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Abstract 

Functionally graded materials (FGMs) have numerous 

engineering applications due to their unique properties that 

vary continuously across the material structure. This study 

presents an analytical investigation into the stress analysis 

of a functionally graded disc subjected to pressure on the 

disc’s inner surface. The considered disc is composed of a 

combination of two or more materials with distinct mechan-

ical properties, exhibiting a gradual variation in composition 

from the centre to the outer radius. The governing differen-

tial equation is solved analytically, elastic-plastic stresses 

and pressure are obtained. With the help of graphs and 

mathematical calculations, it is perceived that variable com-

pressibility and variable thickness have substantial impact 

on the performance of a functionally graded isotropic mate-

rial. Disc of copper has higher circumferential stresses than 

steel. It can be concluded that the annular disc of function-

ally graded material (copper) is more suitable for engineer-

ing design than that of the disc made of steel. 

Ključne reči 

• funkcionalni kompozitni materijali 

• pijezoelektrični materijali 

• rotirajući disk 

• teorija plastičnosti 

• teorija prelaznih napona 

• promenljiva debljina 

Izvod 

Funkcionalni kompozitni materijali (FGM) imaju brojne 

inženjerske primene zbog njihovih posebnih osobina, koje se 

kontinualno menjaju sa strukturom materijala. U ovom radu 

se analitički razmatra naponska analiza u disku od funkcio-

nalnog kompozitnog materijala, pod dejstvom pritiska na 

unutrašnju površinu. Razmatrani disk je izrađen od dva ili 

više materijala sa specifičnim mehaničkim osobinama, u 

kojem se menja sastav od centra ka spoljnoj površini. Odgo-

varajuća diferencijalna jednačina se rešava analitički, a dobi-

jeni su elastoplastični naponi i pritisak. Matematički prora-

čun i grafički prikaz pokazuju da promenljiva stišljivost i 

promenljiva debljina imaju značajnog uticaja na svojstva 

funkcionalnog izotropnog kompozitnog materijala. U disku 

od bakra se javljaju veći cirkularni naponi u odnosu na 

čelični materijal. Zaključuje se da je prstenasti disk od funk-

cionalnog kompozitnog materijala (bakar) pogodniji za inže-

njersku primenu u odnosu na disk od čelika. 

 

INTRODUCTION 

The creation of rotating discs has long been a source of 

intrigue in the world of engineering design, with beneficial 

applications including turbines, rotors, computer disc drives, 

and so on. The material's strength plays an essential role for 

all of these applications. Historically, homogenous materials 

were utilised to make rotating discs, but current researchers 

are intrigued by functionally graded materials (FGMs) due 

to their different mechanical properties. FGMs are advanced 

composite materials designed to endure extremely high tem-

peratures and are used in technological applications such as 

spaceflight and aviation. Rotating functionally graded discs 

have several uses, including flywheels, computers, internal 

combustion engines, electric motors, aeronautical structures, 

and ship propellers. 

Isotropic materials have physical features that are identical 

in all directions. In other words, despite the direction in 

which they are evaluated, their properties, such as density, 

strength, and stiffness, are the same. This indicates that the 

material reacts evenly under loads and deformations, and its 

characteristics have no directional dependence. Metals, poly-

mers, and ceramics are instances of isotropic materials. These 

materials are frequently employed in engineering applica-

tions that need consistent behaviour, such as the construc-

tion of structural parts or machine components. 

Some authors use the classical theory for stress analysis, 

as follows: Sahni and others /1/ obtained a Frobenius series 

solution for a non-circulatory cylinder formed of FGM that 

obeys the exponential law variation in material properties 

across radii and found that radial stress is contractive at the 

cylinder’s internal radii and tends towards zero at the cylin-

der’s outer radii. To specify the fracture behaviour of piezo-

electric materials, Tan et al. /2/ created a novel phase field 

computational framework including a temperature effect. 

