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Abstract

This article deals with the study of creep deformation in
a thick-walled spherical shell under steady state temperature
by using transition theory and generalised strain measure.
Mathematical modelling is based on stress-strain relation
and equilibrium equation. Analytical solutions are presented
in a thick-walled spherical shell made of saturated clay, steel
and rubber materials. The shell made of rubber material
requires higher pressure to yield in comparison to the shell
made of saturated clay/steel material without thermal effects.

INTRODUCTION

Analysis of spherical shell structures in aerospace, chem-
ical, civil, and mechanical industries such as in high-speed
centrifugal separators, gas turbines for high-power aircraft
engines, certain rotor systems, spinning satellite, and struc-
tures, are important for safety purpose and long life of shell
structures. To increase the life of spherical shells, it is there-
fore very important for engineers to study the safety analysis
in spherical shells under various environments. The spher-
ical shell made of isotropic materials is presented in most
standard textbooks /1-6/ with evaluated solutions for stresses
and displacements in a thick spherical shell subjected to
various load conditions. Seth /7/ has analysed stress distri-
bution in shells/tubes under pressure by using the transition
theory.

In this paper, we investigate the creep deformation in a
thick-walled isotropic spherical shell under steady-state tem-
perature and uniform pressure by using the concept of gen-
eralised strain measures and asymptotic solution through the
principal stresses-difference. Results are presented graph-
ically and are discussed.

GOVERNING EQUATION

We consider a spherical shell having internal and external
radii a and b, respectively, subjected to internal pressure pi
and a steady state temperature ®o applied at the internal
surface of the shell.
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Kljuéne reci

+ izotropna struktura
- pritisak

« temperatura

- teCenje

« ljuska

lzvod

U ovom radu se proucava deformacija puzanja u debelo-
zidnoj sfernoj ljusci sa stacionarnom temperaturom, prime-
nom teorije prelaznih napona i generalisanih mera deforma-
cija. Matematicko modeliranje se bazira na relaciji napon-
deformacija i na jednacini ravnoteze. Analiticka reSenja su
predstavljena kod debelozidne sferne ljuske izradene od zasi-
¢enog zemljista, celika i gume. Za ljusku izradenu od gume
Jje potreban veci pritisak za pojavu tecenja, u poredenju sa
ljuskom od zasi¢enog zemljista/Celika bez termickih uticaja.

Basic governing equation

Due to the spherical symmetry of the structure, the com-
ponents of displacements in spherical co-ordinates (r, ¢, z)
are given by /8/:

u=r(1-p), v=0, w=dz, (D)

where: Zis position function, depending on r = V(X2 + y2 + 72)
only. The generalised strain measures are given by /8, 9/:

A =21-a-25)"2), 6=123. @

where: n= -2, -1, 0, 1, 2 give Green, Cauchy, Hencky,

A
Swainger, and Almansi measures, respectively; and ej; be

Almansi finite strain components. From Eq.(2), the general-
ised components of strain are obtained as:

1 , 1
Err :H[l_(”? +77)n:| v Epp :E[l_nn]:ezz ’

Erp =Ep7 =€7r =0, 3
where: n is measure; &r, o, and &; are strain components;
and n’=dn/dr.

Stress-strain relation: for thermal elastic isotropic material,
the stress-strain relationships are presented /1, 4/ as:
Tij :lé‘ijgkk +2,U€ij —5@(% , (I, j,k =1,2,3) . (4)
Further, ® has to satisfy:
V20=0. 5)
The temperature satisfying Laplace Eq.(5) with boundary

condition:
©0=0, at r=a, ©=0 at r=bh, (6)
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where: @q is constant, and given by:

@zﬂ{ﬁ_l}, 0
(b-a)lLr
Using Eq.(3) into Eq.(4), we get:
A+2 , 24
Tpr = 'u[l_(”? +77)nJ+n_m[l_77n]_§®'
A , 2(A+
Top =Tz =;[1—(rf7 +n)”]+%[l—f7”]—§®'
Trp =Tgpy =Tz =0~ 8

Equation of equilibrium: the equations of motion are all
satisfied except:

d e —7pp)

= _ 9
ar (rzyr) . )

Asymptotic solution at transition points: using Egs.(6)-(8)
into Eq.(9), we get nonlinear differential equation in 7 as:

{UT(F +1)”’13_T+T(T +1)n}+2(1—C)T(1—77n)ml+
n

LBy 2C
2nur g np"
where: rnp’= nT.
Critical or transition points: transition points of 7 in Eq.(10)
areT—0and T — +oo.
Boundary condition: the boundary conditions are
m=piat r=aand =0 at r=h.

