Arvind Kumar®®, Praveen Ailawalia?®, Vikash Ghlawat®, Khursheed Alam?

ELASTODYNAMICS OF MECHANICAL FORCES AND HALL CURRENT IN MAGNETO-
MICROPOLAR THERMOELASTIC MASS DIFFUSION MEDIUM

ELASTODINAMIKA MEHANICKIH SILA | HOLOVA STRUJA U MAGNETOMIKRO-
POLARNOJ TERMOELASTICNOJ MASENOJ DIFUZIONOJ SREDINI

Originalni nauc¢ni rad / Original scientific paper
UDK /UDC:

Rad primljen / Paper received: 19.08.2021

Adresa autora / Author's address:
1 Department of Secondary Education Haryana, India

“email: arvi.math@gmail.com, Praveen_2117@rediffmail.com

2 Department of Mathematics, University Institute of Sciences,
Chandigarh University, Gharaun-Mohali, Punjab, India

% Department of Mathematics, SBSR, Sharda University,
Greater Noida, UP, India

Keywords

 micropolar thermoelastic

« normal mode analysis

* pulse laser

« concentrated normal force

« concentrated thermal source

Abstract

The present investigation deals with the deformation in
micropolar thermoelastic diffusion medium due to inclined
load subjected to thermal laser pulse. Normal mode analy-
sis technique is used to solve the problem. The inclined load
is assumed to be a linear combination of a normal load and
a tangential load. The closed form expressions of normal
stress, tangential stress, couple stress, temperature distri-
bution and mass concentration are obtained. A computer
programme has been developed to derive the physical quan-
tities numerically. The variation of normal stress, tangential
stress, coupled stress; temperature change and mass concen-
tration are depicted graphically to show the effect of relax-
ation times and mass concentration. Some particular cases
of interest are deduced from the present investigation.

INTRODUCTION

Modern engineering structures are often made up of mate-
rials possessing the internal structure. Polycrystalline mate-
rials, materials with fibrous or coarse grain structure come
into this category. The classical theory of elasticity is not
sufficient to explain the phenomenon of high frequency short
wavelength and ultrasonic waves. So micropolar theory was
developed to overcome the shortcomings of the classical
theory of elasticity by considering the granular structure of
the material of the medium. The micropolar theory of elas-
ticity is applied to materials for problems where the classical
theory of elasticity fails owing to the microstructure of the
material. The linear theory of micropolar elasticity was
developed by Eringen /1/. Under this theory, solids can
undergo macro deformations and micro rotations. Also they
can support couple stresses in addition to force stresses.
Nowacki /2-4/ extended the micropolar theory of elasticity
to include the thermal effects.

Diffusion is defined as the spontaneous movement of the
particles from a high concentration region to the low-con-
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Kljuéne reci

 mikropolarna termoelasti¢nost
- analiza u normalnom rezimu

« impulsni laser

- skoncentrisana normalna sila

« skoncentrisan toplotni izvor

lzvod

U radu je prikazano istrazivanje deformacije u mikropo-
larnoj termoelasticnoj difuzionoj sredini usled kosog opte-
reéenja, pod dejstvom toplotnog laserskog impulsa. Za resa-
vanje problema se koristi analiza metodom normalnog rezi-
ma. Koso opterecenje se pretpostavija kao kombinacija nor-
malnog i tangencijalnog opterecenja. lzrazi za normalni i
tangencijalni napon, spregnuti napon, raspodelu tempera-
ture i koncentraciju mase, su dobijeni u zatvorenom obliku.
Razvijen je racunarski program za numericko reSavanje
mehanickih velicina. Promene u normalnom, tangencijal-
nom i spregnutom naponu; temperaturi i koncentraciji mase
su predstavljene graficki kako bi se prikazao efekat perioda
relaksacije i koncentracije mase. Neki specificni slucajevi
od interesa se izvode prema predstavljenom istraZivanju.