Mehta and others /3/ discovered by stress analysis of FGM 

disk and demonstrated that the disc with a quadratic temper-

ature profile rises above the disc with the linear temperature 
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profile. Lieu et al. /4/ developed an iso geometric Bézier FE 

technique for performing static bending and short examina-

tion of piezoelectric (FGP) plates reinforced with graphene 

platelets (GPLs). Nam and others /5/ assured that the ad-

vanced method is applicable for modelling both thick and 

thin structures. Sharma and Yadav /6/ obtained thermal elas-

tic-plastic stresses and strains for rotating annular disk by 

making use of FDM with Von-Mises’ yield criterion and 

nonlinear strain hardening measure. Shi and Xie /7/ evaluated 

the analytical solutions of stress and displacement fields of 

the FG cylinder under internal pressure and compared the 

results with existing results of related simplified problems. 

Kholdi and others /8/ studied the stress analysis of a rotating 

annular disc formed of FGMs using Successive Approxima-

tion Method (SAM). Bahaloo and Nayeb-Hashemi /9/ inves-

tigated an FG rotating disc and evaluated the stress analysis 

and thermoelastic instability of the disc. 

Bagheri, Ayatollahi, Mousavi /10/ investigate the dynamic 

stress intensity parameters of multiple moving cracks with 

arbitrary patterns placed along the FGP strip by using a 

distributed dislocation approach. 

Some authors employed the transition theory for stress 

analysis, as follows: Sharma et al. /11-16/ investigated creep 

stresses in transversely isotropic cylinder having  thick walls 

formed of FGM with internal and external pressure. Sharma 

and Sahni /11/ applied the concept of Seth’s mid-zone theory 

to find out the analytical solution for creep stresses in a thin, 

spinning disc formed of piezoelectric material that is being 

compressed inside. Chand, et al. /17/ evaluated the stresses 

in an annular isotropic disc under internal pressure and found 

hoop stress to be the highest near the compressible material’s 

disc’s outer surface, in contrast to incompressible material. 

Matvienko et al. /18/ studied plastic deformation of a rotating 

annular disk formed of aluminium dispersion-hardened 

alloys using mechanical tensile tests and a structured study 

using optical microscopy methods. Es-Saheb and Fouad /19/ 

studied creep behaviour in a rotating thick-walled cylinder 

of Al-SiCp composite subjected to constant load as well as 

internal and external pressures, both analytically and numer-

ically, using FEM. Godana et al. /20/ used Seth’s mid-zone 

theory and generalised strain measure theory to model the 

elastoplastic deformation in a transversely isotropic spherical 

shell under thermal gradient and uniform pressure. 

In all the above studies, elastic-plastic and creep stresses 

are evaluated for different structures like a thin rotating disc, 

a thick-walled cylinder, rectangular plates, spherical shells 

formed of different materials like functionally graded piezo-

electric, functionally graded transversely isotropic, trans-

versely isotropic piezoelectric, etc., under different condi-

tions, i.e., pressure and temperature. 

In the earlier study, the behaviour of stresses and pressure 

are attained using transition theory in an annular disc formed 

of homogeneous isotropic material under uniform pressure. 

The objective of the present study is to investigate the impact 

of different parameters (i.e., compressibility and thickness) 

on the performance of the functionally graded isotropic disc 

used for designing purposes in the field of engineering. In 

the present problem, transitional stresses are evaluated in an 

annular disc formed of functionally graded isotropic material 

with varying compressibility and varying thickness exposed 

to internal pressure. The disc’s compressibility and thickness 

are presumed to be changing from point to point in the disc. 

MATHEMATICAL FORMULATIONS 

Consider a thin rotating disc with inner radius r1 and outer 

radius r2, under internal pressure p, presumed to be sym-

metric with reference to the mid plane, and for varying thick-

ness the profile of isotropic rotating disc is given as: 

 
0 1( / )mh h r r= , (1) 

where: m is thickness parameter. The disc's angular velocity 

is assumed to be . The thin annular disc under consideration 

is in state of plane stress, i.e., Tzz = 0. 

