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Abstract 

This paper studies the stability and convergence of im-

plicit Finite Difference (FD) scheme of the bioheat transfer 

model of Pennes’ type with the clothing effect at the bound-

ary node. Robin’s boundary condition, in this study, incor-

porates the clothing insulation, effective clothing area factor 

in the combined heat transfer coefficient and observes their 

effects for the thermal comfort in the human body. Lemma 

and theorems for consistency, stability and convergence of 

FD scheme are established and the numerical results are 

graphically presented for validation of the model. 

Ključne reči 

• prenos bio-toplote 

• uticaj odeće 

• shema konačnih razlika (FD) 

• faktor efikasnosti površine odeće 

Izvod 

U radu je proučena stabilnost i konvergencija implicitne 

sheme konačnih razlika (FD) prenosa bio-toplote prema 

modelu tipa Penesa, sa uticajem odeće u graničnim čvoro-

vima. Ovde Robinov granični uslov sadrži izolaciju odeće i 

faktor efikasnosti površine odeće u okviru kombinovanog 

koeficijenta prenosa toplote, i posmatraju se njihovi uticaji 

na termičku ugodnost tela čoveka. Definisane su Leme i 

teoreme za konzistentnost, stabilnost i konvergenciju sheme 

FD, a numerički rezultati su predstavljeni grafički radi 

provere modela. 

INTRODUCTION 

The knowledge of temperature as well as heat transfer is 

essential for the treatment of cancer hyperthermia, cryosur-

gery, brain hypothermia and burn injury. A number of ther-

apeutic and clinical applications of bioheat transfer models 

in the current century, including /1-3/, can be found in the 

field of biomathematics. The first and most popular bioheat 

transfer model based on the classical Fourier law was devel-

oped by H. Pennes /2/ in 1948 by incorporating the volume-

try blood flow rate in tissue. Though many researchers /3-6/ 

have developed a bioheat transfer model, Pennes’ model is 

still famous and widely used to study the human thermo-

regulatory system with the equilibrium human body tem-

perature. Dai and Zhang /7/ developed and proved a three-

level unconditionally stable and convergence of FD scheme 

for solving 1D Pennes’ bioheat equation in a triple-layered 

skin structure by using discrete energy method. Zhao et al. 

/3/ developed two-level FD scheme for 1D Pennes’ bioheat 

equation and proved unconditionally stable and convergence. 

Tuzikiewicz and Duda /8/ discussed on the stability of ex-

plicit scheme of bioheat transfer equation by Von Neumann 

approach. The physical and physiological factors along with 

clothing resistance are equally important phenomena for the 

thermoregulatory systems of the human body. Suitable 

management of clothes, on the other hand, provides better 

insulation and keeps a person in comfort position. Previ-

ously established models by Dai and Zhang /7/ and Zhao et 

al. /3/ have ignored the Robin’s type boundary condition 

and also did not mention the effect of clothing resistance 

and insulation. These quantities cannot be neglected in the 

real-life situation. So, this paper focuses to study the math-

ematical model by incorporating the heat flux with clothing 

resistance, clothing area factor, and air insulation on the 

boundary. We construct the implicit finite difference scheme, 

establish and prove the theorems to show the FD scheme of 

our model is unconditionally stable and convergence having 

the same order of accuracy. 

Role of clothes 

The amount or rate of heat resists being transferred 

through clothes is defined as the clothing heat resistance. 

For thermal conductivity of clothes (W/m°C), / 9/, 

 cl
cl

L
k q

T
=


, 

where: Lcl is the thickness of cloth (m); T the temperature 

difference (°C); q is heat flow rate (W/m2). The thermal 

resistance Rcl (m2°C/W) is given by, /9/, 

 cl
cl

cl

LT
R

q k


= = . 

MATHEMATICAL MODEL 

1D Pennes bioheat equation in cylindrical form is given 

by /2/ as 
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1

( )b b a m
T T

c kr w c T T q
t r r


  

= + − + 
  

, (1) 

where:  is density (kg/m3); c specific heat (J/kg°C); k ther-

mal conductivity of tissue (W/m°C); wb rate of blood perfu-

sion (kg/m3s); cb specific heat of blood (J/kg°C); Ta arterial 

temperature (°C); qm metabolic heat production (W/m3). 

