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Abstract

This article deals with the study of thermal stress distri-
bution in a tube made of natural rubber/polyurethane mate-
rial and subjected to internal pressure and mechanical load.
From the obtained results, it is noticed that natural rubber
material of the tube requires higher pressure to yield at the
internal surface in comparison to tube made of polyurethane,
for the initial yielding stage. Moreover, the tube of natural
rubber material requires maximum hoop stress at the exter-
nal surface as compared to the tube of polyurethane mate-
rial. Values of the hoop/radial stress also increase with
increasing temperature/mechanical loads in the contraction/
extension region of the tube. The tube of natural rubber
material is more comfortable than that of polyurethane.

INTRODUCTION

Stress analyses in thick-walled tubes have attracted a lot
of interest due to their important applications in engineer-
ing, petrochemical industry, agricultural irrigation, chemi-
cal industry, urban construction, and electric power industry.
For structural use in bridges, piling pipe, piers, roads, build-
ing structures, etc., and also body transport in gas, steam,
liquefied petroleum gas, etc. The analytical solutions of
stress distribution are given for idealised elasto-plastic by
Timoshenko /1/ and work hardening by Chadwick /2/ for
homogeneous materials. Bland /3/ has analysed the problem
of thick-walled tubes subjected to uniform pressure and ther-
mal gradient. Gamer et al. /4/ achieved the analytical solution
of stress distribution in rotating tube by using Tresca’s yield
condition. Bree /5/ has discussed plastic stress deformation
in a closed tube due to the interaction and thermal stresses.
Mufit et al. /6/ have investigated the thermal stress distribu-
tion in a heat generating tube with yield stress by using
Tresca's yield condition and its associated flow rule. Xin et
al. /7/ studied elastic-plastic stress distribution in a func-
tionally graded thick-walled tube subjected to internal pres-
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U ovom radu proucava se raspodela termickih napona u
cevovodu od prirodne gume/poliuretana, koji je opterecen
mehanicki i unutrasnjim pritiskom. Prema dobijenim rezul-
tatima, primecuje se da je u slucaju materijala prirodne
gume cevovoda potreban veci pritisak za pojavu tecenja na
unutrasnjoj povrsini, u poredenju sa cevovodom od poliure-
tana. Osim toga, za cevovod od prirodne gume je potreban
i maksimalan obimski napon na spoljasnjoj povrsini u pore-
denju sa cevovodom o poliuretana. Vrednosti obimskog/ra-
dijalnog napona takode rastu sa povecanjem temperature/
mehanickog opterecenja u delu cevovoda sa kontrakcijom/
izduzenjem. Cevovod od materijala prirodne gume je u
prednosti u odnosu na cevovod od poliuretana.

sure by using the assumption of a uniform strain field within
the representative volume element and the Tresca yield crite-
rion. Matvienko et al. /8, 9/ investigated elastoplastic defor-
mation of dispersion-hardened aluminium tube under exter-
nal and internal/external pressure. After that, Matvienko et
al. /10/ examined mathematical modelling in a tube from
dispersion-hardened aluminium alloy with inhomogeneous
temperature field. Furthermore, Matvienko et al. /11/ studied
thermal effect in a tube made of aluminium and subjected
to internal pressure. Qian et al. /12/ developed mechanical
properties of highly efficient heat exchange tubes. Gupta et
al. /13/ has investigated the elasto-plastic stress distribution
in a cylindrical tube made of steel/copper material and sub-
jected to internal pressure and mechanical load by using tran-
sition theory and generalised strain measure.

OBJECTIVE

In this research, our aim is to calculate the safety factor
for a thick-walled cylindrical tube made of natural rubber/
polyurethane material and subjected to internal pressure and
thermo-mechanical load. Mathematical modelling is based
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on stress-strain relation and equilibrium equation. The effects
of different pertinent parameters (i.e., temperature gradient,
load and pressure) are considered for tube of natural rubber/
polyurethane material. The behaviour of stress distribution,
pressure and temperature are investigated. In this study, we
discuss the effect of stress distribution, pressure and tem-
perature gradient in the contraction and the extension region
of a thick-walled tube with mechanical loads by using tran-
sition theory and generalised strain measure.

