temperature profiles, which leads to a reduction in
the thickness of the thermal boundary layer. Figures 3a and
3b depict the velocity and temperature profiles across various
values of Prandtl number Pr. The findings reveal a notable
decrease in both velocity and temperature profiles with an
increase in Pr leading to a reduction in thickness of the ther-
mal boundary layer. The influence of radiation parameter
Ra on velocity and temperature profiles is illustrated in Figs.
4a and 4b. Observations indicate a rise in velocity with
increasing Ra, while temperature distribution decreases for
n = [0, 0.816] and increases for n = [0.816, 8]. Figures 5a
and 5b describe the impact of mixed convection parameter
A on velocity and temperature. As A increases, velocity rises,
while temperature decreases. The variation of Eckert number
Ec with velocity and temperature profiles is depicted in Figs.
6a and 6b, showcasing an increase in both with higher Ec.
The generation of thermal energy intensifies with Ec in the
nanofluid, improving temperature distributions and thicken-
ing the thermal boundary layer due to frictional heating.
Figures 7a and 7b demonstrate the effect of permeability
restriction K on the velocity field and temperature distribu-
tion. Findings suggest an increase in velocity and a decrease
in temperature with amplified K. Figures 8a, 8b, 9a, and 9b
highlight the effects of non-uniform heat source/sink param-
eters (A", B") on velocity and temperature distributions, both
of which increase with higher values of these parameters.
Figures 10a and 10b show how velocity and temperature
profiles are influenced by the nonlinear stretching sheet param-
eter n with both decreasing as n increases. Figure 11 illus-
trates the impact of nanoparticle volume fraction Fi on tem-
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perature distribution. Increasing Fi enhances temperature
profiles due to improved thermal conductivity, leading to a
thickening of the thermal boundary layer.
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Figure 4a. Velocity f'(7) with 7 for disparate facts of Ra.
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Figure 6b. Temperature with 7 for disparate facts of Ec.
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Figure 7a. Velocity f '(7) with 7 for disparate facts of K.
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Figure 9b. Temperature &(r7) with 7 for disparate facts of non-
uniform heat source/sink parameter B”.
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Figure 10b. Temperature &with 7 for disparate facts of n.
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Figure 11. Temperature &) with 7 for disparate facts of Fi.

CONCLUSIONS

The study explores effects of radiation parameter, non-
uniform heat source/sink parameters, nanoparticle volume
fraction, and Eckert number on nanofluid magnetohydrody-
namic flow over a nonlinear stretching sheet saturated in a
porous medium. By employing transformation of similarity,
governing partial differential equations governing fluid flow
and heat transfer are converted into a system of higher-order
ordinary differential equations, which are subsequently solved
using the fourth-order Runge-Kutta method. Investigation
shows how controlling variables behaviour such as magnetic
parameter M, Prandtl numeral Pr, radiation parameter Ra,
mixed convection parameter A, Eckert number Ec, permea-
bility parameter K, non-uniform heat source/sink parameter
(A7, BY), nonlinear stretching parameter n, and nanoparticle
volume fraction Fi, impact parameters of heat transfer issues
and nanofluid flow. The study is summarised as follows.

In the region of thermal layer, the temperature distribution
and velocity field are enhanced. with an amplify in Eckert
number Ec, and the non-uniform heat source/sink parameter
(A", B"), while the reverse effect is seen for Prandtl number Pr.

An increase in the value of magnetic parameter M, perme-
ability parameter K, and nonlinear stretching parameter n
decreases the velocity field and enhances the temperature
distribution while the reverse effect is seen for the mixed
convection parameter A.

Velocity increases with amplified radiation parameter Ra
and temperature decreases with amplified radiation parame-
ter Ra for 7= [0, 0.816] and increases for 7 = [0.816, 8].
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When volume fraction of nanoparticles Fi rises, tempera-
ture rises as well.

The decreasing functions of the magnetic parameter M,
Prandtl number Pr, permeability parameter K, and nanopar-
ticle volume fraction Fi are the Nusselt number and skin fric-
tion coefficient, while the reverse effect is seen for mixed
convection parameter A.

The coefficient of skin friction is an increasing function
and the Nusselt number a decreased function of radiation
parameter Ra, non-uniform heat source/sink parameters (A",
B"), and Eckert number Ec, while the reverse effect is seen
in nonlinear stretching parameter n.
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