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Abstract

The current investigation deals with the study of surface
wave propagation in hygrothermoelastic medium under
hydrostatic initial stress. The wave equations in terms of
displacement, temperature and moisture concentration are
solved analytically. The non-homogeneous mechanical and
thermal properties of functionally graded material are sup-
posed to be in x direction. The components of displacement,
mechanical stress, moisture concentration and temperature
distribution in the medium are evaluated using normal mode
analysis technique. The deformation which is caused due to
mechanical force along the free surface of hygrothermo-
elastic solid with hydrostatic initial stress in medium is also
discussed. The analytical results obtained have also been
depicted graphically to show the effect of non-homogeneous
parameters and hydrostatic initial stress parameters.

INTRODUCTION

Any mechanical stress applied to the solid material signif-
icantly affects the moisture as well as temperature distribu-
tion of the solid. It is fundamentally observed that there is
strong correlation of change in moisture and temperature to
the mechanical deformation of a solid indicating the im-
portance of present study on hygrothermoelasticity. The
concept of hygrothermoelasticity emerged when the solids
are under the influence of moisture and heat effects.

Significant contribution in the field of hygrothermoelas-
ticity was given by Sih et al. /1/. Sih et al. /2/ analytically
investigated composite exhibiting transient stress keeping
thermal diffusion coefficients constant and moisture diffu-
sion coefficient dependent on temperature. Cross coupling
between two parameters i.e., heat and moisture affecting
composites was studied further in detail by Szekeres /3, 4/.
All the subcases of coupled, convection with diffusion of
cross coupled moisture and heat in hygroscopic composite
materials were finely formulated by Szekeres and Engel-
brecht /5/. The thermochemical and mechanical damage of
concrete was discussed using modified isotropic non-local
damage theory. Macroscopic balance of linear momentum
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Kljuéne reci

« hidrostati¢ki inicijalni napon

« higrotermoelasti¢na sredina

- funkcionalni kompozitni materijal
« normalni mod (rezim)

« koncentracija vlage

lzvod

Ova istrazivanja se bave proucavanjem prostiranja povr-
Sinskog talasa u higrotermoelasticnoj sredini pod dejstvom
inicijalnog hodrostatickog napona. Jednacine talasa u smislu
pomeranja, temperature i koncentracije vlage se resavaju
analiticki. Nehomogene mehanicke i termicke osobine funk-
cionalnog kompozitnog materijala se pretpostavljaju u prav-
CuU X ose. Komponente pomeranja, mehanickog napona, kon-
centracije vlage i raspodele temperature date sredine se
odreduju primenom postupka analize normalnog moda.
Takode je data diskusija 0 deformaciji koju izaziva mehanic-
ka sila duz slobodne povrsine higrotermoelasticnog ¢vrstog
tela sa hidrostatickim inicijalnim naponom u datoj sredini.
Dobijeni analiticki rezultati su takode predstavijeni graficki,
gde se vidi uticaj nehomogenih parametara i parametara
hidrostatic¢kog inicijalnog napona.
and model governing equation were also presented by Gawin
et al. /6/. The effect of active stiffening in correlation with
piezo-electricity, hygroscopic, and thermoelastic material
was extensively discussed by Raja et al. /7/. To study the
effect of multiphase composites of a coupled micro- macro
mechanical analysis, Aboudi and Williams /8/ developed this
theory. Rao and Sinha /9/ carried out research for multidi-
rectional composites by using three dimensional analysis to
check the effect of temperature and moisture on free vibra-
tions. Huang et al. /10/ discussed nonlinear vibration and
dynamic response of shear deformable laminated plates in
hygrothermal environments. By modifying Tenchev formu-
lation significance of free water flux in determining effect
of fluid transport behaviour on concrete was extensively
studied by Davie et al. /11/. Aoki et al. /12/ observed the
combined effect of water absorption and thermal environ-
ment on compression. Wang and Pan /13/ carried out
research on three dimensional quasi-steady-state tempera-
ture and moisture concentration of a constantly moving heat
source and diffusion source which is an extension of the
well known Jaegar-Rosenthal solution. Accurate three-di-
mensional model describing variation of vapour content and
pressure with time and space was well developed by Davie

STRUCTURAL INTEGRITY AND LIFE
Vol. 23, No.1 (2023), pp. 39-47


mailto:praveen_2117@rediffmail.com

Effect of hydrostatic initial stress in a functionally graded hygro- ...

