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Abstract

In this study, a thick hollow functionally graded cylinder
is considered for the analysis of two-dimensional steady
state mechanical stress in radial and circumferential direc-
tions under non-axisymmetric loading. Young’s modulus is
differing with continuous nonlinear variation in the thick-
ness direction, and Poisson’s ratio is invariant. Fourier half
range series and Euler differential equations are considered
as methods of analysis. Mechanical boundary conditions are
implemented at internal and external surfaces of the cylin-
der and the graphs are plotted for derived results. This study
may be useful in the application of pressure vessels.

INTRODUCTION

Materials play a very important role in the evolution of
human civilization. In the early stages of civilization, humans
have associated ages with them such as Stone age, Bronze
age, etc. Materials are being developed depending on the
requirement and its usage and have been classified depend-
ing on their properties. Composite materials, also called
space age materials, are used at various places, such as in
aerospace, military equipment, medical field, pressure ves-
sels, etc. A serious drawback of delamination which is also
a major cause of failure of components has led to the birth
of a new different class of materials called functionally
graded materials (FGMs). FGM are such materials that can
withstand high temperature and are equally good in strength
as compared to composite materials. But by the lapse of time,
engineers and researchers have applied the idea of FGM in
several structural problems. They have worked on the stress
management at interface level of the composite material to
reduce stress concentration. Usually, FGMs are used in the
design of several mechanical and thermal components to
optimise the thermomechanical response of structures under
thermal and mechanical loading. Basically, FGMs are non-
homogeneous engineering materials in which the micro-
structure varies incessantly from one material to another /1/.
Engineers can design multipurpose devices due to optimised
control of thermomechanical properties of the material in
different directions, /2/.
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U ovom radu se analizira dvodimenzionalno stacionarno
mehanicko naponsko stanje u radijalnom i obimskom prav-
CU pri neosnosimetricnom opterecenju debelozidog supljeg
cilindra od funkcionalnog materijala. Jangov modu!/ elastic-
nosti se menja kontinualno nelinearno u pravcu debljine, a
Poasonov koeficijent je nepromenljiv. Furijeov red na polu-
intervalu i Ojlerove diferencijalne jednacine se koriste za
metode analize. Mehanicki granicni uslovi su definisani za
Unutrasnju i spoljasnju povrsinu cilindra, a dobijeni rezul-
tati su prikazani dijagramski. Ova analiza moze biti korisna
za primenu kod posuda pod pritiskom.

In recent years, many researchers have worked on ther-
mo-mechanical stresses for functionally graded sphere and
cylinder along radial direction only. But there are a smaller
number of researchers who are working on FGM as 2-D
and 3-D thermomechanical problems under steady and
unsteady state conditions due to axisymmetric and non-axi-
symmetric loading. A long hollow cylinder of functionally
graded material is analysed under inner pressure and uni-
form heat generation by Evci and Gulgeg, /3/. Jabbari et al.
/4] have examined a functionally graded cylinder for the
thermomechanical response, subjected to non-axisymmetric
loading under steady-state condition. They have applied
complex Fourier series method to solve the governing equa-
tions of stress and displacement. An axisymmetric 2-D
problem for finite thick hollow cylinder is considered for
the analysis of wave propagation using finite element method
(FEM) under effective internal pressure, /5/. Elastic and plas-
tic stresses under external and internal pressures are evalu-
ated for thick-walled spherical pressure vessel having FGM
coating at inner surface, /6/. A study of creep stresses for
rotating composite cylinder of SiC, is done by Sahni et. al.
/71, in which material gradation is varying exponentially
over the volume. Sahni et. al. /8-9/ considered a cylinder
with variation in thickness and a rotating disc in the analysis
of stresses in the radial direction. Paul and Sahni /10/ have
applied power series method to get analytical results for 2-
D stresses of an axisymmetric FGM cylindrical pressure
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vessel under steady state condition. Stress analysis of a rotat-
ing disc along its radial direction is examined by Singh et
al. /11/. A functionally graded thick hollow spherical vessel
and an infinite cylindrical vessel are investigated analytically
for thermal stress along radial direction under the steady-
state condition by Yildirim, /12/. They have used the theory
of one-dimensional Fourier heat conduction along with
Dirichlet’s boundary conditions and Cauchy-Euler differen-
tial equation for the problem. An FGM hollow cylinder
having an elliptic hole is examined for thermomechanical
response under thermal and mechanical loadings as a plane
strain problem by Fesharaki et al. /13/. Material properties
are differing by power law function in the elliptic cylindri-
cal direction with fixed Poisson’s ratio. Delouei et al. /14/
obtained a direct solution for the functionally graded (FG)
cylindrical sector under steady-state heat conduction using
Fourier theory. Power law function is used for the variation
of material properties in radial and circumferential direction.
A right circular cylinder made of functionally graded mate-
rial is analysed for the behaviour of nonlinear vibration due
to thermal environment having non-uniform mechanical
loading along the corners and harmonic force in radial direc-
tion. Material properties of the simply supported shell are
temperature dependent and considered to vary in the radial
dimension as power-law function and its analysis is done by
Yadav et al. /15/. Sofiyev et al. /16/ have solved a buckling
problem for shells of FGM by applying mixed boundary
conditions under uniform compressive lateral pressure. In
this FGM model, the differential equations are developed
for FGM shells using classical shell theory (CST). Shao et
al. /17/ have considered an FGM as molybdenum/mullite
that follow exponential law along radial coordinate.

