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Abstract

In this paper, elastic-plastic transition stresses have been
analytically characterized in titanium and zirconia based
crowns of dental implants. The crown of the implant is
modelled in the form of a hemispherical shell which pos-
sesses transversely isotropic material behaviour. Seth’s
transition theory has been implemented to model the elastic-
plastic stress state. The hemispherical shell so modelled is
subjected to external pressure to analyse the state of com-
pression. The results for titanium and zirconia based implant
are compared with hydroxyapatite (HAP), Caio(PO4)s(OH)2,
mineral present in the enamel and dentine of molars and
premolars. Elastic stiffness constants for these are taken
from the available literature, and obtained using ultrasonic
resonance spectroscopy, a non-destructive technique of
obtaining stiffness constants. Radial and circumferential
stresses are obtained for radii ratios which can handle any
type of dataset for crown thicknesses.

INTRODUCTION

Stresses that must sustain the human masticatory system
originate in the intermaxillary contact points and propagate
through the dentin and enamel, /16/. Dental enamel is the
hardest tissue in the human body which protects reliably a
tooth from mechanical loading and aberration. It is a highly
mineralised substance which contains ~ 96 % apatite by
weight, /4/. One of the most important crystals that comprise
dental enamel is hydroxyapatite (HAP), given by chemical
formula Caio(PO4)s(OH),. According to early works, it has
been concluded that dental enamel exhibits low ability to
deformation prior to failure at ultimate compressive
strength ~ 100-400 MPa, /19, 29, 30/. Human dentine is the
internal structural bulk of the tooth below the enamel. Dentin
is likewise a biological compound formed by ~ 50 % car-
bonated apatite mineral. As a stereotype, dentine is also char-
acterized as a brittle substance, but it was recently shown
that human dentine can demonstrate high elastic and plastic
limits at ultimate compressive strengths ~ 800 MPa, /11, 13,
36/. Zirconia has been considered as a wear resistant and
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Kljuéne reci

- titanijum

« cirkonijum

« hidroksiapatit
« implanti

* naponi

lzvod

U radu su analiticki okarakterisani elastoplasticni prelaz-
ni naponi u krunama zubnih implantata na bazi titanijuma i
cirkonijuma. Kruna implanta se modelira u obliku polu-
sferne ljuske koja ima transverzalno izotropno ponasanje
materijala. Setova teorija prelaznih napona je implementi-
rana za modeliranje elastoplasticnog stanja napona. Ovaj
model polusferne ljuske je podvrgnut spoljasnjem pritisku
radi analize stanja pritiska. Rezultati dobijeni za implante
na bazi titana i cirkonijuma su uporedeni sa mineralom
hidroksiapatit (HAP) - Caio(PO4)s(OH) koji je prisutan u
gledi i dentinu molara i premolara. Konstante krutosti u
elasticnom podrucju su uzete iz dostupne literature, i dobi-
jene su koriséenjem ultrazvucne rezonantne spektroskopije,
tj. metodom ispitivanja bez razaranja. Radijalni i obimski
naponi su dobijeni za odnose poluprecnika, koji mogu da
zadovolje bilo koju vrstu skupa podataka za odgovarajuce
debljine krunica.

osteoconductive ceramic, highly suitable for making stress
bearing crowns of dental implants. Various properties,
namely, less inflammatory response, compatibility of zirco-
nia in contact with gum tissues, lower plaque retention, and
highly aesthetic toothlike colouration has made zirconia a
suitable alternative to titanium implants, /2, 5, 20/. The pro-
duction of ceramic dental implants have improved in past
few years, /6, 21/. The yttria-stabilized tetragonal zirconia
polycrystal, popularly known as Y-TZP has been a prefer-
ence for some years now, having highest fracture strength
/9, 10, 15, 31/. It was further confirmed that zirconia is highly
flexible in all directions of the lattice plane, /17/. The Pois-
son ratio obtained i.e., from 0.16 to 0.31 also indicates high
anisotropy. The stiffness constants so obtained will also be
used in this paper for determination of elastic-plastic transi-
tional stresses.