MATERIAL USED

Polyurethanes are a large class of polymers that can be
tailored to a wide range of applications, making a significant
contribution to the construction, automotive, and electrical
sectors. Itis more commonly known for paints and liquid
coatings, but applications can also vary from soft, flexible
foams to rigid insulation. This broad range of applications
is possible as there are both thermoplastic and thermosetting

't/ff

polyurethanes. At room temperature, Poisson’s ratio v = 0.39
for polyurethane is given, /14/.

Natural rubber is an elastic substance obtained from the
latex sap of trees, especially those trees which belong to the
genera hevea and ficus. Technically speaking, natural rubber
is an elastomer, also known by the names of India rubber,
gum elastic, and caoutchouc. At room temperature, Pois-
son’s ratio v = 0.5 for natural rubber, /15/.

MATHEMATICAL MODEL

We consider a thick-walled cylindrical tube made of natu-
ral rubber/polyurethane material, with internal radius a and
external radius b (a < b), subjected to uniform pressure p,
respectively. Let a uniform temperature ®o be applied at the
inner surface of the tube. Further, if we assume that there
are no body forces, body couples and couple stresses on the
tube, and only a steady deformation problem is considered,
as shown in Fig. 1.

\, @)= & InwbyIn(arb)
A
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Figure 1. Geometrical configuration of tube made of polyurethane/natural rubber material.

BASIC GOVERNING EQUATION

The components of displacement in cylindrical polar coor-
dinates (r, 6, z) are given /16/:
u=r(l-g#), v-0, w=dz, (8]
where: 7 is a function of r. The Almansi strain components
are given /17, 18/:
1],

1 ,
=§[1—(f77 +n)2], €00 =7
1
2225[1_(1_d)2]’ Erg =gz =7 =0~ @)

Stress-strain relations for isotropic material are given /19/:
7ij = AGj I +2us; €08, (i,j=1,2,3), 3

where: 11 = aq is the first strain invariant. Substituting Eq.(2)
into Eq.(3), we get

e :/1{1—%[(”7’“7)2 +n2]}+ﬂ[1—(rr7’+r7)2]—§® ,
Tgo =1{1—%[(r’7'+77)2 +772]}+u(1—772)—§® :

) =i{l—%[(m'+n)2 +772]}—§®=0,

Trg =Tg; =Tz =0 4)
The stress equation of equilibrium is given as:
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Oty + (Trr —700) -0. (5)
or r
The temperature field satisfying the equation is given by

1d d® =0, and ©® = O
rdr dr

atr=a; ®=0atr=Db, where O is a constant. Solving this
equation, we get:

the Laplace equation: v2@=

©=0qIn(r/b), (6)
where: @, =0, /In(a/b)-
Boundary condition: the boundary conditions of tube for the
contraction/extension region are taken as:

Twr=—Pin. & r=a, and zw=1lp at r=h, @)
where: |y is mechanical load applied at the external surface
of tube made of polyurethane/natural rubber material.
Asymptotic solution at the transition points: substituting Eq.
(4) into Eq.(5) and after integration, we get the following
nonlinear integro-differential equation:

A+ 2u)[ P + (e +02) |+ 20 v 2dr — 24+ 2p1) + 220 = Ay (8)
where: Ao is constant of integration. Now, differentiating
Eq.(8) with respect to r and using Eq.(6), we get:

{T%(zﬁcjnz}d’u w)-22% 0, (9
2 dT Y7,

where: rip’ = T (T is the function of 7, and 7 is the func-
tion of r), and C = 24/(A + 2u) = (1 — 2v)/(1 — v) be the com-
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pressibility factor, and v is Poisson’s ratio. Transition point
T from Eq.(9) is T — -1 and T — +oo. The transition point
T — -1 corresponds to extension region, and T — +co cor-
responds to contraction region. The resultant force normal

to the plane z = const. vanishes, i.e., LE rz,,dr=0. The defor-

mation of the tube walls is determined by the magnitude of
the applied pressure. If mechanical load is increased, stresses
in the wall of the tube increase.