Jabbari et. al. /18/ have utilized multi-layer method and
theory of higher order shear deformation for the semi-analyt-
ical inspection of thermoelastic response for a thick rotating
cylindrical pressure vessel consisted of functionally graded
material with varying thickness under temperature gradient
and non-uniform inner pressure loading. Displacement and
stresses are examined under the influence of thermal varia-
tion and material gradation parameter with different geome-
tries of the disk by Bayat et al. /19/. Using infinitesimal
theory of elasticity and power series method, an isotropic
FG cylindrical pressure vessel is examined for stresses and
displacements subjected to internal pressure. Exponential
function is assumed for the variation of Young’s modulus
along the thickness direction and Poisson’s ratio is invariant
/20/. An orthotropic functionally graded panel with fibre
reinforcement is investigated for three-dimensional stresses
under steady state condition using differential quadrature
method, /21/. Kayhani et. al has derived analytical solution
for heat conduction problem in the laminated composite
cylinder using the Sturm-Liouville theorem /24/. Kamdi and
Lamba /25/ have obtained an analytical solution for an
inverse thermoelastic problem of isotropic hollow cylinder
having finite length which is made of functionally graded
material. For numerical calculations, the authors have consid-
ered an FGM cylinder made of ceramic-metal (Al,Os-Ni)
with varying metallic component. Using plate theory of first
order shear deformation, the solution of Navier equation is
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derived for free vibration and static bending analysis of a
simply supported FG plate under the effect of porous
medium, /26/. Le et. al /27/ have estimated the response of
nonlinear buckling of a laminated composite cylindrical shell
consisting of functionally graded graphene-reinforcement
due to axial compressive load that is bounded by Pasternak’s
elastic foundation in a thermal environment. Numerical eval-
uation is done for the effects of geometrical properties, envi-
ronment temperature, foundation, and graphene distribution
on buckling response of the shell. An axisymmetric func-
tionally graded cylinder is investigated for thermal stress
with thermal conductivity that changes in radial and longi-
tudinal directions by following a power law /28/. Under the
effect of high temperatures and temperature differences a
FGM thick hollow cylinder and sphere are explored for the
analysis of nonlinear thermal stress by Yarimpabug, /29/.
Material properties are depending on temperature and radial
gradation, but Poisson’s ratio is considered invariant. The
Fourier half range series is used in solving the governing
differential equations under non-axisymmetric mechanical
loading. A thick-walled tube formed of FGM is considered
for the inspection of thermo-elastic response due to mechan-
ical load under steady state condition, /30/. By applying
uniaxial and biaxial loading on an FGM plate with elliptic
hole, prediction is made for stress concentration factors
using the finite element method, /31/.

In this study, the modulus of elasticity is assumed with
nonlinear variation in thickness direction but Poisson’s ratio
is fixed and remains invariant. Displacements, strains, and
stresses are investigated in the radial and circumferential
directions under steady state condition due to non-axisym-
metric mechanical loading. Fourier half range series and
Euler differential equations are used to solve the Navier
equations. Stresses are obtained by applying mechanical
boundary conditions at inner and outer surfaces of the
cylinder. Boundary conditions are varying along tangential
direction and graphs are plotted for the numerical results of
displacements and stresses in this problem.