This paper concerns with investigation of elastic plastic
transition stress in zirconia based crowns of ceramic dental
implants, further comparing the results with stresses in tita-
nium based implants. The paper also checks the similarities
between the implants and human tooth enamel and dentine
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using Seth’s transition theory. The crowns are modelled as
spherical shells exhibiting transversely isotropic macrostruc-
tural symmetry. Equations for modelling spherical shells
made of isotropic materials are available in most standard
textbooks /3, 8, 12, 14, 18, 35/. The concept of generalised
strain measures and transition theory, /22, 23/, has been
applied to find elastic-plastic stresses in various problems
by solving nonlinear differential equations at the transition
points. Elastic-plastic transitional stresses in human tooth
enamel and dentine have successfully been calculated using
this theory, /25/. The results for hydroxyapatite (HAP) -
Cai10(PO4)s(OH)2, which structures 95 % of enamel and 50 %
of dentine by weight, are also obtained for a comparative
analysis. The theory has been used to solve various prob-
lems of stress and strain determination in structures modelled
in the form of discs and shells, /26, 27, 32, 33, 34/. All
these problems are based on the recognition of the transi-
tion state as separate state.

GOVERNING EQUATIONS

A spherical shell with constant thickness having internal
radius defined as ‘@’ and external radius as ‘b’ under uniaxial
external pressure p. The external pressure acts radially to
simulate the state of axial compression. Figure 1 represents
the crown part of the implant that is being modelled.

Figure 1. Structure of crown part of the implant..

Displacement coordinates: in terms of spherical coordinates
(r, 6, ¢) the components of displacement are considered as:
u=r@-4); v=0, (8]
where: gis position function which depends on radius only.
Seth /22-24/ gave the generalised components of strain as:

e =105+ )" =1 "R,

co0 =0pp =141, @

where: n is the measure; and r3’= gP; P is a function of g,
and gis a function of radius.
Stress-strain relation: stress-strain relations for isotropic
material, /28/, are:

Tij =cijk|ek| ) (I, j,k,' =1,2,3) ,

where: Tj; and ey are stress and strain tensors respectively.
These nine equations contain a total of 81 coefficients ejju,
but not all the coefficients are independent. The symmetry
of Tj; and ej; reduces the number of independent coefficients
to 36. For transversely isotropic materials which have a
plane of elastic symmetry, these independent coefficients
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reduce to 5. The constitutive equations for transversely iso-
tropic media are, /1/:

.7 |91 @2 sz 0 0 0 Mol
1 11
T 2 G1 @3 0 0 0 e
22 22
Ty | |48 @3 G 0 O 0 e
T |50 0 0 cy O 0 -(3)
23 €23
T 0 0 0 0 Cyq 0
31 1 €31
[Tz O 0 0 0 O 5 C1=02) &2 ]
Substituting Eq.(2) in Eq.(3), we get
_ ’ 1
T =21+ B [+~ (202)(1- B") = Cogrr + 20120001

Tg@ Zqu(/J :C%[l_(rﬂ,'i_ﬂ)n}—i_%(oll _066)(1_ﬂn) =

= Cp0€r +2(C11 —Ce6)€00
Tro =Tgp =Ty =0.
Equation of equilibrium: equations of equilibrium are:

(4)

Ty . 1 0l +£ o . 2Ty —Tgg —Typ + Trg COLO 0
or rsin@ 6p r 80 r '
5Tr9+ 1 aqu) +£8T99+3Tr9+(ng—TW)COt49:O

or rsind op r 20 r ’
aT ot ot 3T, +2Tyg COLO
0, L Top 170 ot Zpt0_,
or rsin@ op r 06 r

Substituting Eq.(4) in Eq.(5), we see that the equations
of equilibrium are all satisfied except:

OTyy n 2T —Too _T(P(/’ _

=0, 6
or r ©)
T, 2
or T (T —Tgy)=0- ()
T (Ter —Top)
From Eq.(7), one may also say that
T(ogo —Tpe =0. (8)

Equation (8) is satisfied by Tes and Ty as given by Eq.(2).
If C21 = Ca1, C22 — C33 = C32 — C23, the equation of equilibrium
from Eq.(6) becomes:
8Trr + 2(I-rr —Tee) -0. (9)
or r
Critical points or turning points: by substituting Eq.(4) into
Eq.(9), we get a nonlinear differential equation in terms of g

p(p+1)"+1ﬂj—;+ P(P+1)" +2(1—01)P—$(Q1—Q2)’ (10)

Q=CL{L-A"a-P)"}. Q=Co-Cp)t- "),

Cr=(ca3—C13)/cg3 ANd Cy = (1 +01p ~2013)/ [Ca3(1-Cy)]
where: P is function of g; and gis function of r only.
Transition points: transition points of g in Eq.(10) are P =
0,P—>-1,and P — +co.

