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Abstract 

Materials exhibiting different piezoelectric properties 

throughout their volume are referred to as functionally 

graded piezoelectric materials (FGPM). Due to their graded 

composition, the characteristics of these materials can be 

customized to fit particular needs in a variety of applications. 

Functionally graded piezoelectric materials are beneficial 

in many technical applications because of their versatility 

that enables increased performance, efficiency, and adapta-

bility in a variety of disciplines. The objective of the current 

study is to analyse creep stresses in an annular disc com-

posed of transversely isotropic, functionally graded piezo-

electric material with varying thickness parameters. Creep 

stresses are evaluated analytically using the approach of 

Seth's transition theory. By using the stress-strain relations, 

the equations for mechanical stresses and electrical displace-

ment are determined. Substituting these relations into the 

equilibrium equation a nonlinear differential equation is 

obtained. The findings are presented both numerically and 

graphically, demonstrating how the thickness parameter 

affects the circumferential stresses in the intermediate 

surface of the rotating disc. The disc made of transversely 

isotropic piezoelectric material PZT-4 exhibits higher creep 

stresses than other materials under consideration according 

to all of the numerical discussions and calculations. This 

work may provide an effective methodology for the analysis 

of functionally graded piezoelectric rotating discs and con-

tribute to theoretical research and engineering applications. 

Ključne reči 

• funkcionalni kompozitni materijal 

• pijezoelektrični 

• rotirajući disk 

• transverzalno izotropni 

• puzanje 

Izvod 

Materijali koji pokazuju različite pijezoelektrične osobine 

u svojoj zapremini tretiraju se kao funkcionalni kompozitni 

pijezoelektrični materijali (FGPM). Usled njihovog kompo-

zitnog sastava, karakteristike ovih materijala se mogu menja-

ti prema specifičnim potrebama u raznim primenama. Funk-

cionalni kompozitni pijezoelektrični materijali imaju pred-

nosti u mnogim primenama u tehnici zbog njihove svestra-

nosti koja omogućava poboljšanje performansi, efikasnost i 

adaptabilnost u raznim disciplinama. Cilj rada je analiza 

napona puzanja u prstenastom disku sačinjenog od trans-

verzalno izotropnog, funkcionalnog kompozitnog pijezoelek-

tričnog materijala sa parametrima promenljive debljine. 

Naponi puzanja se određuju analitički, primenom pristupa 

teorije prelaznih napona Seta. Korišćenjem izraza napona-

deformacija određuju se jednačine mehaničkih napona i 

električnih pomeranja. Smenom ovih izraza u jednačinu 

ravnoteže dobija se nelinearna diferencijalna jednačina. 

Rezultati su predstavljeni numerički i grafički kako bi se 

uočio uticaj parametar debljine na obimske napone u među-

slojevima rotirajućeg diska. Disk sačinjen od transverzal-

nog izotropnog pijezoelektričnog materijala PZT-4 pokazuje 

veće napone puzanja u odnosu na ostale razmatrane mate-

rijale, shodno svim diskusijama numerike i proračuna. Ovaj 

rad pruža delotvornu metodologiju u analizi funkcionalnog 

kompozitnog pijezoelektričnog rotirajućeg diska i doprinosi 

teorijskom istraživanju i inženjerskim primenama. 

 

INTRODUCTION 

Functionally graded materials can be designed using either 

a macro- or microscale method. In the macroscale technique, 

a functionally graded piezoelectric material occupies the 

place of the standard piezoelectric active element. Conse-

quently, depending on a particular gradation function, all or 

some of the properties (piezoelectric, dielectric, or elastic 

properties) vary along a specified direction, usually through-

out its thickness. A dielectric substance that permits an 

immediate interaction between electrical and elastic energy 

is called a piezoelectric material. A piezoelectric material 

undergoes dimensional changes in the presence of an electric 

field and, in turn, produces a dielectric displacement in 

response to mechanical stress. Quartz, tourmaline, and 

Rochelle salt are among the materials that naturally exhibit 

the piezoelectric effect. Other polycrystalline materials that 

can be subjected to this phenomenon include barium titanate 

(BaTiO3), polyvinylidene fluoride (PVDF), and lead zirco-
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nate titanate (PZT4). A specific kind of moderate mechanical 

deformation known as creep deformation happens when a 

material is subjected to high stress levels over an extended 

length of time. The comparatively slow rate of creep defor-

mation might lead to a material failing below its yield point. 