In polar form, displacement co-ordinates u, v, and w are 

presumed to be 

 u = r(1 – ),   v = 0,   and  w = dz , (2) 

where:  is a function (r), where r = (x2 + y2), and d is a 

constant. 

By employing the strain measure, the strain components 

are given as 

/21
1 [2( ) 1]n

rre r
n

  = − + −  ,   /21
1 (2 1)ne

n
  = − −  , 

/21
1 (1 2 )n
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n
 = − −  ,   0r z zre e e = = = , (3)  

where: n is strain measure; and  = d /dr. 

These are the stress-strain relationships for this problem: 

 ( 2 )rr rrT e e  = + + , 

 ( 2 )rrT e e   = + + , 

 0zz zr r zT T T T = = = = . (4) 

Substituting Eq.(3) into Eq.(4), we obtain 
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where: r = P (P is a ’s function; and  is a function of r. 

After substituting the values of  = 3(1 – C)/C(3 – 2C), 

 + 2 = 3/C(3 – 2C), and 2 = 3/(3 – 2C), we obtain 
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 /21 (2 1)n  − −  , (5) 

where: C = 2/( + 2) is the compressibility of the material. 

For functionally graded, the compressibility of the disc is 

considered as C = C0(r/r2)k, where C0 is a constant. We have 
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The rotating disc's equation of equilibrium: 

 ( ) 0rr
d

rhT hT
dr

− = . (7) 
By putting Trr and T values from Eq.(6) into Eq.(7), the 

regulating differential equation is attained as 
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Boundary conditions that must be used at the disc's inner 

and outer surfaces are presumed to be 

 Trr = –p   for   r = r1 

 Trr = 0   for   r = r2 . (9) 

Conversion from elastic to plastic 

According to the Seth’s mid-zone theory, the conversion 

from elastic to plastic takes place at transformation point 

P → . For estimating the stresses, R is considered as the 

transition function in the form of radial stress Trr: 
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where: B is any constant. 

Considering logarithmic differentiation of Eq.(10) w.r.t. r and putting dP/d value from Eq.(8) and then employing P →  

and integrating we get 
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where: A is the integration constant. 

Equating Eqs. (10) and (11) and by putting Trr value in Eq.(7), we achieve radial and circumferential stresses as  
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Using Eq.(9), we have: 
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Putting A and B values from Eq.(13) into Eq.(12), we have 
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Tresca’s yield criterion derived from Eq.(14) at r = r1 is as follows: 
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The effective pressure necessary for disc’s initial yield-

ing is indicated from Eq.(15) as 
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Initial yielding appears at the disc’s inner surface, and 

consequently, a completely plastic state appears at the disc’s 

outer surface. As a result, Eq.(15) at r = r2 gives 

 Trr – Tr = r2 = Y2   (for fully plastic state), 
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For fully plastic state, C0 → 0, Eq.(17) becomes 
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The effective pressure necessary for disc’s fully plastic 

state is indicated from Eq.(18) as 

 

1

2

2

1

m
r

rp

Y m

 
− 

 
= . (19) 

We present the subsequent non-dimensional components 
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Using Eq.(14) and Eq.(20), the transitional stresses in non-

dimensional manner can be stated as 
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Non-dimensionally, initial pressure may be described as 
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Non-dimensionally, pressure necessary for fully plastic 

state can be stated as 

 0 1m

f

R
p

m

−
= . (23) 

NUMERICAL DISCUSSION 

Table 1. Material constants of isotropic materials steel and copper. 