ANALYTICAL SOLUTION OF THE PROBLEM

(a) Contraction in the tube: transition point T — +oo, corre-
sponds to contraction in the tube /13, 17, 18, 20-32/, we
define the transition function I" as:

r=@2-c)- %[z, +ceel. (10)
y7i

Taking the logarithmic differentiation of Eq.(10) with
respect to r and using Eq.(9), and after that by taking the
asymptotic solution T — +co and integrating, we get:

r=Ar—<, (11)
where: A is a constant of integration. Comparing Eg.(10) and
Eqg.(11), we get

In(b/r) r)

“Hlo_cy_arC€ |-
Trr_c[(z C)-ArC]-czo, nb7a)

Yielding stress in tension is given /14/: Y = u(1+ v) =
(3— 2C)ul(2 — C). Now substituting the value of yielding
stress condition in Eq.(12), we get:

(2-C)y - In(b/r)
=——————|(2-C)-Ar CH
fre C(3—2C)[( )—Ar € ]z %in(b/a)
Using second boundary condition in Eq.(7) into Eq.(13),
C
Y(2-C)

(12)

- (13)

we get A=(2-C)b° - . Further,

becomes:

2 C C
0 (O uy[2) a-cron 1) o

mcE-20)| r In(b/a)
where: C&= aE(2 - C), and E = 24(3 — 2C)/(2 — C). Now
using first boundary condition in Eq.(7) into Eq.(14), we get

2
Pin, =%[(a/br° 1)1y (a/b)C +aE@2-C)0y
(2-C)*Y _ Pin+lo@/D)° aEQR-C)®y (5,
C@-20)  {@/by -1 {(a/b) -1}

Substituting Eq.(15) into Eq.(14) and using Eq.(7), we
get stress in the contraction region:

_C c c
=M{1—(Ej :|+|0(Ej —aE(2-C)x
[@byC-a) L \r '

+In(b/r)}

o { 1-(b/r)° | 16)
In(b/a)

° @ar) -1

C C
{1_@_@@ }.0(1_@(3) .

1-(b/1)¢ Lm0 | g
(a/by € -1 In(b/a)

_ Pin+lo(a/b)™©
[(a/b)C -1]

+aE(2—C)®O{
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From Eq.(16) and Eq.(17), we get:
_ (P +lo)C(b/1)°
700 —Trr = -
(alb)™ -1
C

N 2—(b/r) (2+C)+ 1 .

(a/by¢-1  In(b/a)
Initial yielding stage: from Eq.(18) it has been seen that | zee
— 7| are maximum at the inner surface (i.e., r = a), there-

fore yielding will take place at the outer surface of the tube
and Eq.(18) becomes:

(Pt +1o)C(b/ )¢

+O.’E(2—C)®O>(

(18)

|T99 I’I’|r -2 (a/b)_c ) OIE(Z—C)G)(]X
. 2—(b/a)c(2+C)+ 1|
(a/b)™ - In(b/a)

where: Y is the yielding stress in the contraction region. The
pressure required for initial yielding is given by:

o Pin. @yl JE (2o, 220210,
Y | cra)c | (a/b) € -1
1
Tin(b/a)

Equations (16), (17), and (19), in non-dimensional form
become:

_(R+LoReI-R™)

|o

(19)