PROBLEM SOLUTION

For finding the creep stress distribution, the transition
function W is taken through the principal stresses’ difference
[7-25/ at the transition point T — -1 as:

W=ty Ty :27”[{1—77” T +1)”}-(1—;7”)} . (12)

Taking the logarithmic differentiation of Eq.(12) with
respect to 77 and using Eq.(10), and after that by taking the
asymptotic value at T — -1, we get:

[1-n"+)"-a-n™}=0. (10)

11)

_ n-1 0
d(log'P) _ n@3-2C)p~ nC§®01 +£_ (13)
dn n" 2urp™ n
Integrating Eq.(13) with respect to r, we get:
Y =Ar2CynC2Ceyp 1, (14)

where: A is a constant of integration and
fi= €O Ii The asymptotic value of nas T — -1 is
2u rznn
D/r; D being a constant, therefore, Eq.(14) becomes:
=Ty —Tp, = Ar2CpnGE-20)nG-2C) oy f, . (15)
Using Eq.(15) into Eq.(9), and integrating, we get:
trr =—2A[r2CIpNG-20)=NG-2C) ey £,dr + B - (16)
Using boundary conditions Eq.(11) into Eq.(16), we get:
B=2A] r~2C-1pnG-2C)=n(3-2C) ey £, dr
—Pi
B .
2] p—2C-1pn(3-2C) -—n(3-2C) exp f,dr

A=

a
Now substituting the value of constants A and B into
Egs.(15)-(16), we get:
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J‘rk-) r—3n+2C(n—l)—1 eXp fldl‘

Tre =~ Pi [Pr-3n2C(-D1

a exp f,dr
. Pi r—3n+20(n—1)—1 exp fl
=tz =trr ng r_73n+2()(n71)71 exp fldr l

aE(3-2C)0,r"

Y(n-1)D"
Initial yielding: it has been seen that | zir — 744 are maximum
at r = a, therefore yielding will take place at the internal

surface of the shell and Eq.(17) becomes:
b; a—3n+2C(n—1)—l exp f2

|Trr_f¢>co| a = I
r=a 2]}?!’ 3n+2C(n-1)-1

T,

o0 a7

where: f, =

=Y, (18)

exp fodr
aE(3-2C)0,a" !

Y(n-1)D"
Equations (17)-(18) for incompressible material (i.e.,
C — 0) become:

where: f, =

[Pr3Lexp fydr

Trr == Pi 7 '
-3n-1
[or exp fdr

pir " Lexp f;
2]2 r3"Lexp fydr

Y a " lexpf,

P 2[: r3"Lexp f,dr

32E@ "

Y(n-1)D"

Neglecting thermal condition: taking ®, = 0 into Eq.(19),
we get:

Tpp

=Ty =Ty +

(19)

where: f, =

o (b/ r)3n—2C(n—l) -1

Trr =

pl (b/a)Sn—ZC(n—l) -1 '

Lina-20)-20-C} b/ ry 200D 3
; 20)

Top =Tz =~ Pi (b/a)°"2C(0D g

Equation (20) for incompressible material reduces to:
(b/r)®" -1
Trr == hi 3 L
(b/a)™ -1

1{3n—2}(b/ rn -1
2 : (1)

T =T :—p
e T (bra)d -1

Equations (20)-(21) are same as obtained by Gupta et al.,
125].