centration region, and it occurs in response to a concentra-
tion gradient expressed as the change in the concentration
due to change in position. Thermal diffusion utilizes the
transfer of heat across a thin liquid or gas to accomplish
isotope separation. Today, thermal diffusion remains a prac-
tical process to separate isotopes of noble gases e.g., xenon
and other light isotopes e.g., carbon for research purposes.
In most of the applications, the concentration is calculated
using Fick’s law. This is a simple law which does not take
into consideration the mutual interaction between the intro-
duced substance and the medium into which it is introduced,
or the effect of temperature of this interaction.

In this research, taking into account the mass concentra-
tion effect and radiation of ultra short laser, we have estab-
lished a model for micropolar thermoelastic medium with
mass diffusion. The disturbance due to inclined loads has
been studied in the proposed problem. The normal stress,
tangential stress, coupled tangential stress, temperature distri-
bution and mass concentration are obtained numerically.
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BASIC EQUATIONS

Following Eringen /29/, Sheriff /30/, Kumar /31/, and Al-
Qahtani and Datta /32/, the basic equations for homogeneous,
isotropic micropolar generalised thermoelastic solid with
mass diffusion in the absence of body forces and body
couples are given by:

(A+0)V(V.u)+(u+K)V2u+ KVX¢—131(1+T1§]VT oy
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Here A, u, «, B, 7, K, are material constants, p is mass
density, u = (ug, Uz, U3) is the displacement vector and ¢ =
(¢, ¢2, ¢s) is the microrotation vector, T is temperature and
To is the reference temperature of the body chosen, C is the
concentration of the diffusion material in the elastic body,
K" is the coefficient of the thermal conductivity, ¢” is the
specific heat at constant strain, D is the thermoelastic diffu-
sion constant, a is the coefficient describing the measure of
thermo diffusion and b is the coefficient describing the meas-
ure of mass diffusion effects, j is the microinertia, 5, = (31 +
2u+ Ky, o= B4+ 2u+ K)ae1, an is the coefficient of
linear thermal expansion and ac is the coefficient of linear
diffusion expansion, tjj are components of stress, m;; are com-
ponents of couple stress, ejj are components of strain, ey is
the dilatation, &; is Kronecker delta function, °, 7' are the
diffusion relaxation times and w, # are thermal relaxation
times with > > 0. Here = 2= = nn= 1= 0 for
Coupled Thermoelastic theory (CT) model. 7= =0, ¢=
1, 11 = g for Lord-Shulman (LS) model, and ¢= 0, 1 = 2,
where 7% > 0 for Green-Lindsay (GL) model.

Let the micropolar thermoelastic mass diffusion medium
rotate with angular velocity Q. The equations of motion have
two extra terms,

(i) the centripetal acceleration Qx(Qxu) due to time varying
motion;

(ii) the Coriolis acceleration 2(Qxu).
The current density vector J can be expressed as:
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Here, F = w(JxH) is the Lorentz force, H is the mag-
netic field vector, E is the intensity of electric field, m is the
Hall parameter, oy is the electrical conductivity, e is the
charge of an electron, n. is the number density of electrons.

In the above equations symbol (,”) followed by a suffix
denotes differentiation with respect to spatial coordinates,
and a superposed dot (**”) denotes the derivative with respect
to time.

FORMULATION OF THE PROBLEM

We consider a generalised micropolar thermoelastic with
mass diffusion medium with rectangular Cartesian coordinate
system 0X1X2Xs with xs-axis pointing vertically downward
the medium.

Suppose that an inclined line load Fo per unit length is
acting on the y-axis and its inclination to z-direction is 6

(Fig. 1).

> x
X3=0 1

&
X3 0<x3<>

Figure 1. Inclined load and Hall current in a micropolar mass
diffusion thermoelastic half-space.