Uticaj hidrostati¢kog inicijalnog napona u higrotermoelasti¢nom ...

et al. /14/. Chiba and Sugano /15/ obtained the analytical
solution for the transient one way coupled temperature and
moisture fields. Hosseini et al. /16/ presented the meshless
local Petro-Galerkin (MLPG) method to discuss the two-di-
mensional coupled non Fick diffusion elasticity analysis.
Mashat and Zenkour /17/ discussed the hygrothermal bend-
ing analysis of sector shaped annular plates with variable
thickness. A verfied valid model was developed using finite
element discretization in space for hygrothermal mechanical
analysis of spalling by Benes and Stefan, /18/. Koniorczyk
et al. /19/ discussed the modelling evolution of frost damage
in fully saturated porous materials under hygrothermal con-
ditions. Ahmed et al. /20/ investigated the behaviour of uni-
directional CFRP composite plates under different moisture
content conditions. Zhang and Li /21/ proposed the time
fractional hygro-thermoelasticity theory in which coupled
heat and moisture satisfy diffusion wave equation with time
fractional derivation. Significant transient behaviour of
hygrothermoelastic with reference to moisture and heat flux
was observed by Zhang et al. /22/ using time fractional
calculus theory. To obtain the steady state general solution
for three dimensional hygrothermoelastic media, Zhao et al.
123/ used potential theory method. Tong et al. /24/ devel-
oped the steady state general solution for the two-dimen-
sional hygrothermoelastic media. The plane wave propaga-
tion in hygrothermoelastic medium with hydrostatic initial
stress was discussed by Ailawalia et al. /25/.

Gravitational forces, creeping and temperature gradient
may be considered as the factors behind initial stress. Con-
siderable significant research work is done in the field of
wave propagation in unbounded medium solid by Chatto-
padhyay et al. /26/, Sidhu and Singh /27/, and Dey et al. /28/.
Using Biot's linearization, Montanaro /29/ applied and
proved theory given by Chadwick and Powdrill in a medium
where hydrostatic initial stress is applied. Many authors:
Singh et al. /30/, Othman and Song /31/, Singh /32/ have
used the hydrostatic initial stress formulation to study the
plane waves under generalized thermoelasticity. Mechanical
force in combination with hydrostatic initial stress deformed
the body to a large extent as observed by Ailawalia et al. /33/.
Effect of irregular depth and hydrostatic initial stress on half
space which is magneto-elastic as well as monoclinic on
normal and shear stress, was summarized by Mistri et. al
/34/. The governing equations of two temperature general-
ized thermoelasticity under hydrostatic initial stress was
solved by Kumar and Singh, /35/.

Based on powder metallurgy, a potential structure regu-
lating temperature variation was developed in Japan 1984,
called as Functionally graded material (FGM) /36-38/.
FGM's comprise of mixtures of materials based on their ther-
mal conductivity which makes FGM a significant potential
thermal barrier. Reddy and Chin /39/ discussed the thermo-
mechanical analysis of functionally graded cylinders and
plates. Sankar and Tzeng /40/ discussed the thermal stresses
in functionally graded beams. Abbas et al. /41/ studied the
LS model on electromagneto-thermoelastic response of an
infinite functionally graded cylinder. Ghunghas et al. /42/
studied the influence of rotation and magnetic fields on a
functionally graded thermoelastic solid. Kalkal et al. /43/
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discussed the two-dimensional magneto-thermoelastic inter-
actions in a micropolar functionally graded solid.

In the present research investigation, the authors studied
the mechanical deformation in a non-homogeneous hygro-
thermoelastic medium under hydrostatic initial stress. The
analytical expressions of displacement, stress, moisture con-
centration and temperature field are derived using normal
mode technique. These results are also represented graph-
ically to show the effect of non-homogeneous parameter and
initial stress parameter on the components.