NUMERICAL ILLUSTRATION AND DISCUSSION

To investigate the effect of yielding pressure versus thick-
ness ratios for the spherical shell made of incompressible/
compressible (say rubber v= 0.5; saturated clay v= 0.42;
and steel v=0.27) by /1/. For mild steel, the following values
have been taken /17/: o= 7.5x10°8 per °F; E = 3x10 Ib/in?;
v=0.5, 0.42, 0.27; Y = 3x10* Ib/in?; ®, = 0 °F, 40 °F, 80 °F;
n =3, 5;and a = 0.5 (inner radius); b = 1 (outer radius); r €
(a, b), respectively.
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Figure 1 is portrayed in order to demonstrate the behav-
iour of yielding pressure Y/p; versus thickness ratios at differ-
ent temperature and measure n = 3, n = 5, respectively. In the
absence of thermal effect, it has been observed that yielding
of thinner shells as well as thicker shell occurs at the same
pressure.

With the introduction of thermal effect, the thinner shell
yields at higher pressure in comparison to the thicker shell.

This yielding pressure goes on increasing with increasing
measure n = 3, 5, and temperature ® = 40 °F, 80 °F, respec-
tively. Moreover, shell made of incompressible material (say
rubber, v=0.5) needs superior pressure to yield, in compar-
ison to shell made of compressible materials (say saturated
clay, v=0.42; steel v=0.27).

®o0 =0 °F ®0 =40 °F ®0 =80 °F
71 o y=027 T 77
N & y=042
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Figure 1. Yielding ratios Y/pi vs. thickness ratios b/a at different temperatures and measures: (a) n = 3; (b) n = 5.

CONCLUSIONS

The main findings are given as follows:

- the shell made of rubber material requires higher pressure
to yield in comparison to the shell made of compressible
material without thermal effects,

- the result is same as given by Gupta et al. /25/.

INTEGRITET | VEK KONSTRUKCIJA
Vol. 24, br.3 (2024), str. 301-304

303

ACKNOWLEDGEMENT

This research paper is specially dedicated to the Society
for Structural Integrity and Life and IMS Institute in Serbia.

STRUCTURAL INTEGRITY AND LIFE
Vol. 24, No.3 (2024), pp. 301-304



Creep deformation in a thick-walled spherical shell having steady ...

Deformacija puzanja u debelozidnoj sfernoj ljusci sa stacionarnom ...

REFERENCES

1. Sokolnikoff, 1.S., Mathematical Theory of Elasticity, 2" Ed.,
McGraw-Hill Inc., New York, 1953.

2. Fung, Y.C., Foundations of Solid Mechanics, Prentice-Hall, Inc.,
Englewood Cliffs, N.J., 1965.

3. Kraus, H., Creep Analysis, John Wiley & Sons, Inc., New
York, 1980. ISBN 0471062553

4. Parkus, H., Thermoelasticity, Springer-Verlag, Wien, 1976. doi:
10.1007/978-3-7091-8447-9

5. Timoshenko, S., Woinowsky-Krieger, S., Theory of Plates and
Shells (2" Ed.), McGraw-Hill, New York, 1959. ISBN 0-07-
064779-8

6. Chakrabarty, J., Theory of Plasticity, McGraw-Hill, New York, 1987.

7. Seth, B.R. (1963), Elastic-plastic transition in shells and tubes
under pressure, J Appl. Math. Mech (ZAMM), 43(7-8): 345-
351. doi: 10.1002/zamm.19630430706

8. Seth, B.R. (1962), Transition theory of elastic-plastic defor-
mation, creep and relaxation, Nature, 195: 896-897. doi: 10.10
38/195896a0

9. Seth, B.R. (1966), Measure-concept in mechanics, Int. J Non-
Linear Mech. 1(1): 35-40. doi: 10.1016/0020-7462(66)90016-3

10. Thakur, P, Sethi, M. (2020), Creep deformation and stress anal-
ysis in a transversely material disk subjected to rigid shaft, Math.
Mech. Solids, 25(1): 17-25. doi: 10.1177/108128651985 7109

11. Thakur, P., Gupta, N., Gupta, K., Sethi, M. (2020), Elastic-
plastic transition in an orthotropic material disk, Struct. Integr.
Life, 20(2): 169-172.