To solve the elastoplastic stress problems we consider
the case of P — oo,
Boundary condition: boundary conditions of the problem
are given by:

r=a-
r=n,

7 =0
Tyr =—P- (11)
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PROBLEM SOLUTION

For finding elastic-plastic stresses, the transition function
is taken through the principal stresses at transition point
P — +o0, we define the transition function ¢ as:

§=(3-zcl)-”TJ:[ﬁ“(P+1)“+2(1-c1)], (12)
C33

where: £ is the transition function of r only. Taking the
logarithmic differentiation of Eq.(12), with respect to r and
using Eq.(10), we get
d(log¢) _-2C;
dr r
Taking the asymptotic value of Eq.(13) as P — oo and
integrating, we get

~

(13)

é’ = AI’72C1 1 (14)
where: A is a constant of integration; and C; = (Csz — C13)/C33.

From Eqgs.(12) and (14), we have
T, =°373[(3—2c1)+ Ar’zclJ - (15)

Using boundary condition from Eq.(11) in Eq.(15), we get
-2C
(3_2Cl) Ca3 b 1
A=—" "1 and p=—2221(3-2C,)|1-| = . (16)
G, p=-—"18-2C) 1= -

Substituting EQ.(16) in Eq.(15), and using Eg.(16) in
equation of equilibrium, we get

-2¢,
T, =38 (3—201){1—(% ] ,
n a

C r) e
T(%,:Trr+% (3-2c1)c1[5j : 17

Initial yielding: from Eq.(17) it is seen that [Tgo— Tw] is maxi-
mal at the outer surface, therefore, yielding of the shell will
take place at the external surface of the shell:

& b2
oo _T”'|Ee:>3ernal :T3 (3—201)01[5j =Y (yielding) . (18)
surface)

Using Eq.(18) in Egs.(15)-(17), we get transitional stresses
as in non-dimensional components:

11-R %4 11-R?G R2%G
Onm=—""""5c ' %00=< 3¢ o
C Ry C C12ClR0 1 R.2G
and P = Ry ° 1 , (19)
ClRazcl
where: R = r/a; Ro = bla; oir = TulY; cve= TeolY; and Poi =
p/Y.

Fully plastic state: for the fully-plastic case, /24/, C1 — 0;
therefore, stresses and pressure from Eq.(19) become:

o =2Y logRy» 0y =2Y"logR ., and P =Y" 45, , (20)
where: R = r/a; Ro= bla; ow= TulY"; cve= TeelY"; and
Pof = p/Y*

NUMERICAL RESULTS AND DISCUSSION

The above investigations elaborate the initial yielding
and fully plastic state of crown made of zirconia and tita-
nium modelled in form of hemispherical shell subjected to
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external pressure, to analyse uniaxial compression. The elas-
tic constants for the same are taken from literature, /7, 11/,
which are obtained by ultrasonic resonance spectroscopy, a
non-destructive measure to obtain the stiffness constants.
The results obtained for both types of crowns are compared
with enamel and dentine. Enamel is made up of hydroxyap-
atite (HAP) mineral, 95 % by vol. All these materials exhibit
transversely isotropic macrostructural symmetry.

In Fig. 2, the curves are plotted for pressure at initial
yielding at various radius ratios. It is observed that intensity
of pressure at initial yielding increases with increase in the
thickness of the shell. It has been observed that titanium has
the lowest yield strength and yields at lower levels of stress
as compared to enamel and zirconia. Figures 3 and 4 show
the trends of radial and circumferential stresses at initial
yielding. Maximal stresses are observed at external surface
of the shell. In Fig. 5, the curves are plotted for pressure
required at fully plastic state for various radius ratios. It has
been observed that shells exhibit high plasticity when the
thickness of shell is between ratios 1 < Ro < 3, particularly
zirconia. A significant drop in the levels of plasticity is
observed when thickness increases. The plasticity of zirco-
nia is inferred to be greater than that of titanium. Figures 6
and 7 represent the trends of radial and circumferential
stresses at fully plastic state. The observations infer to the
fact that principal stress differences are maximal at external
surface of the crowns.
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Figure 2. Pressure in the shell at initial yielding for radius ratio Ro.
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Figure 3. Radial stresses at initial yielding.
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Figure 6. Radial stresses at fully plastic state.

CONCLUSIONS

We have investigated elastic-plastic transitional stress
concentrations using Seth’s transition theory for implants of
molars and premolars modelled as hemispherical shells under
external pressure. The findings allow us to conclude the
following.

Zirconia has greater resemblance with enamel with nec-
essary elastic and plastic limit, which demonstrates consid-
erable ability to suppress crack growth.

Varying values of pressure required for initial yielding
and fully plastic state are calculated for various radius ratios
depending on the geometry of the crown sample. Trends on
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the graphs are similar for enamel and hydroxyapatite due to
enamel composition.

Significant difference between stress build-up at inner
and outer layer of the implant crown is observed by varying
the radii ratios.
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