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Abstract

Analytical characterization of creep stresses and strains
in annular ceramic discs experiencing high centrifugal forces
is of much significance in the theory of structural components.
In this paper transition theory has been incorporated to
obtain these stresses and strains in ceramic discs which
exhibit transversely isotropic macro structural symmetry and
having a bore at the centre on which it rotates. Yield criteria
from the classical theory are not assumed for the analysis.
The creep transition stresses are obtained by transition
theory. The analytical solution is applied on ceramic discs.
Stiffness constants are obtained by ultrasonic wave propa-
gation method. Analytical solution results are plotted graph-
ically. It is observed that the centrifugal forces increase the
magnitude of radial and circumferential stresses at the inter-
nal surface of discs. Strains are maximal at internal surface
and diminish toward the outer surface. The rise in strains
proportional to increasing angular speed infers to the fact
that the disc will tend to fracture at the bore adjoining the
inclusion when subjected to higher centrifugal forces.

INTRODUCTION

Ceramic discs are characterised by chemical inertness,
high melting point, low electrical and thermal conductivity.
Traditional ceramics include insulating materials, glass, abra-
sives and enamels. In the present times, as typical examples,
thermal and electrical insulations for various structural com-
ponents are manufactured using ceramics as a base. Ceramic
discs are presently being extensively used in the manufacture
of capacitors, filtration discs, automobile braking systems,
gas turbines, etc. A material is said to exhibit transverse
isotropy when physical properties for that material are alike
in a single preferential direction. This particular property
provides an edge in the manufacture of thin structural com-
ponents under state of plane stress. Creep strains of such
materials are accompanied by changes in their structure
which are irreversible. Creep analysis of such dynamic struc-
tural components is necessary for predetermining their defor-
mation, fracture points and for stable design. In this paper,
we examine creep deformation of annular ceramic discs
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Izvod

Analiticka karakterizacija napona i deformacija puzanja u
prstenastim keramickim diskovima koji su izloZeni visokim
centrifugalnim silama je od velikog znacaja u teoriji konstruk-
cija komponenata. U radu je primenjena teorija prelaznih
napona za proracun ovih napona i deformacija u keramic-
kim diskovima koji ispoljavaju poprecnu izotropnu makro
strukturnu simetriju sa provrtom u centru rotacije. U analizi
nisu pretpostavljeni kriterijumi tecenja iz klasicne teorije.
Prelazni naponi puzanja dobijeni su teorijom prelaznih napo-
na. Analiticko resenje se izvodi za keramicke diskove. Kon-
stante krutosti su dobijene metodom prostiranja u/trazvucnog
talasa. Rezultati analitickog reSenja su prikazani graficki.
Uoceno je da centrifugalne sile povecavaju radijalne i cirku-
larne napone na unutrasnjoj povrsini diska. Deformacije su
maksimalne na unutrasnjoj povrsini i Smanjuju se ka spoljnjoj
povrsini. Povecanje deformacija, koje je proporcionalno
porastu ugaone brzine, upucuje na cinjenicu da disk ima
tendenciju loma na provrtu u okolini ukljucka pri veéim
centrifugalnim silama.

experiencing high centrifugal forces and transversely iso-
tropic macro-structural symmetry. Numerical values of elas-
tic stiffness constants for two ceramic materials have been
used to calculate the trends of creep stresses and strains.
The centrifugal forces are added to the analysis by altering
the equation of equilibrium accordingly. Wang and Cao /25/
determined the elastic constants of lead zirconate titanate
(PZT-5H) using ultrasonic wave propagation. Elastic con-
stants for barium titanate are given by Royer and Dieulesaint
111/.

The analysis for structures made of monolithic materials,
composites, functionally graded materials, exhibiting the
respective isotropy and anisotropy are given in most standard
textbooks /1-3, 7-10, 17, 23-24/. Transition is a naturally
occurring phenomenon nonlinear in character. Creep analysis
assumes certain ad hoc assumptions like incompressibility
and yield criterion, which is insufficient to analyse the tran-
sition phase. Seth’s transition theory /12, 13/ bypasses these
assumptions. The generalised principal strain measure was
first defined by B.R. Seth, /12/:
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The theory has been used to solve various problems of
transitional stress and strain determination in structures
modelled in the form of discs exhibiting transverse isotropy
and orthotropy, /4-6, 14, 15, 18-22, 26/.

GOVERNING EQUATIONS

Ceramic annular disc having a perforation of thickness a
and external radius b is modelled. This ceramic disc is
experiencing high centrifugal forces in the radial direction.
There is no variation in the density and thickness of the
ceramic disc. The axial stresses will not be considered in
this case due to plane stress conditions. The displacement
components are given as:

u=r(l-p), v=0, w=dz, 2
where: gis a function depending on radius only.