Material constant Steel Copper 

C0 0.63 0.78 

Graphs for transition state 

The standard values of all the material constants for the 

considered materials are used from Table 1 

Figure 1 represents the pressure needed for initial yielding 

in a thin rotating disc for functionally graded isotropic mate-

rials (steel and copper) with different values of k and m = 

1.5. From the graph, it can be seen that for k = –1 and k = –2, 

the initial pressure has positive values, but for k = –3, the 

values are negative. 

 R0  
Figure 1. Initial pressure for functionally graded isotropic material 

(steel and copper) with m = 1.5.  

Figure 2 represents the pressure needed for initial yield-

ing in a thin rotating disc for functionally graded isotropic 

materials (steel and copper) with different values of k and 

m = 2. From the graph, it can be seen that for k = –1 and k = 

–2, the initial pressure has positive values, but for k = –3, 

the values are negative. 

 R0 
Figure 2. Initial pressure for functionally graded isotropic material 

(steel and copper) with m = 2.  
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Figure 3 represents the pressure required for initial yield-

ing in a thin rotating disc for functionally graded isotropic 

materials (steel and copper) with different values of k and 

m = 2.5. From the graph, it can be seen that initial pressure 

has negative values for k = –2 and k = –3, but values are 

positive for k = –1 on the inner surface of the disc. For k = –1, 

the values for both materials are approximately the same. 

 R0  
Figure 3. Initial pressure for functionally graded isotropic material 

(steel and copper) with m = 2.5.  

From all the Figs. 1-3, it can be seen that if the value of 

m increases from 1.5 to 2, and then from 2 to 2.5, the values 

of initial pressure decrease. The initial pressure is minimum 

on the disc’s inner surface and increase as it approaches the 

outer surface, reaching a maximum at disc's outer surface. It 

is also seen that values for copper for all three values of k 

are greater than values for steel for all three values of k. 

Figures 4, 5, and 6 represent the circumferential stresses 

for initial yielding in a thin rotating disc for functionally 

graded isotropic materials (steel and copper) with different 

values of k and for m = 1.5, 2, and 2.5, respectively. From 

all the Figs. 4-6, it can be seen that if m increases from 1.5 

to 2, and then from 2 to 2.5, the stresses are more compres-

sive than tensile on the disc’s inner surface. Also, the values 

of circumferential stresses are negative on the disc’s inner 

surface and start increasing towards the outer surface and 

attain positive values at the disc’s outer surface. This implies 

that the stresses are compressive on the inside and tensile 

on the disc’s outside surface. It is also seen that the stresses 

for copper for all three values of k are greater than values 

for steel, for all three values of k. 

 

 

 

  R 
 Figure 4. Circumferential stresses for functionally graded 

isotropic material (steel and copper) with m = 1.5. 

  R 
Figure 5. Circumferential stresses for functionally graded isotropic 

material (steel and copper) with m = 2.  

  R 
Figure 6. Circumferential stresses for functionally graded isotropic 

material (steel and copper) with m = 2.5.  

Graphs for fully plastic state 

Figure 7 represents the pressure needed in fully plastic 

state for functionally graded isotropic materials (steel and 

copper) with different values of m. From the graph, it can 

be seen that for all values of m, the pressure has negative 

values. The values for pressure are minimum on the disc’s 

inner surface and increase by approaching the outer surface, 

reaching a maximum at the disc's outer surface. 

 R0 
Figure 7. Pressure required fully plastic state for isotropic material 

(steel and copper) with different values of m.  

Figures 8, 9, and 10 represent circumferential stresses for 

fully plastic state in a thin rotating disc for functionally 

graded isotropic materials (steel and copper) with different 

values of k and m = 1.5, 2, and 2.5, respectively. It can be 

seen that the values of circumferential stresses are positive 

on the disc’s inner surface and decrease as it approaches the 

outer surface and attain negative values at the disc’s outer 

surface. This implies that stresses are tensile on the inner 

surface and compressive on the disc’s outer surface. 