Numerous researchers examine the elastic, plastic, and 

creep deformations in different solid structures. Betton /1/ 

employed mathematical concepts to determine the creep 

stress performance in thick-walled shells under inner surface 

pressure. Through the use of an identical elastic approach, 

Penny /2/ ascertained the effects of creep in the cylinder. 

Creep deformation in a revolving disc composed of trans-

versely isotropic material with variable density shaft under 

heat gradient is evaluated by Temesgen et al. /3/. After 

studying thermal stresses in thick-walled circular cylinders 

under both internal and external pressure, Sharma et al. /4/ 

came to the conclusion that thicker circular cylinders with 

less compressible walls that experience thermal effects under 

both internal and external pressure and have nonlinear 

measures are preferable. After analysing the creep stresses 

in a transversely isotropic circular cylinder under inner 

surface pressure, Sharma et al. /5/ conclude that a non-homo-

geneous cylinder is a superior option. Dynamic problem in 

piezo-electric microstretch thermoelastic material under laser 

heat source was studied by Kumar and Ailwalia /6/. The 

creep stresses in a thin rotating disc made of piezoelectric 

material are analysed by Sharma and Sahni /7/, who found 

that the stresses greatly increase with pressure and angular 

velocity. After creep stress analysis in rotating discs, Sharma 

et al. /8/ came to the conclusion that extremely non-homoge-

neous disks are a better alternative for designing purposes 

than homogeneous disks. Two-dimensional deformations in 

a rotating, nonhomogeneous, isotropic, magneto-thermo-

elastic medium were examined by Gunghas et al. /9/. The 

deformation in a two-dimensional functionally graded ther-

moelastic micro-elongated medium was examined by Kalkal 

et al. /10/. Saadatfar et al. /11/ evaluated the deformation 

and stress of a functionally graded piezoelectric rotating disc 

that was subjected to mechanical and thermomechanical 

loads, including heat transfer via radiation and convection. 

The results show that the convection boundary, the thickness 

function, the inhomogeneity index, and solar radiation all 

have a major impact on the responses of the spinning FGPM 

disc. In an annular isotropic disc under internal pressure, 

Chand et al. /12/ investigated the stresses and found that, 

for compressible material, hoop stress is maximal near the 

disc's outer surface, in contrast to incompressible material. 

Es-Saheb and Fouad /13/ examined the creep behaviour of a 

rotating thick-walled Al-SiCp composite cylinder under con-

stant load and pressure from the outside and inside using 

the finite element approach. They found that as the internal 

pressure in the cylinder increases, so do the strain rates. 