PROBLEM DESCRIPTION

Consider a thick hollow functionally graded cylinder with
internal ‘r;” and external radius ‘rp’. Cylindrical coordinate
axes (r,6,z) are assumed for FGM cylinder that refer to radial
length, polar angle, and axial length, in respect, with inter-
nal ‘p1(6)’ and external pressure ‘p2(6)’ as shown in Fig. 1.

Z A
i )
Cﬁ
4_
()
—>
p,(9)
b | r

Figure 1. Thick hollow cylinder with cylindrical coordinates
having pressures.
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Stresses, strains and displacements vary along ‘r’ and 6’
dimensions. The modulus of elasticity has a smooth and
continuous variation along the radial direction and follows
the nonlinear form as

E(r)=Eor;" ", (@
where: Eg refers to Young’s modulus, constant at « = 0; and
o is material gradation parameter.

The Hooke’s law for functionally graded material can be
written as, /22/,

~

o =y +20)ér +regg,
g0 = rer +(1+23) e, )
Orp = 20&rg,
where: ojj and &; represent stress and strain tensors for i, j =
r, 6.
Lame’s constants y and ¢, involving Young’s modulus
E(r) and Poisson’s ratio vare written as, /22/,
__ VE() s E(r) . @)
1+v)(1-2v) 2(1+v)
Strain-displacement equations are assumed in the radial
and circumferential directions as, /23/,
Err =7 "> +@—ﬂj' (4)

ou enn =Y 1low 1(1au

o T a0 07\ vae T ar x
where: u and w are components of radial and tangential dis-
placements, respectively.

Stress equilibrium equations, ignoring inertia and body
forces in radial and circumferential dimensions are, /4/,

oo 180‘ 1
il (P I’Q (O'rr (799):0,
or r oo )
dorp 10049 Eamzo_
or r 06 r

Using Egs.(1)-(5), the stress equations can be written in

the form of displacements as
valogr, 1+[1_2Vjiu,99+
r2 2-2v r2

1-v

Uy +(alogr, +1)%ur +(

4+2al -
. 1 lwr N (4+2alogry)v BLW 0. ()
2-2vr 2-2v r2
1 w 2-2v)1
W, +(alogr, +1)=w, —(alogr, +1)—+| ——— |—=Wpyy +
+alogr 1) Tw ~(alogry 1) 5+ 224 Ly

1 1 3-4v 1
U + +alogr, |—=uy =0, 7
2-2vr " (1—2v gzjrz 0 )

where: Egs.(6) and (7) represent Navier equations in the form
of second order partial differential equations.
Radial and tangential displacements are stated in the form
of Fourier half range series as
0

u(r,6)= 3 U, (rcoskd, w(r,6)= 3 W, (r)sinkd, (&)
k=0

+

T
where: Uk(r)zzi [ u(r,8)coskodo and
”*72'

T
Wk(r)=2i j w(r,8)sinkéd@ are Fourier coefficients along
T g
the radius for different values of k.
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Placing Eq.(8) into Egs.(6) and (7), we get
valogr, 12 1-2v Ui (r) .
1-v 2-2v) y?

J{ k )—W() ((4+2a|ogr2)v 3) KW (=0, ©

2-2v 2-2v
2— ZVjWk(r)

—-2v r2

WY(r)+(alogr, +1)1wk' (r) —(a logr, +1+k?

[2k2vj m( V+alogrzjk2uk(r)=o. (10)

Equations (9) and (10) represent Euler ordinary differen-
tial equations whose general solution can be found by the
method of substitution as

Uk(r)=Lr’1, Wy (r):Mr’l.
Substituting Eq. (11) into Egs.(9) and (10), we get
valogr, 1 1-2v 2L
1-v 2-2v
(4+2calogr,)v-3 M =0,
2-2v

(1)

AA-D)+(alogr, +)A+

+k A +

2-2v
2-2v

/1(/1 D+ (alogr, +)A—alogr, — 1— - k }M—
v

K A +3 v

1-2v 1-2v

Equations (12a) and (12b) give homogeneous system of
linear equations in L and M, so it can be written in the matrix

(12a)

(12b)