+LoR© -0,(2-C)x

' RyC -1
{14«‘C InR}
X| ———t—
RyC -1 InRy
(R +LoR%)[1-(1-C)R ] )
- 0 - +Ly(1-C)R™C -@,(2-C)x
1= RC@+C) 1+InR
Ry -1 InRy
Ry© -1 2-R;°(2+C) 1
P= 1-0,(2-C ~ILo]+
RyCC il )[ Ry -1 InRO} Lo
VC =0, (20)

where: R=r/b, or = % /Y, os= 190 /Y, Lo = lo/Y, Ro = a/b,
®1 = aE®y/Y, Ro = a/b, and P; = pin/Y. When C = 0, Eq.(20)

becomes:
INnR  40:InR
R+ +Lg>
( LO)InRO |nR0 LO
InR+1} 40,1+InR
o9 =—(R+Lo) _46ytinR)
InRo InRO

R =[InRo| 404 In Ro| - |Lo| (21)
(b) Extension in the tube: the transition point T — -1 corre-
sponds to contraction in the tube /13, 17, 18, 20-32/. We
define the transition function T as:

F;(Z—C)—E[rrr +C&0]- (22)
M
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Taking the logarithmic differentiation of Eq.(22) with
respect to r and using Eq.(7), and after that by taking the
asymptotic solution T — +oo and integrating, we get:

r=Br¢/e¢0), (23)
where: B is a constant of integration. Comparing Eq.(22) and
Eq.(23), we get

_H[ o~y _peClIA-C)]_ In(b/r)
Tor _E[(z C)-Br ]-cz0, b/ 24)

The yielding stress in tension is given /14/: Y = (1 + v) =
(3— 2C)ul(2 — C). Now substituting the value of yielding
stress condition in Eq.(24), we get

_ 2O [y oy aCI-C)]_ e INOIT)
frr = C(3—2C)[(2 C)-Ar J-ezo In(b/a)

Using second boundary condition in Eq.(7) into Eq.(25),
l,C(3—2C)b~¢/4-©)

(25)

we get B=(2—-C)b /) _ . Further,
Y(2-0)
Eq.(25) becomes:
(2-C)2Y (\C/-C) (\C/a-C)
N
c@-20)| \b b
In(b/r)
-aE(2-C)O . 26
*E2=C)% h7a) ()

Now using first boundary condition in Eq.(7) into Eq.(26),
we get

2
P, = g gy 81000 1]l a0«
+aE(2-C)O,
(2-C)?Y _ pipt. +lo(a/b)<' ) gE(2-C)O,
C3-2C)  (a/b)¢/@C)_1  (a/p)/EO 1
Substituting Eq.(27) into Eq.(26) and using Eq.(5), we get
stress in the contraction region:

. pim_+|o(a/b)0/(170) (T C/(-C) meG C/(l—C)_
rr (a/b)C/(l—C) 1 b 0 b

1- (/)9 In(b/r)} 28)

@7)

(a/b)®’@=C) _1 In(b/a)

_ pint.+|0(a/b)C/(1_C) . 1 [L C/(-C) ) o
(a/b)¢'&C) _1 1c e

—aE(2—C)®O{

X

b

(a/0)¢’@C) _1 In(b/a)
From Eq.(28) and Eq.(29), we get:
(Pint. +1o)C(r /b))
700 —Trr = CI(1-C)
a-c){i-(a/b) }
CIA-C) o _~\_(o_
| (r/b) (2-C)-(2-2C), 1 | (g
a-c){@/p)®@C g In(b/a)
Initial yielding stage: from Eq.(30) it has been seen that | zes
— 1| are maximum at the outer surface (i.e., r = b), there-
fore yielding will take place at the outer surface of the tube
in the extension region and Eq.(30) becomes:
(Pint. +10)C +aE(2-C)0Og x
1-C){1-(a/b)c/¢0)}

Cl(1-C) ~
x(%j 1 —aE(2—C)®O{1_(r/b)C/(1 C)+1"”(b”)}.(29)

+aE(2-C)® x

|Tﬂn9 _7rr|r:b =
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C 1 .
X + =Y ,
{(1—C){(a/b)C’(1‘C) 1} In(b/a)}

where: Y* is the yielding stress in the extension region. The
pressure required for the initial yielding is given by:

1-(a/0)¢O)}a-c)
C

(1—aE(2—C)®0 X
. ¢ P B
1-C){(a/p)</@C) 1} In(b/a) || |v*

Equations (28), (29), and (31), in non-dimensional form
become:

CI(1-C)
« R+LoRy i)
o :W[l—R l+e,(2-C)x
0

1-R%0C) R
X —
Rg/(lfc) ~, IR

(31)

]+ L,RE/EO),

cla-c -
o= R +LoRg " ){1_( 1 jRC/lc:|+ LR C
cii—C _ -
RO ( )_1 1-C 1-C
o RC/(l_C)(l lc) 1+InR
- +In
-0,(2-C) + ,
Rg/(lfc) 1 InR,

and
1-R§' O} 1-c)
C

!(1—@1(2—C)><

D_M, vcr0.  (32)

ot
]

) c 1
{(1—(:){ROC’(1°)—1} InRo

when C =0, Eq.(32) becomes:
* InR )} 46,InR
o =~(R+Lo)| o |-l Lo
nRy InR,
* InR+1| 40;(1+InR)
=—(R+ - +Llg,
o5 =—(R Lo)[ R j R th
R" =[InRo| |4y InRy| L] - (33)
VALIDATION OF RESULTS
By taking ®1 — 0 into Egs.(20)-(21) and Eqgs.(32)-(33),
we get:

—C -C
o _(R+LoR©)A-R)

-C
+ LoR )
' RyC -1

_R+LRy°

1-(1-C)R™° 1-C)R™C,
oo -a-ORCro-0)

=)

Ry© -1

P =
Ry‘C

||, vC=0

InR
and or=-(R+Lo) e+ Lo:

Ue=—(P|+|-o)[lnR+lJ+|—o’

InR,
R =[InRo|—|Lo|: VC=0, (34)
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in the contraction region.

. R+LRy) c/a-c) c/a-c)
ol = W[l— R J+L4R ,
0

cl/a-c _
U*:FI'+LORO @-C) - 1 RC/(l_C) +LORC/(1 C)
¢ RSO 4 1-C 1-C
1_RC/(1—C)}(1_C)|
P*=|{ 0 ~|Ly|» VC=0
F= c |||-0|
and
* InR
ar:—(P,+LO)W+LO,
0
% InR+1
O'0=—(r"|+|-o)[ R j“—o'
R"=[InRy|—|Lo|: VC=0. (35)

in the extension region. The present results obtained from
Egs.(34)-(35) are the same as given by Gupta et al. /13/ in the
contraction/extension region. Therefore, the present results
are correct and authenticate the validity of the derived solu-
tions. In the present study, we discuss the new addition in
thermal condition at the inner surface of the tube.

NUMERICAL RESULTS AND DISCUSSION

To see the combined effect of stress distribution and pres-
sure in a cylindrical tube made of polyurethane, (say C =
0.361 or v= 0.39) /14/, and natural rubber (NR) (say v=
0.5) /15/, based upon the following numerical values has

been taken: Lo =0, 0.1, 0.2; ®: =0, 0.0175, 0.07; a=1 and
b= 2, respectively. In Fig. 2, curves are drawn between
dimensionless pressure required for initial yielding stage
versus radii ratio Ro= a/b for the contraction/extension
region and having mechanical loads Lo = 0, 0.1, 0.2 and
temperature ®; = 0, 0.0175, respectively. It is observed that
the tube made of natural rubber material requires higher
pressure to yield at the internal surface as compared to the
tube made of polyurethane, for the initial yielding stage.
Further, the value of pressure increases with increasing tem-
perature ®; = 0.0175 and decreases with increasing mechan-
ical load (say Lo = 0.1 and 0.2) at the internal surface of a
tube made of natural rubber and also of polyurethane mate-
rial for the initial stage. Moreover, the thermomechanical
loaded tube made of polyurethane material requires higher
pressure in the contraction region as compared to the exten-
sion region at the initial yielding stage. Figure 3 portrays in
order to demonstrate the behaviour of dimensionless stress
distribution versus radii ratio R = r/b in the contraction/ex-
tension region and having mechanical loads (i.e., Lo= 0,
0.1, 0.2) and temperature ®1 = 0, 0.0175, respectively. It is
observed that the tube of natural rubber material requires
maximum hoop stress at the external surface in comparison
to tube of polyurethane material. Further, the values of the
hoop/radial stress also increase with increasing temperature
®: = 0.175 as well as the mechanical load Lo = 0.1, 0.2 in
the contraction/extension region of the tube. Moreover, poly-
urethane material tube requires maximum hoop stress at the
external surface in the extension region as compared to the
contraction region.