For two-dimensional problems, we take the displacement
vector and microrotation vector as:

u=(u,0u3), ¢=(0.4,0). 8

Let us assume that the magnetic field H and the angular
velocity Q act in the direction of x; axis as:

H=(0,H,.0), 9)

Q=(0,0,0) . (10)

It is also assumed that E = 0, the generalised Ohm’s law

gives J, = 0 in the medium of consideration. The current
density components J; and Js are given by:

le_UOBO [m%_%j (11)
1+m2 ot ot

J :‘70_'30(%““%) (12)
1+m2\ ot ot

For further consideration it is convenient to introduce in
Egs.(1)-(5) the dimensionless quantities defined by:
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where: M is the Hartmann number or magnetic parameter.
Using relation Eq.(13) in Egs.(1)-(4), the component-
wise resulting equations are as the following:
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The displacement components u; and us are related to the
non-dimensional potential functions ¢ and y as:

b 08 v b oy 19)
OX OX3 8x3 axl
Substituting the values of u; us from Eq.(19) in Egs.(14)-
(18), and with the aid of Eq.(13), we obtain:
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SOLUTION OF THE PROBLEM

The solution of the considered physical variables can be
decomposed in terms of the normal modes as in the follow-
ing form:
6.0.7.65,CHx.36,) =48, 7. T 62, CHg)e! (4~

Here w is the angular velocity and k is wave number.

Making use of Eq.(25) and Egs.(20)-(24), after some sim-
plifications, we obtain:

[AD' +BD® +CD8 +ED* + FD? +G](4,¢ ", T .4, 7)=0. (26)

The solution of the above Eq.(26) satisfying the radiation
conditions that (¢,%,T,4,,C ) — 0 as x3 — o, are given as
following:

(25)

@)=23,ce ™S, @7)
T=3Pace ™, (28)
C=x2,hce ™, 29)
. 45) =35 41.5)cie ™, (30)

where: mi? (i = 1,2,...,5) are the roots of Eq.(26); and i =
—AsilAdi, Bi= —AsilAg, 1= 1,2,3, and & = —AsilAgi, i = 4,5.
Here, Aii, A, ... are given in Appendix B.

Substituting the values of ¢,,T,4,,C from Egs.(27)-
(30) in Egs.(5)-(6), and after that solving the resulting equa-
tions and simplifying, we obtain:

tgg =X Gye M ee! (%) (31)
tyy =351 Gy el (et (32)
Mgy =371 Ggie e et (33)
T =Y G e el (0aat) (34)
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C= 2:5:1G5I e—mi X3 ei(kxl—a)t) , (35)
where: Gni = gmiCi, 1 = 1,2,...,5.
Boundary conditions

We consider normal and tangential force acting at the
surface xs = 0 along with vanishing of couple stress in addi-

Here, hy, hs — 0 corresponds to insulated impermeable
boundaries. Similarly, hy, hs — 0 corresponds to isothermal
and isoconcentrated boundaries.

Substituting the expression of the variables considered
into these boundary conditions Eq.(36), we can obtain the
following equations:

tion to thermal and mass concentration boundaries consid- Zf’zlglici =—F, (37)
ered at xs = 0. Mathematically this can be written as: 5
tgg =—Fe (a0 ¢ e oo 2i192iC =—F, (38)
¥P104i6i =0, (39)
T =0, by L sh,c =0, (36) ;o
%3 %3 2= (hp —mihy) g6 =0, (40)
where: F1 and F; are the magnitude of the applied force.
randie J PP > (hy ~mihg)gyici =0. (41)
The system of Eqgs.(37)-(41) are solved by using the matrix method as follows:
— - — _71 — -
g 911 12 013 914 915 -R
C 921 922 923 924 925 -F
C3 |= 931 932 033 34 035 0 |, (42)
Cq| | (hp—myhy)asr  (ho—mahy)ggr  (ho—mghy)gss  (hp —m4hy)gas (M —Mshy)gys 0
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Special cases

(a) Micropolar thermoelastic mass diffusion solid: in absence
of Hall effect and rotation in Egs.(37)-(41), we obtain
the corresponding expressions of stresses, displacements
and temperature for micropolar thermoelastic mass diffu-
sion solid.