+alogr2jL 0.

form as
R RBJ|L _ 0 ] (13)
P, Py M 0
where:
valogr, 1-2v -
=A(1-D)+(alogr, +DA+ -1- k<;
(2-D+(alogr +)A+——"2-1->——
P, —k A +(4+2a|ogr2)v—3_
2-2v 2-2v
A 3—4v
Py =-k| ——+——+«alogr, |; and
3 (1—2v 1oy ¢ 92)
= 2(A-1)+(alogr, +1)A-alogr, 1—i 22Vk
v
To get the non-trivial solution for Eq.(12), taking

R P
det =0, and hence
R P

{,1(,1 1)+ (alogr, +1)4+ Y219%2 4 122 kz}x

1-v 2-2v

{/1(1—1)+(a|og r, +1)A—alogr, —1—%%}# x
-2V

(4+2alogr2)v—3j[ Z +3—4V+a|ogr2j=0<14>

2-2v 1-2v 1-2v

Solving Eq.(14) for A, we get four eigen values Ai(i = 1
2, 3, 4) for different k, and using these values, general solu-
tions for Eq.(11) are obtained as
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Uy (r)= % Lar . Wy (r)=§:Hki Lgr,  (15)
i-1 i-1

where: Hy represents the relation between Ly and My, that
can be obtained from Eq.(12a) as
valogr, | 1-2v kz]

_(@i(ﬂki—l)+(alogl‘2+1)/1ki+ 1_v 2-2v
k( i +(4+2alogr2)V_3j

Hii =

2-2v 2-2v
If we consider k = 0, then Eqgs.(9) and (10) can be con-
verted into two differential equations as

Ug(r)+(alogr, +1)1U6(r)+i2[lla logr, —1JU0(r) =0 (16a)
r r -V

Wg'(r)+(alogr, +1)%Wd(r) —(alogr, +l)i2W0(r) =0. (16b)
r

Solving ordinary differential Eqs.(16a) and (16b), we get
the general solution for Ug(r) and Wo(r) as

2 4
'~Jo(r)=§1|-0ir'10i ; Wo(r)=_§3|-0irﬂOi . (1)

where:

Y2
o1+ 202 :%[—a logr, 1((61 logr,)? —{%—1}} ] :

/103 =—(0.’Iog I’2 +1) y and 204 =1.

Thus, using Egs.(8), (15) and (17), complete solutions of
the displacements along radial and tangential directions for
each k are given as

2 - o| 4 .
u(r,8)=3, LoirﬁOI +> 0> Lkirjk' coské,

i= . k=1li=1 (18)
w(r,d)= {Z Hy Lkir’iki }sin ké.

k=1l i=1

Using strain-displacements relation from Eq.(4) and stress
equations from Eq.(5), we can find strains and stresses in
radial and tangential directions as

Err = % Loidgir i+ § {i Ly Ay 1}05 ko, (1%)
i1 k=1li=1

o | 4
> {Z Ly r 1}03 ko +

2
-1

Zgp =2 Loir " +

i-1 k=1li-1

ns {f KH g Ligr _1}005 ke, (19b)
k=1l i=
8'-9:3[—%0: ﬁ:kl_kirﬂki_li|5ink9+
2\ xalia
+3 > Hyi L (A —1)rﬂki_l}sink(9}, (19¢)
k=1l i=1
_@QWEM (& o g, S E L A
7 T v)(-2v) i:lLO'%'r +|§1L§Lk'ﬂk'r }cosk@}+
VE(r)

2 0
il il
f— r + 31X Lyr }cosk¢9+

-2y 5 Ll K
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(20a)
k=1li=1

o | 4
+ z |:z kai Lkirllkil:|003k9j s

%= 1rva-2v) (,21 Loif +k21L21 Lr }coskm
VE(r)

S 1S kHy: L -4 [cosko
+Z{Z il ! }cos +mx

k=1l i=1

{i Loi gyt~ + 3 {i Lkiﬂkir‘ki‘l}coske] . (200)
i=1 k=1li=1

_LEM S kLo p i i
Gr9_2(1+v)( k{leZjlkLk,r }smk0+

o | 4
+Y {z Hyi L (g —D)r ‘ﬂsin ke] . (20c)
k=1|i=1
In Egs.(18), (19a)-(19c), and (20a)-(20c), four unknowns
Lwi(i = 1,2,3,4) can be evaluated by applying any four bound-
ary conditions picked from the following general mechanical
boundary conditions as
u(n,0)=f(0), u(r,0)="1,(0)
w(nR,0) = f3(0), w(ry,0)=f,(6)
o (r1,0)=15(0), oy (rp,0)=15(0)
org(1,0)=17(0), org(r2,0)=13(0)
where: fi(6) (j = 1,2,...,8) are some known functions of &on
inner and outer surfaces of the cylinder.