The distance from the body core towards skin surface is 

denoted by r (m). The bioheat Eq.(1) with the clothing 

parameter P (W/m3), /9/, is written as 

 
2

2

1
( )b b a m

T T T
c k w c T T q P

t r rr


   
= + + − + + 

   

, (2) 

where: P = Pcl(Tsk - Tcl); and Pcl = kcl /Acl (W/m3°C); Acl is 

the surface area of clothed human body (m2). 

Left boundary condition at r = 0 (body core) 

The boundary condition for the interior part of the living 

tissue is considered uniform as  

 at   r = 0,   0tT

t


=


. (3) 

Right boundary condition at the clothes surface 

The right side is fitted with clothes and directly exposed 

to the atmospheric environment, so boundary condition of 

the Robin type is 

 at   r = R,   ( )cl
cl A cl

cl

T
k h T T

r



− = −


, (4)  

where: rcl is thickness of clothes; hc the convective heat 

transfer coefficient (W/m2°C); hr radiative heat transfer coef-

ficient (W/m2°C); Tcl clothes temperature (°C); T atmos-

pheric temperature (°C). The clothing efficiency factor Fcl 

(dimensionless) is given by, /9-12/, 

 a a
cl

T cl a cl

I I
F

I I I f
= =

+
, 

where: Icl is the clothing insulation (m2°C/W); Ia (m2°C/W) 

air insulation (m). The dimensionless clothing factor is the 

ratio of clothed surface and naked body surface area, fcl = 

Acl /Ab. 

METHODOLOGY 

Finite difference (FD) scheme is used as the numerical 

method. The main assumptions in this study are heat flows 

from body core toward the skin surface in radial direction, 

(R - 1)-th node is the interface between the skin surface and 

clothes. Clothing appears in the boundary, the R-th node is 

the clothes surface exposed to the environment. So, we use 

the boundary condition Eq.(4). The domain discretization 

can be seen in the circular limb of the body in Fig. 1. 

 

Figure 1. Discretization of mesh in radial direction. 

Finite difference (FD) scheme  

We consider the cylindrical coordinate system covered 

by the cylindrical differential mesh with step size r in 

radial direction. In this case we also take n, n + 1 as two 

successive time level with time step t. Taking the implicit 

FD scheme for the internal i-th node with i = 1, 2, 3,, R-1 

is given by 

 
1 1 1 1

1 1

2

2

2

n n n n n
i i i i i t

t

T T T T T k
c k

t i rr


+ + + +
− +− − +

= + 
 

  

 ( ) ( )1 1 1
1 1

n n n
i i b a i mT T w T T q+ + +
+ − − + − + . (5)  

The construction of FD scheme in Eq.(5) has truncation 

error of order 0(r2 + t) for (tn, ri) on each interior gride 

point n ≥ 1, 0 < i < R-1. 

When, D = kt /c,  = Dt/r2, M = wbcb /c, S = qm /c, 

and F = t(MTa + S). Rewriting the above Eq.(5), we have 

for 0 < i < R-1, 

 1 1 1
1 1

n n n n
i i i i i iD T E T B T F T+ + +

− + + − = , (6) 

where: 
2

iD
i




 
= − + 
 

; (1 2 )iE M t= + +  ; 
2

iB
i




 
= − − 
 

. 

FD scheme for left boundary condition at i = 0 

Due to the constant temperature at the core, when r = 0, 

then 
1

0tT

r r


→


. In this situation we use L’Hospital rule to 

remove this indeterminate form at the left boundary node 

and get the equation at i = 0 as 

 
2

2
2 ( )t t

a t

T T
c D M T T S

t r


  
 = + − +
   

. (7) 

FD scheme at i = 0 with the help of boundary condition 

given in Eq.(3) is 

 1 1
0 0 1 04n n nE T T F T+ +− − = . (8)  

FD scheme for skin surface at the interface at i = R - 1 

 1 1 1
1 2 1 1 1 1

n n n n
R R R R R R RD T E T B T F T+ + +
− − − − − −+ + − = . (9) 

Equation (9) is FD scheme at R - 1, the system is taken 

as tight fitting or negligible air gap between body and clothes 

at i = R-1, the contact point between skin and clothes. 