The generalised strain component given by Seth /12/ is
represented as:

e =—| (B+18)" -1 egy=—1p"-11.

€z :_[(1_d)n _1} €rg =€g; =€;r =0
Considering n = 1 as the measure and
p'=dgldr. 3
For materials exhibiting transverse isotropy, following
relations of stress-strain have been defined, /17/:

Tre =Cre8rr +C13ezz +(C11_2C66)e¢96’ !
Top =C11899 +C1382 +(C11 —2Cqg)err >
T2, =Cyaerr +Ca387, +C13899 =0
Ty =Tp; =Trg=0- Q)
The strain components are obtained in terms of radial
and circumferential stresses from Egs. (4) and (3):
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where: T,y and Teo are the principal stresses,
2
C11C53 —Ci3 —Ce6Ca3 |,
2
C11C33-Ci3
where: E is Young’s modulus of elasticity.
Substituting Eqgs.(4) into Eqgs.(5), we get:

E =4Cs
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T == 2881 g+ 2= g P

To0 =—2C%[1— AL+ P]”]+%[2— B a+[+ P

T =Trp=0, Ty =Ty, =0, (6)
for A = Cy1 — (C12%/Css).
The required equation of equilibrium for ceramic disc is
given as:

d
S (T)~Top + P&’ =0. @)
r
The boundary conditions at internal and external radius
are given as:
at internal radius r = a, displacement u =0
at external radius r = b, radial stress T,r =0 . (8)

From Egs. (6) and (7), we get the following nonlinear
differential equation:

2.2
pao-r n 2066 _ n_ n —
N [—nA (1+nP—[1+P]" - P[L+[1+ P] ])}
_ ph+l n-1 dpP , 9
=" 1+P] i ©)

where: rg’= pP (P is function of £ and g is function of r
only).

Transition points of gin Eq.(9) are P — —1 and P — +o.
Solution for creep stresses through difference of principal
stresses

The transition function C is obtained through the differ-
ence of radial and circumferential stresses /5, 6, 16/. Creep
stresses are obtained from the transition point P — -1,

C=Ty ~Tpg = 2C6:ﬁ i [1—[P +1]“] : (10)

Taking the logarithmic differentiation and substituting the
value of dP/d g from Eq.(9) in Eq.(10), we get:

2,2
i(logC)z—l(—Zn—npw r
dr r n

+Cr (n—1)J , (1)

for CT = 2C66/A.
The asymptotic value of Eq.(11) at P — —1 gives
C(principle stress difference)= Ar” exp(&), (12)
where: &= —npa?r"*2[AD"(n + 2); 7=-2n + Cr(n - 1).
From Eq.(12) and Eq.(8), we get:
_ w’r?

T =~ Al texp(@dr £ (13)
where: A; and A; are constants which depend on the bound-
ary conditions.

From boundary condition Eq.(8) and Eq.(13), we get

2.2
A2=Aﬂr:br’7‘lexr><§)dr—”“’2b NP

Substituting Eq.(14) in Eq.(13), the radial stresses are
given as:

242 .2
T = Aﬂf’r”‘lexp(f)dr +w . (19

From Eqgs. (12) and (15), the circumferential stresses are
given as:

242 2
Too = AP L exp(@ar—r7exp(é) |+ 220 16)
Taking asymptotic value P — -1 for Eq.(10),
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From Eq.(17) and Eq.(2), the displacement is given as:

1/n
n n
dor o TAr"exp@I" |
2Cqq

where: A1 = 2Cgs/na’texp(&); and & = —npa?a™AD(n + 2).

Principal stresses and displacement are obtained substi-
tuting Az in Egs. (15), (16), and (18), respectively:

212 2
Ty = 2Ce6 [Pritexp(g)dr+ 225 — 2 =) (9
na” exp(&) 2

2m2 2

:&IP rnflexp(g)dr_rn exp(§)+m, (20)

na’” exp(&) 2
n i/
. :r_{Lp(f)J .
a’exp(&)

Conversion of principal creep stresses and displacement
into non-dimensional components for generalizations R = r/b,
Ro = a/b, Q2= I’wzbz/CesO'r =Ty /Cea, o= Tee/Cae and U =
u/b. Equations (19), (20), and (21) become:

o 2 Q%(1-R?)
" nRY exp(&y) 2

2 2
- LRI e R R exp()+ ) 23)

R” v
) R_R[ exp(fz)] |
RY exp(3)
where: & = —(nQ2R"2/2(n + 2))(b/D)"Cr; and
& = —(NQ?Re%/2(n + 2))(a/D)"Cr.