NUMERICAL RESULTS

Consider inner and outer radii respectively as r; = 1.2,
ro= 1.4 in metres. Poisson ratio v= 0.3 and constant
Young’s modulus Eq = 200 GPa for a thick hollow FGM
cylinder, and mechanical boundary conditions are defined as
oy (f,0)=50+150c0s26+200c0s30 MPa

o,9(r,60)=50sin26 MPa
u(r,,0)=0, w(r,,0)=0,
where: radial and shear stresses are varying along the circum-
ferential direction at inner radius, and there is no radial and
tangential displacement along @ direction at outer radius.
Figures 2-6 represent displacements and stresses in the
radial and tangential directions at o= 1.

(21)

(22)

Figure 2. Radial displacement, u (m), at a = 1.
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Figure 3. Circumferential displacement, w (m), at o = 1.

In Figs. 2 and 3, radial and circumferential displacements
are presented respectively. Circumferential displacement is
less than the radial displacement. Both displacements are
zero at outer radius through the radians, and hence, assure
the completeness of boundary conditions.

Figures 4 to 6 represent radial, circumferential, and shear
stresses along radial and tangential direction. Radial stresses
are higher than hoop and shear stresses in magnitude. On
the other side, shear stresses are lower than radial and hoop
stresses. In Fig. 4, radial stresses are decreasing in magni-
tude near zero radian, but increasing in magnitude for 3.14
radian as thickness varies from inner to outer radius. Figure
6 shows that shear stress remains constant, i.e. zero for zero
radian, but continuously decreases for each radial value as
it varies from inner to outer radii.

140

Figure 5. Circumferential stress, oeg (MPa), at a = 1.
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Figure 6. Shear stress, org (MPa), at o= 1.

Figures 7-9 represent mechanical stresses for different
random values of gradation parameter = 0,1,3,5,7 at #=
4. Variations in mechanical stresses can be seen along
radial direction for particular €= 7/4. The material is homog-
enous for = 0.

-86.5
o
SBTOE oo NN e 0
87.5 -1
8.0 ===3
-88.5 . =
. o
-89.0 i
K
1.25 1.30 1.35 1.40 T(m)

Figure 7. Radial stresses at &= 7/4 for different values of material
parameter ¢ =0,1,3,5,7.

:Uuu(MPa)
40/ o

o - 0
-45| -1

i 3
-50.

, =k
.55 w5 1

' 125 130 135 140 r(m)

Figure 8. Circumferential stresses at &= 7/4 for different values of
material parameter ¢ =0.1.3.5.7.

o, (MPa)
40 o
..... 0
20 =
s 5
—_5
- 7

=20

Figure 9. Shear stresses at 8= /4 for different values of material
parameter o = 0,1,3,5,7.
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In Figs. 7 and 8, as gradation parameter increases from 0
to 7, Young’s modulus also increases, but radial and hoop
stresses decrease in magnitude along inner to outer radius at
6= 4. On the other hand, shear stresses are increasing in
magnitude as gradation index parameter increases along the
radial travel from inner to outer at the radian /4.

CONCLUSION

In this work, analytical solution for mechanical response
of functionally graded cylinder under non-axisymmetric
loads is presented. Modulus of elasticity varies along the
thickness of the cylinder as a nonlinear function, but
Poisson’s ratio is considered invariant for the material.
Internal pressures are periodically varying at inner surface
of the cylinder along circumferential direction. The concept
of Cauchy-Euler differential equation and Fourier half
range series method are used to derive the results of
mechanical stresses. The main advantage of this method is
its applicability to any material model of functionally graded
material. This method is better than the traditional potential
function method as it does not have any mathematical limi-
tation to handle general types of boundary conditions. This
study may be useful in the application of pressure vessels.
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