BASIC EQUATIONS

Following Hosseini et al. /16/ and Montanaro /29/, the
constitutive relations, field equations, heat conduction and
moisture diffusion for isotropic hygrothermoelastic solid
with hydrostatic initial and in the absence of incremental
body forces and heat sources are,

O-ji,j :p[ji ’ (1)
. BT
DrT,i+Df'my -T -—=—1j ; =0, )
ole
Dmmii+D;]Tii—m—M.jj=0| (3)
1 ) km )
where, B} =prSi Br=0BA+2uw)ar (4)
B =BG Pm=BA+2p)a ®)
oij =—P(Sj +@;j)+Cijazq —AIm-B]T,  (6)
2Gv
Cijki =E5ij5k| +Goikdj) +Go I » ™
gij Z—JVI L ' wij Z—J’I Ly (8)
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Here, aij, &, Ui are components of stress, strain, and
displacement, respectively; P is initial pressure; p is density;
Dr temperature diffusivity; T temperature; m moisture con-
centration; Ty reference temperature; ¢ heat capacity; D, is
diffusion coefficient of moisture; D™, D' are coupled diffu-
sivities; mo reference moisture; kn moisture diffusivity; 5
and g™ are material coefficients arising on the account of
coupling between stresses and temperature, respectively; ar
is coefficient of linear thermal expansion; am is coefficient
of moisture expansion; and 4 and u are Lame’s constants.

For a functionally graded material, the parameters A, 4,
P, p, Bn, Br, and kn are no longer constant, but become space
dependent. Hence, we replace 4, i, P, p, fn, fr, and kn by
Aof (X), tof (X), Pof (X), pof (X), Brof (X), Brof (X), and
kmo f (X)), respectively, Ao, 1o, Po, oo, Smo, [Fro, and Kmo are
assumed to be constant; and f (X) is a given dimensionless
function of the space variable X = (X, y, z). Using these
values of parameters in Egs.(1)-(3) and the constitutive rela-
tion Eq.(6) takes the following form:

giji.j=,oF (X ©)
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40 STRUCTURAL INTEGRITY AND LIFE

Vol. 23, No.1 (2023), pp. 39-47



Effect of hydrostatic initial stress in a functionally graded hygro- ...

Uticaj hidrostati¢kog inicijalnog napona u higrotermoelasti¢nom ...

oij = F [Py (G + @) +Cija e ~BIm-A T (12)

Here, the superposed dot denotes the derivative with respect
to time, and comma denotes the derivative with respect to
the space variable.

PROBLEM FORMULATION

We consider a rectangular coordinate system (X,y,z) with
x-axis pointing vertically downward. The current study is

2 )oxoz 0 2

restricted to the x-z plane. Thus all the field quantities are
independent of the space variable y. So, the displacement
components are taken as: U = (u,0,w), where u = u(x,z,t),
w = w(x,z,t). It further reduces the equations of motion and
coupled generalised equations of heat conduction and
moisture diffusion Eqgs.(9)-(11) and constitutive relation Eq.
(12) in two dimensions and in the absence of body forces. It
is also supposed that the material properties vary only in x
direction. Hence, we take f (X) as f (x).

2 2 2
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The stresses arising from Eq.(6) can be expressed as

T =T (x){—PO + %VHAO +2ﬂo)a—i—ﬂm0m_ﬂToT} A7)

P
Oy, = f (X)Hﬂo +?JZ_:+[/“0 _?Oj%\;v} )

= f(X)|:[ O_P?jz_j+(/’l0 +%j;—ai/i|l (19)

= f(x){—PO+%%+(ﬂo+2ﬂo);—a¥—ﬁmom—ﬁo-ﬂ , (20)

EXPONENTIAL VARIATION

Let us assume f (x) = e™, where n is a non-dimensional
parameter. Hence, the material properties vary exponentially
along the x direction. The governing equations can be rewrit-
ten in the dimensionless form by introducing the following
dimensionless parameters:

’ X ’ Z ’ ! W ! ’
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To Ao +2 g Ao +214

where: the quantity | has dimension of length.
Using Eq.(21) in Egs.(13)-(16) and Eqgs.(17)-(20), we get
the following dimensionless equations (after dropping the

primes),
Ot g 0w Ot om T o W
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Solution of the problem

In this part, we use normal mode analysis technique to

find the solution of the considered physical variables in the
following form:
UwmT,o)(xy.) =" w,m T ,o;)(x)e (29)
where: o is the complex frequency; b is the wave number
in z direction; and u”, w*, m*, T", ;" are the amplitudes of
the field quantities.

ot+z |
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Using EQ.(29) in Egs.(22)-(28), we obtain the following
equations,
(D2 -nD —dl)u* +ib(ayD— na5)w* -(D —n)a3m* -

~(D-n)a T =-nPy, (30)
zb(alD—na7)u* +(ay D? - na2D—d2)W* —a3zbm* -
—a,bT =0, (31)
dgDu” +dgbw” —ag(D? —nD—b?)m" —
—~(D?-nD-d,)T" =0, (32)
d5Du*+d5sz*—(D2—nD—dG)m*—
—aq;(D?-nD-b*)T" =0, (33)
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Oy =€ Stz +agDu +ibw —agm —a4T |,  (35)
Oy =& ™ _az Dw' + a7zbu*J , (36)

where: di = a:b? + asa?, d2 = b? + asa?, ds = arow, ds = b2 +
aga?, ds = anm, ds = b? + o.

On solving the Egs.(30)-(33), we get the following eighth
degree equation,
[D8 +nf1D7 + f2D6 + nf3D5 + f4D4 + nf5D3 + 1‘6D2 +

+nf,D+fgl(u™ W', m", T") =—nRytzg , (37)

where: fi (i=1 ... 8) are listed in Appendix A. The solution
of Eq.(37) which is bounded as x — oo, is given by

U= A@e)e " +4, (38)
W' () =Xt bH; A (2, @)e 45, (39)
m () =X Hoi A (2, 0)e %+ &, (40)
T" () =3{ Ha A (a,0)e K +&, (41)

where: ki (i = 1,2,3,4) are the roots of Eq.(37); and A (a,w)
(i=1,2,3,4) are the parameters, depending on a and o, and

5 4 3 2
toski” —Ntoski” +toeki” —Ntyzki™ +tpgki —Ntpg

Normal mode analysis of the stress components yields the
following:

O =€ ™ [4(t,2) - A (@ m)e U + &, (49)
o7 =€ Pt D)-T A @) Vi +5],  (50)
O =€ ™[XH A (a,w)e Wib+asbg],  (51)
where, U; :[a5b2H1i +kj +agHyj +a4Hsi]. (52)
Vi =[agk; +b?Hy; +agHy; +a4Hgz], (53)
Wi =[ap —azkjHy], (54)
& =(agibdy —agdp —ayJ3)& (55)
g =(1bJy—agdy —a4J3)4 (56)
where: ¢(t,z)= ewtf?bz .

Boundary conditions

To determine the constants A; (i = 1,2,3,4), the boundary
conditions at the free surface x = 0 are given by:

(i) Oy =—Fe (57)
(ii) 0y =0, (58)
(iii) % -0, (59)
(iv) aa_r: =0, (60)

where: F is the magnitude of the constant force applied to
the boundary. Using Egs.(38)-(41) and Eqs.(49)-(51) in the
boundary conditions Egs.(57)-(60), we get four equations of
four unknowns as:

UiA +Up Ay +UsAg +U AL = (L, 2) + G+, (61)
WA +Wo Ag + W3 Ag +Wy Ay =—a7¢3 (62)
RiA +R A +R3Ag + R4 A, =0, (63)

S1A +S,A; +S3A3+S,A, =0, (64)

where: Ri = H3iki ) Si = H2iki .
Solving Egs.(61)-(64) which can be written in the matrix
form as:

Hy; = 1 (42) U U, Uy U #(t,2)+F +&
6 5 4 3 2 :
taoki” —Nla1ki” +t3Ki" —Ntggki” +134Ki” —Ntask +136 1 Yz Us Ug )i Ay >
s s 3 o Wi Wo Wa Wyl Ayl | —arq (65)
H2i :(alki +nt6ki +t7ki—nt8)—(22ki +2nazki +t9ki —ntloki+t11)H1i R]_ R2 R3 R4 A3 - 0 .
tioki” + Ntk +i3 (43) S, S, S3 Si|l A 0
_ —dsk; —dsb®Hy; — (kf +nk; —dg)Hy; Solution of the system Eq.(65) provides us the values of
Hai = 2 2 : (44) Ai (i=1,2,3,4) as follows:
all(ki +nki—b ) 1 1= A
& :_—”Ff’otss , (45) A= (21234, (66)
8 —bnt where,
&H=h4, 31=t—29, (46)  A=Uq[W,(RsS4 —S3R4) —Wa(RpS4 —S,Ry ) + Wy (RyS3—S5Rs)] -
ot t36 ot U5 [Wi(RgS4 —S3R4) ~W3(RyS4 —S1Rg) +Wy (RiS3 —S1Re)]+
&3=J241 32=%—t—8: (47)  +U3Wi(RpS, —SpRg) —Wo (RiSy —S1Ry) +Wy (RS2 —S51R,)]1 -
ot % ;3 tl3t : —U4[Wi (RyS3 = S3Rg) W (R S5 — S1Rg) +W3 (Ry S, —S1Ry)] (67)
—dgn n
$a=J35, J3= tSa 2 - tjz [tzgtn _tij' (48) Ay =(¢(t,2) +F +¢5)[W2 (RgSq —SgRys) ~W3(RpSg —S;Rg) +
a
i +W (RoS3—S2Rg)]+a75[U5 (R3S, —S3Ry) —U3(RaS4 —SoRy ) +
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+U4(RaS3—S;Rs)] (68)

Ap =(4(t,2)+F +&5) Wi (ReSq —S3Ra) —W3(RpSq —SoRyg) +
Wy (RyS3—SyR3)]1+a78[U1 (RgS4 —S3Ry) U3 (RiS4 —$1Ry) +
Uy (RiS3—S1Rs)] (69)

Az =(g(t,2)+F +&5) Wi (RoSq —SpRy ) —Wo (RiS4 —S1Rg) +
Wy (RiSp —S$1Rp)]1+a761[U1 (ReS4 —S3R4) —U3(RySs —S1R4) +
Uy (RiS3—S1R3)] (70)

Ay =(p(t,2)+F +&5)Wi(RpS3 — SpR3) —Wo (RyS3 —$1R3) —
W3 (RS = S1Rp)]+a75[U1 (RpS3 —S2R3) U (RiS3 —$1Rg) -
U3 (RS2 -SR] (71)

NUMERICAL RESULTS

The analytical results have been verified with the help of
numerical example by taking wood slab as a porous material.
The physical constants for the material are given by Chang
and Weng /44/, and Yang et. al /45/: Ao = 46.92x10° N/m?;
o = 24.17x10° N/m?; po = 370 kg/m?3; w = 0.33; mo= 10 %;
a ™= 2.68x10"° cm/cm(% H;0); To= 283 °K; o' = 31.3x
10-° cm/ecm(°K); ko= 0.65 W/m(°K); ¢ = 2500 J/kg(°K);
kmo = 2.2x1078 kg/msM; Dm = 2.16x107® m?/s; Dr = k/puC;

m' = 0.648x10°% m2(% H,0)/s(°K); D™ = 2.1x107" m?(°K)/
s(% H0).

The numerical results have been carried out on the surface
z=1.0; t= 0.5, and dimensionless parameter | = 1.0. The
graphical results of displacement, stress, moisture concen-
tration and temperature field are shown in Figs. 1 to 6 for
two values of initial stress parameters Py = 1, 10, and three
values of non-homogeneous parameter n =9, 0.5, 1.0.