It can also be concluded that as values of m increase, the 

stresses are tensile on the inner surface and compressive on 

the disc’s outer surface. 
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 R 
Figure 8. Circumferential stresses for functionally graded isotropic 

material (steel and copper) with m = 1.5.  

 R 
Figure 9. Circumferential stresses for functionally graded isotropic 

material (steel and copper) with m = 2.  

 R 
Figure 10. Circumferential stresses for functionally graded 

isotropic material (steel and copper) with m = 2.5.  

Particular case (homogeneous isotropic material) 

Graphs for transition state 

Figure 11 represents the pressure needed for initial yield-

ing in a thin rotating disc for homogeneous isotropic mate-

rials (steel and copper) with different values of m. From the 

graph it can be seen that the values for initial pressure are 

maximal on the disc’s inner surface and decrease by 

approaching the outer surface and attain minimum value at 

the disc’s outer surface. It can be concluded that values for 

copper for all three values of m are higher than that of steel. 

 R0 

Figure 11. Initial pressure for homogeneous isotropic material 

(steel and copper) with different values of m. 

Figure 12 represents circumferential stresses for initial 

yielding in a thin rotating disc for homogeneous isotropic 

materials (steel and copper) with different values of m. From 

the graph it can be seen that circumferential stresses are 

maximal on disc’s inner surface and start decreasing towards 

the outer surface and attain minimal value at the disc’s outer 

surface. It can be concluded that values for copper for all 

three values of m are higher than that of steel. 

  

 

 

  R 
Figure 12. Circumferential stresses for homogeneous isotropic 

material (steel and copper) with different values of m.  

Graphs for fully plastic state 

Figure 13 represents the pressure needed for completely 

plastic state in a thin rotating annular disc of homogeneous 

isotropic materials (steel and copper) with different values 

of m. From the graph it can be seen that values for pressure 

are maximal on disc’s inner surface and decrease by 

approaching disc’s outer surface and attain minimal value 

at disc’s outer surface. It can be concluded that the pressure 

for m = 2.5 has a higher value than for other values of m. 

  R0 

Figure 13. Pressure needed for fully plastic state for homogeneous 

isotropic material (steel and copper) with different values of m.  

Figure 14 represents circumferential stresses for fully 

plastic state in a disc of homogeneous isotropic materials 

(steel and copper) with different values of m. From the graph 

it can be seen that circumferential stresses are highest on 

disc’s inner surface and start decreasing towards the outer 

surface and attain a minimal value at disc’s outer surface. It 

can be concluded that stresses for m = 2.5 have higher value 

than for other values of m. 
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  R 
Figure 14. Circumferential stresses for homogeneous isotropic 

material (steel and copper) with different values of m. 

SUMMARY AND CONCLUSION 

The analytical solution is acquired for transitional stresses 

in a very thin spinning disc formed of functionally graded 

isotropic material having varying compressibility and thick-

ness with internal pressure using mid-zone theory. The previ-

ous study results that the annular disc of compressible mate-

rial needs more pressure at disc’s inner surface than the 

incompressible material’s annular disc. When comparing 

compressible and incompressible materials, the value of hoop 

stress is greatest at the outer surface of the annular disc of 

compressible material. 

In this study, a comparison between two functionally 

graded isotropic materials (steel and copper) is done to inves-

tigate the effect of variable compressibility and varying 

thickness on the performance of a thin annular disc in the 

field of engineering design. Graphs and mathematical com-

putations are used to make the following observations. 

The initial pressure for copper for all different values of 

k has higher values than that of steel. 

The circumferential stresses for copper for all three values 

of k are greater than values for steel for all three values of k. 

As value of m increases, the transitional stresses are more 

compressive than tensile on the disc’s inner surface. 

Copper with k = –1 and m = 2.5 has higher circumferen-

tial stresses than steel. 

Therefore, it can be concluded that the annular disc of 

FGM (copper) is more suitable for engineering design than 

the disc formed of steel. 
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