@ 181 « ILg=0 L8 1 Ly=0.1 L8 ¢ Ly=02
Eoo * i
16 16+ 16 1+
- oo
14+ 4 L4+
N Eox
12 + L2 4 g
£ LT Lt g N
% [ ‘:::‘. Y
208 ¢ 08 1 W N
= r F N
z F ! i L F
206 + 0.6 +
E ——+&— Polyurethane, Temp.=10 E N
04 1 0.4 + ——NR Temp.=0 04 +
N ---8--- Polyurethane, Temp =0.0175 r
o ---8-- Polyurethane, Temp.=0.07 F
021 02 T e NR Temp=0.01% 021
[ [ --%-- NR Temp.=0.07 [
0 Jrgenny. Ro 0 Sy Ro 0 J ey Ro
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Figure 2. Graphical comparisons between dimensionless pressure required for initial yielding stage vs. radii ratio Ro = a/b in the
(a) contraction region; (b) extension region.
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Figure 3. Dimensionless stress distribution vs. radii ratio R = r/b for initial yielding stage with: (a) contraction; (b) extension region.
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Figure 5. Graphical comparisons between dimensionless pressure vs. temperature for initial yielding stage at Ro = 0.5 along the
contraction/extension region.

Figure 4 is prepared to illustrate the behaviour of dimen-
sionless pressure versus mechanical load and having temper-
ature ®; = 0, 0.0175, for the initial yielding stage at Ro =
0.5. It is shown that in the contraction/extension region, the
value of pressure decreases with increasing mechanical load
(say Lo = 0.1, 0.2), and increases with increasing temperature
®; = 0.175, for the initial yielding stage. With increasing
mechanical load (say Lo= 0.1, 0.2), the tube of natural
rubber requires maximum pressure in comparison to tube
made of polyurethane material. Figure 5 demonstrates the
behaviour of dimensionless pressure vs. temperature with
mechanical load Lo = 0, 0.1, 0.2 for the initial yielding stage
at Ro = 0.5. In the contraction region, the value of pressure
increases with increasing temperature (say ©1 = 0, 0.0175,
0.07) for the initial yielding stage. Furthermore, for a tube
of polyurethane material, the value of pressure neither in-
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creases nor decreases at load Lo = 0. With the introduction
of mechanical load (say Lo = 0.1, 0.2), the values of pressure
decrease in the contraction/extension region.

CONCLUSIONS

The main findings can be concluded as follows:

— The natural rubber material tube requires higher dimen-
sionless pressure to yield at the internal surface in com-
parison to the tube made of polyurethane, for the initial
yielding stage.

— The value of pressure increases with increasing tempera-
ture and decreases with increasing mechanical load applied
at the internal surface of a tube made of natural rubber/
polyurethane material for the initial stage.

— The natural rubber tube requires maximum hoop stress at
the external surface as compared to the polyurethane tube.
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— Values of hoop/radial stress also increase with increasing
temperature/mechanical loads in the contraction/exten-
sion region of the tube.

— In the contraction/extension region, the value of pressure
decreases with increasing mechanical loads, and increases
with increasing temperature for the initial yielding stage.

— The natural rubber tube is more comfortable than that of
polyurethane.
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