DISCUSSION

The variations of tangential and normal displacement for
different values of non-homogeneous parameter n and initial
stress parameter P are quite significant in the range 0 < x <
2.0. These variations are similar in nature in the range 2.0 <
X < 20.0. Of these two quantities, the values of normal dis-
placement are very close to each other and follow a linear
path in the range 2.0 < x < 20.0. These variations of tangen-
tial and normal displacement are shown in Figs. 1 and 2. It
is observed from Figs. 3 and 4 that the variations of tangen-
tial and normal force stress are opposite in nature in the range
0< x< 6.0. While the values of tangential force stress
increase sharply in this range, the values of normal force
stress decrease in the same range. In the remaining range,
i.e., 6.0 <x<20.0, the magnitude of the values of mechani-
cal stress is very less and hence the variation shows a linear
trend. The variation of moisture concentration for a non-
homogeneous hygrothermoelastic medium with hydrostatic
initial stress is more oscillatory in nature. These values of
moisture concentration for a homogeneous thermoelastic
medium lie in a short range, as shown in Fig. 5. Figure 6
depicts that the variations of temperature field are similar
variations obtained for tangential displacement, but with dif-
ference in magnitude.

CONCLUSIONS

The non-homogeneous parameter and initial stress param-
eter has a significant effect on all the physical variables.

The variations of tangential and normal force stress are
opposite in nature in the initial range.

The values of all the variables decrease with increase in
horizontal distance.

The variations of all the quantities are more oscillatory
in nature for a non-homogeneous medium.

Variation of Tangetial Displacement VS x

...................

..............

Values of Tangetial displacement u

Distance x

Figure 1. Variation of tangential displacement u with horizontal distance.
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of NORMAL Displ. VS x
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Figure 2. Variation of normal displacement w with horizontal distance.
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Figure 3. Variation of tangential stress oz with horizontal distance.
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Figure 4. Variation of normal stress oz with horizontal distance.
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Appendix A
f = tolao +Yilap +plys — 285ty
tilgo +a5tp4
fy= N%tyta1 —tato + titsp +Antrs — 2N a5ty +lalps ’
btzo +agta
o= tolss —talay +ilgs +3pty7 —285ly6 +t4lp5 +1stos
Ylgo +atas
f, - tsa ~talsp + Ntatss + Batps —2NAyty7 +latps +N tots
Ytz +a5tp,
fo = tolas —talas +lilgs +plyg — 2a5tp8 +14tp7 +1slye
Yilgo +atas
foo N2tytas —tots, +titas — 2n2a5tyg +tstpg +N2tstyy ,
tilgo +atas
f, = ttas —talas +Lalpo +lslpg
Ylgo + a5t

2
£, = Netag —alge
tilzo +atps

ti=1-an, tb=ar+a1—1, ts = d1 + n%ay, ta = a1b? — d2 + n%az,
ts = d2 — ash?, ts = a1 + az, t7 = n%a7 — a10s — dsas, ts = arda,

to = nZaz2 — d2 — @204, tio = d2 + @2d4, t11 = d2d4 + dzasb?,

t12 = @sas — as, t13 = asds — agash?, t1s = aza11, t1s = (a1 + ar)auy,
t16 = n%azai1 — a1a11b? — dsas, t17 = azaih?, tie = azaus,

t19 = nZaza11 — doa11 — azb?auy, t2o = andz + azb?aus,

ta1 = d2b%a11 + dsb?as, t22 = a4 — asaus, tzs = asb?ais — asds,

toa = airte — tuataz, tos = tiz(tis + tig) — too(te + a1),

tas = too(t7 + Nte) + Astos — tiz(tus + Nt1s) — tustus,

to7 = too(ts — t7) — tetos + tua(tie — t17) + tastus,

tog = trtos + N2(tartiz — tetaz) — tastss, too = tatos — taztus,

t30 = @tz — tiotus, t31 = 3(—antz2 + tiotis),

t32 = too(to + 2n%a2) + aztos — tio(t1g + 2n?tis) — tistys,

tas = taz(t1o — to) — 2a2tos + tiz(t1o — too) + 2tistis,

t34 = too(t11 — Nt10) + totos + t12(Nto0 — t21) — tiotis,

135 = tiotzs — t1atoo + tartio — tootas, tae = tiatas — toatas.
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