Using optical microscopy and mechanical stress testing, Mat-

vienko et al. /14/ investigated the plastic deformation of a 

rotating annular disc composed of alloys hardened by disper-

sion to aluminium. By applying mid-zone theory to analyse 

the stresses in a thin annular transversely isotropic piezo-

electric disc with varying thickness and density, Sharma /15/ 

discovered that a piezoelectric disc composed of barium 

titanate BaTiO3 outperforms a piezoceramic disc constructed 

of PZT4. An analytical technique was used by Sharma and 

Nagar /16/ to assess the stresses in a functionally graded 

piezoelectric disc with variable compressibility and variable 

density. They discovered that an annular disc composed of 

PZT-4 is superior for engineering designs. The nonlinear 

dynamics of functionally graded porous annular plates under 

different time-dependent loads was studied by Jafary and 

Taghizadeh /17/. These findings provide insightful infor-

mation that can be used to improve plate design and perfor-

mance. Daghigh et al. /18/ conducted a time-dependent creep 

investigation of functionally graded spinning discs with vary-

ing thickness at extremely high temperatures. The signifi-

cance of taking creep effects into account when designing 

FGM rotating discs is highlighted by their research. Saadat-

far et al. /19/ study the thermoelastic creep evolution in a 

variable thickness functionally graded piezoelectric rotating 

annular plate taking radiation and convection heat transport 

into consideration. Godana et al. /20/ determined the stress 

distribution throughout the shell surface by applying Seth's 

mid-zone concept to generalize strain measure theory for the 

modelling of elastoplastic deformation in a transversely iso-

tropic shell under a temperature gradient and constant pres-

sure. 

In this paper, creep stresses are computed in a function-

ally graded transversely isotropic piezoelectric rotating disc 

under the influence of pressure on inner and outer surfaces. 

The transversely isotropic features of creep material and the 

piezo-electric effect have been taken into consideration in 

this study. Concept of Seth’s transition theory is applied to 

rotating discs in order to evaluate creep stresses. The result-

ing quantities are depicted graphically to explore the effect 

of piezoelectric parameters and internal pressure. 

MATHEMATICAL FORMULATION 

A rotating disc with internal and external radii a and b, 

respectively, and angular velocity denoted by  subjected 

to internal pressure (p1) and external pressure (p2) is consid-

ered. The choice of a thin disc is made to focus on the state 

of plane stress, specifically, Tzz = 0. 

Displacement components are 

 (1 )u r = − , 0v = , w dz= , ( )f r = , (1) 

where:  is a function of r = (x2 + y2) and d is a constant. 

 

Figure 1. Geometry of the problem. 

Stress-strain relations for this problem are as follows 
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Components of strain are as follows: 
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Equation of equilibrium for rotating disc: 
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Putting the value of ( )rr
d

hrT
dr
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where, r = P. 
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By utilizing Eqs.(9)-(11) in Eq.(7), we obtain: 
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Boundary conditions are assumed 

 Trr = –p1   at   r = a;   Trr = –p2   at   r = b . (13) 
CONVERSION OF ELASTIC STATE INTO CREEP 

STATE 

Transition theory states that at a critical point P → –1, a 

material changes from an elastic to a creep state. For evalu-

ation of stresses, transition function R is assumed as 
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Taking logarithmic differentiation of Eq.(14), we get 
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Taking the value of  = D/r as P → –1, and D is constant, 
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Boundary conditions are as 
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Putting the value from Eq.(18) in Eq.(20) and integrating 
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Applying boundary condition trr = –p2 at r = b, we get 

 
2 2

2
2r b

H b
A dr B p

r



=

 
− + = −  

 . (24) 

Using Eq.(21) and Eq.(22), we obtain 
2 2 2

1 2
( )

2 r b r a

a b H H
p p A dr dr

r r



= =

 −    
− + = −        

  . 

Now we have found the values of A and B, 

 

2 2 2( )

2

b
a

a b
p

A
H

dr
r

 −
+

=



, (25) 

 

2 2 2

2 2
( )

2

2 b r b
a

a b
p

b H
B dr

H r
dr

r




=

−
+
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, (26) 

where: p = p1 – p2. 

Now, the non-dimensional form of all the parameters is 

defined as 
2 2

0,  ,  ,  ,  rr
r

ttr a b
R R

b b p p p





 = = = = = . (27) 

Stresses in non-dimension form are as follows: 
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, (28) 

where: 1
1
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H e= ; and 
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NUMERICAL DISCUSSIONS 

Figures 2 to 9 depict creep stresses for linear measure 

(n = 1 and 2) and angular velocities ( = 50 and 100) with 

varying radii ratios R = r/b for functionally graded trans-

versely isotropic (magnesium) and functionally graded trans-

versely isotropic piezoelectric (PZT4 and BaTiO3) materials. 