Solution for creep strains

(18)

(1)

[ER7Lexp(£)dR + (22)

Ogo =
nRY exp(&;)

(24)

The following relation is defined for stresses and strains
in a disc:
A-2
_ Ceo |5 1_
Cr

where: Cr= 4C65(C56 - A); and A = Cu— C132/C33.
From generalized strains we have
eop=—B""5- (26)
The Swainger measure defines n = 1, substituting it in
Eq.(26) we get the relation

2(A-Cep) 1, (25)
C !

égp=—P 27)
We already have the transition value g,
B=[Tyr Tl [/ 2Ces 1" (28)

From Eqgs. (26), (27), and (28), we obtain the radial and
circumferential strains as:

2 2
{1_‘313_2(366}0”_[1_%}0%
| CuCsz Cpy C11Cs3 y
r— 2
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n
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Odqvist /10/ obtained similar results for principal creep
stresses and strains.

NUMERICAL RESULTS AND DISCUSSION

Wang and Cao /25/ determined the elastic constants of
lead zirconate titanate (PZT-5H) and characterized it to be a
very useful piezoceramic. Elastic constants for barium titan-
ate have been given by Royer and Dieulesaint, /11/. Graphs
are plotted for creep stresses and displacement along the
radii ratio R = r/b for ceramic discs made of lead zirconate
titanate (PZT-5H) and barium titanate exhibiting transversely
isotropic symmetry in Figs. 1-6. The effect of centrifugal
forces is observed by analysing the model at angular speeds
Q? =50, 100, and 150. The variation in angular speed is
shown in the proceeding figures. Radial stresses have maxi-
mal value at the inner surface of both the rotating disc, exhib-
iting transverse isotropy, and circumferential stresses
decrease at the inner surface with increase in measure n =
1/3, 1/5, and 1/7. It is also observed that centrifugal forces
increase the magnitude of radial and circumferential stresses
at the inner surface. This is observed for both types of
ceramic discs. Similarly, strain rates have been calculated
for both types of ceramic discs. The varying rates of strain
with respect to changing angular speeds are represented in
Figs. 7-12. Radial and circumferential strain rates clearly
show that strain values are maximal at inner surfaces close
to the bore and diminish along the outer surface. Both radial
and circumferential strain rates show similar behaviour for
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Figure 1. Creep stresses and displacement in PZT-5H along the
radius ratios R = r/b at Q2 = 50.
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the ceramic discs. It has also been observed that due to high
intensity of stresses and strains close to the inner surface of
the discs, the probability of damage to the disc close to the
bore is higher.

CONCLUSIONS

The following conclusions are drawn from the numerical
results obtained.
- Centrifugal forces increase the values of principal stresses
at the inner surface of ceramic discs.
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Figure 2. Creep stresses and displacement in BaTiOs along the
radius ratios R = r/b at Q? = 50.
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Figure 3. Creep stresses and displacement in PZT-5H along the

radius ratios R = r/b at Q2 = 100.
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- Strains are maximal at inner surface and diminish toward
the outer surface. The rise in strains with increase in cen-
trifugal forces infers to the fact that the disc will tend to
facture at the bore adjoining the inclusion when subjected
to higher forces. Stresses at various radii ratios are given
in the numerical results to check for points where ceramic
discs will no longer sustain the centrifugal forces.
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Figure 4. Creep stresses and displacement in BaTiOsalong the

&0

56

52

48

44

40

EE

32

28

ot

Stresses

20
16

1z

-1z

radius ratios R = r/b at Q2 = 100.

=——t— Radial Stresses N
=1/3

—— Circumferantial
Stresses, N=1/3

e dlisplace ment, N =
1/3

—— RadialStresses, N

=1/5

—4— Circumferentizl
Stresses, M=1/5

——8— Displacement, N =
1,5

——t—— Radial Stresses N

=1/7

e Cir cumfe rential
Stresses N=1,7

Displacemert, N =

0 09

1/7

Radiusr/b

Figure 5. Creep stresses and displacement in PZT-5H along the
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- It is primarily concluded that it is mandatory to reinforce
such type of ceramic discs with another material in the
region close to the bore, so as to increase the stress with-
standing capacity of the disc, thereby leading to a safer
design.

The paper provides the scope for the development of func-
tionally graded ceramic discs, reinforced close to the inner
radius.
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Figure 6. Creep stresses and displacement in BaTiOz along the
radius ratios R = r/b at Q2 = 150.
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Figure 7. Creep strain rates in PZT-5H along the radius ratios R =
r/b at Q2 = 50.
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Figure 9. Creep strain rates in PZT-5H along the radius ratios R =
r/b at Q% =100.
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Figure 10. Creep strain rates in BaTiOs along the radius ratios R =
r/b at Q? = 100.
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Figure 11. Creep strain rates in PZT-5H along the radius ratios R =
r/b at Q? = 150.
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Figure 12. Creep strain rates in BaTiOs along the radius ratios R =
r/b at Q%= 150.
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