12. Thakur, P., Chand, S., Sukhvinder et al. (2020), Density param-
eter in a transversely and isotropic disc material with rigid
inclusion, Struct. Integr. Life, 20(2): 159-164.

13.Sethi, M. Thakur P. (2020), Elastoplastic deformation in an
isotropic material disk with shaft subjected to load and variable
density, J Rub. Res. 23: 69-78. doi: 10.1007/s42464-020-00038-8

14. Thakur, P., Sethi M. (2020), Elastoplastic deformation in an ortho-
tropic spherical shell subjected to temperature gradient, Math.
Mech. Solids, 25(1): 26-34. doi: 10.1177/108128651985 7128

15. Thakur, P., Kumar N., Sukhvinder (2020), Elasto-plastic density
variation in a deformable disk, Struct. Integr. Life, 20(1): 27-32.

16. Thakur, P., Kumar, N., Sethi, M. (2021), Elastic-plastic stresses
in a rotating disc of transversely isotropic material fitted with a
shaft and subjected to thermal gradient, Meccanica, 56: 1165-
1175. doi: 10.1007/s11012-021-01318-2

INTEGRITET | VEK KONSTRUKCIJA
Vol. 24, br.3 (2024), str. 301-304

304

17. Thakur, P., Sethi, M., Kumar, N., et al. (2021), Thermal effects
in a rotating disk made of rubber and magnesium materials and
having variable density, J Rubber Res. 24(3): 403-413. doi: 10.
1007/s42464-021-00107-6

18. Thakur, P., Sethi, M., Gupta, N., Gupta, K. (2021), Thermal
effects in rectangular plate made of rubber, copper and glass
materials, J Rubber Res. 24(1): 147-155. doi: 10.1007/s42464-
020-00080-6

19. Thakur, P., Sethi, M., Gupta, K., Bhardwaj, R.K. (2021), Ther-
mal stress analysis in a hemispherical shell made of transversely
isotropic materials under pressure and thermo-mechanical loads,
J Appl. Math. Mech. (ZAMM), 101(12). doi: 10.1002/zamm.20
2100208

20. Thakur, P., Sethi, M., Kumar, N., et al. (2021), Analytical solu-
tion of hyperbolic deformable disk having variable density,
Mech. Solids, 56(6): 1039-1046. doi: 10.3103/S002565442106
0194

21. Thakur, P., Sethi, M., Kumar, N., et al. (2022), Stress analysis
in an isotropic hyperbolic rotating disk fitted with rigid shaft, Z
Angew. Math. Phys. 73(1), Art. ID 23. doi: 10.1007/s00033-02
1-01663-y

22. Kumar, N., Thakur, P. (2021), Thermal behaviour in a rotating
disc made of transversely isotropic material with rigid shaft,
Struct. Integr. Life, 21(3): 217-223.

23. Kumar, A., Sood, S., Thakur, P., Kumar, N. (2022), Safety
analysis in an isotropic material disc fitted with a rigid shaft
subjected to thermo-mechanical load by using transition theory,
Struct. Integr. Life, 22(2): 193-201.

24. Kumar, N., Thakur, P. (2022), Behaviour of creep stress and
strain rates in a solid disc made of isotropic material with ther-
mal condition, Struct. Integr. Life, 22(2): 202-209.

25. Gupta, S.K., Bhardwaj, P.C., Rana, V.D. (1988), Thermo-creep
transition of a thick isotropic spherical shell under internal pres-
sure, Ind. J Pure Appl. Math. 19(12): 1239-1248.

© 2024 The Author. Structural Integrity and Life, Published by DIVK
(The Society for Structural Integrity and Life ‘Prof. Dr Stojan Sedmak”)
(http://divk.inovacionicentar.rs/ivk/home.html). This is an open access
article distributed under the terms and conditions of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License

STRUCTURAL INTEGRITY AND LIFE
Vol. 24, No.3 (2024), pp. 301-304


http://divk.inovacionicentar.rs/ivk/home.html
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