(b) Magneto-micropolar thermoelastic solid: in absence of
mass concentration effect in Eqs.(37)-(41), we obtain the
corresponding expressions of stresses, displacements, and
temperature for magneto-micropolar generalised thermo-
elastic solid with rotation.

(c) Micropolar thermoelastic solid: in absence of Hall effect
and mass-diffusion effect in Eqs.(37)-(41), we obtain the
corresponding expressions of stresses, displacements and
temperature for micropolar generalised thermoelastic solid.

Applications

Inclined line load
For an inclined line load Fo we have:

(iii) Taking = &1 = = 7 = 0 in Egs.(37)-(41) and with
the aid of Eq.(36) yield the corresponding expressions of
stresses, displacements, and temperature distribution for
micropolar mass diffusion coupled thermoelastic half space.

(iv) If =0 corresponds to normal load.

(v) If = 72 corresponds to tangential load.

CONCLUSION

The results obtained here are useful in engineering prob-
lems, particularly in the determination state of stresses in a
micropolar thermoelastic mass diffusion medium. Also, any
particular case of special interest can be derived by assign-
ing suitable values to the parameters and functions in the
problem.
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Appendix A:

A = Kislio; B = L2L3s + Ki2lio — KisKislio; C = Lils + Lolga + L7 +
Kisliz + Kizla1 — Kisli1 — KisKaolao; E = Lilsa + Lols + Ls + KioLz +
Kislis — Kis(L7 + KisLiz + Kiola1 — Kiskaa); F=Lils + Lole + Lo +
KoLz — Kas(Ls + Kiol2 + Kislas); G = Lils — Kas(Le + Kizolas); L1 =
—asKus; L2 = azas; L3 = Kz — Kio; Ls = KeK1o — Ko — K1K1o + KoK7 —
2k?K3 — KsKg; Ls = KiKsKio — KiKo + KeKg— K7Ks — KaKsKio —
2k2K2K7 + k*K3 + 2k2K3Ks; Ls = KiKeKoe — K1K7Ks — KaKsKg + K3KsKs —
k*K3Ks; L7 = K11KaKi1o; Lg = —KaK11(KsK1o — Ko); Lo = —KaK11(KeKo —
K7Ke); L1o = K10 — K3; L11 = KsK1o — Ko + K2K7 + K3Ke + 2k?K3; L12 =
KiKsK1o — KoKsKio — 2k3(K2K7 + K3Ks) — k*Ks; L1z = KiKeKo —
K1K7Ks — K2KsKg + k*K2K7 — K3KsKs + k*KsKe; K1 = Qo2 — k2 — o? +
(ioM/(1+m?)); K2 = -1 + iwn; K3 = a4; Ka = ioMy; Ks = —as(io +
@em); Ko = 2 — i — @Pw; K7 = —au(io + na?); Ke= as(l — ion);
Ko = —aw(iw + e2a?) + a11k?(1 — iwr'"); Ko = —a11(1 — iwr'); K1 =
— oM, Ki2= -a2Q0k% + @? + (ioM/(1+m?)); Kz = a2Qo?; Kis =
ask?; Kis = a7a? — k2 — 2as.

Appendix B:

Asi=—bibs + bibs(mi? — k?) + babs(mi? — k?); Azi= ba(mi2 — ki) — bs(mi? —
ki)(mi2 — k) + ba(mi* + k* — 2mi%k?); Asi= ba(mi? — k)(mi® — k?) +
ba(mi* + k* — 2mi2k?), i = 1,2,3; Aai = as(mi? — k?); Asi = (mi2 — k% -
2as —ara?), i = 4,5.
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