Figures 2a and 2b depict creep stresses for measures n = 1 

and 2 with angular velocities  = 50 and 100 and pressure 

p = 5, k = 1. From Fig. 2a it is observed that creep stresses 

are compressive at the inner surface of the disc and tensile 

at the outer surface. For all the materials being considered 

for linear measure, these creep stresses rise with increasing 

radii ratio and reach their maximal value at the outer surface 

of the disc, also the stresses are maximum for functionally 

graded transversely isotropic piezoelectric material BaTiO3. 

From Fig. 2b it is observed that the stresses increase with 

increasing angular velocity. With increasing value of pres-

sure (p = 10), the stresses increase significantly as noticed 

from Fig. 3. Figures 4 and 5 represent creep stresses for 

linear measure n = 1 with angular velocities  = 50 and 100 

and pressure p = 5 and 10, and k = 2. Tensile stresses are 

observed at the disc's outer surface, and they are highest for 

transversely isotropic FG material like magnesium. Also, 
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the stresses increase with increase in angular velocity and 

pressure. 

Creep stresses for nonlinear measure n = 2 with angular 

velocity  = 50 and 100 and pressure p = 5 and 10, and k = 1 

are shown in Figs. 5 and 6. It is observed in Fig. 6 that 

creep stresses are tensile and possess maximum value for 

transversely isotropic piezoelectric FG material PZT4 as 

compared to other materials. Figure 7 illustrates how stress 

values significantly increase as pressure and angular velocity 

increase. Creep stresses for nonlinear measure n = 2 with 

angular velocity  = 50 and 100 and pressure p = 5 and 10, 

and k = 2, are shown in Figs. 8 and 9. The stresses are 

compressive at the inner surface for materials PZT4 and 

Mg, and tensile at the outer surface. These stresses are 

maximum for piezoelectric BaTiO3. Figure 8 demonstrates 

that when pressure and angular velocity rise, the stresses 

rise noticeably. 

(a)

  
R

 

(b)

  
R

 

Figure 2. Graphs of creep stresses with angular velocity  = 50 

and 100, p = 5, k =1 and n = 1. 

(a)

  
R

 

(b)

  
R

 

Figure 3. Graphs of creep stresses with angular velocity  = 50 

and 100, p = 5, k =1, and n = 1. 

(a)

  
R

 

(b)

  
R

 

Figure 4. Graphs of creep stresses with angular velocity  = 50 

and 100, p = 5, k = 2, and n =1. 

(a)

  
R

 

(b)

  
R

 

Figure 5. Graphs of creep stresses with angular velocity  = 50 

and 100, p = 10, k =2, and n = 1. 

(a)

  
R
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(b)

  
R

 

Figure 6. Graphs of creep stresses with angular velocity  = 50 

and 100, p = 5, k = 1, and n =2. 

(a)

 
R

 

(b)

  
R

 

Figure 7. Graphs of creep stresses with angular velocity  = 50 

and 100, p = 10, k = 1, and n =2. 

(a)

 
R 

 

(b)

 
R

 
Figure 8. Graphs of creep stresses with angular velocity  = 50 

and 100, p = 5, k = 2, and n =2. 

(a)

  
R

 

(b)

  
R

 
Figure 9. Graphs of creep stresses with angular velocity  = 50 

and 100, p = 10, k =2, and n =2. 

CONCLUSION 

The creep stresses and the piezo-electric effect in a trans-

versely isotropic functionally graded rotating disc are exam-

ined. The problem is solved using an analytical approach. 

Numerical solutions for the creep stress components have 

been obtained. To investigate the impact of the piezoelectric 

parameter, the obtained quantities are visually represented. 

Based on all the graphs and numerical calculations, it is 

found that the disc made of transversely isotropic piezo-

electric material PZT-4 demonstrates higher creep stresses 

than other materials under investigation, as based on all the 

graphs and numerical calculations. This work may provide 

an effective methodology for the analysis of functionally 

graded piezoelectric rotating discs and contribute to the 

theoretical research and engineering applications. 
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