The interface thermal conductivity in /13/ is 

 
( )t cl cl

t cl
cl t cl

k k r r
k k

k r k r

 +
= =

 + 
. (10) 

The continuity and interface condition is given by /13/ 

at i = R-1, sk cl
t cl

cl

T T
k k

r r

 
=

 
, 

1 1 1 1
1 2

n n n n
R R R R

t cl
cl

T T T T
k k

r r r

+ + + +
− −− −

=
  +

. 

From Eq.(10) we get, 
1 1 1 1

2 1
n n n n
R R R R

t cl cl
T cl

T T T T
k k k

k r

+ + + +
− −− −

=


, 

where: rcl is thickness of clothes; r is mesh size for body 

part; and kT = kclr + ktrcl. 

Now, suppose  = ktrcl/kT, then 

 ( )1 1 1 1
1 2

n n n n
R R R RT T T T+ + + +

− −= + − . (11) 

With the help of Eq.(11), Eq.(9) can be written as  
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 ( )1 1 1 1 1
1 2 1 1 1 1 2 1

n n n n n n
R R R R R R R R RD T E T B T T T F T+ + + + +
− − − − − − − −

 + + + − − =
  

, 

 1 1 1
1 1 2 1 1 1 1 1( ) ( )n n n n

R R R R R R R RD B T E E T BT F T + + +
− − − − − − − −− − + + − = . (12) 

Now, at r = R, M = 0, S = 0, the Eq.(6) for clothing part 

is given in FD scheme as 

 1 11
1 1 1 1 1 1(1 2 )

2

n n
R R RP D T P T

R


 + +

− −
 
− + − + + + + 
 

 

 11
1 1

2

n n
R RT T

R


 +

+
 

+ − + = 
 

, (13) 

where: 1 2( )

cl

cl cl cl

k t

c r





=


; 1

cl cl

P t
P

c


= . 

Boundary condition at the clothing surface at i = R 

The right boundary condition at the clothing surface in 

Eq.(4) is 

at   r = R   ( )cl
cl A cl

cl

T
k h T T

r



− = −


. 

FD scheme for boundary condition is 

 1 1
1 1 2 ( )n n

R R A clT T h T T+ +
+ − = − − . (14) 

From Eqs.(13) and (14), the FD scheme for the right 

boundary node is 

1 11
1 1 1 1 1 1( 2 ) (1 2 )

2

n n
R RP T P T

R


  + +

−
 

− − + + + + + + 
 

 

 1
12

2

n
A cl Rh R T T

R




 
+ − − = 

 
, 

1 1
1 [ 2 ]n n

Rcl R Rcl A cl Rcl RD T E h R T B T+ +
− + − +  

 1
12

2

n
A cl Rh R T

R




 
+ − − = 

 
. (15) 

 1 1( 2 )RclD P= − − ,   1 1(1 2 )RclE P= + + , 

 1
1

2
RclB

R




 
= − − 
 

,   1
12

2
R A clF h R

R




 
= − − 

 
. 

The systems Eqs.(8), (6) and (15) together can be written 

as the matrix equation of the form 

 1n nAT T B+ = + , (16) 

where: A is (R+1)(R+1) tridiagonal square matrix; B is the 

column vector of size (R+1)1 and 

 
   for   1 1

   for           

n
tn

n
cl

T i R
T

T i R

   −
= 

=

 (17) 

ANALYSIS OF THE MODEL 

To prove solvability and stability of Eq.(2), we introduce 

a column vector of size (R+1)1 representing the numerical 

solution at time step tn as Tn = [T0
n, T1

n,  , Ti
n,  , TR

n]. 

Theorem 1 (solvability of the model): for each time step n, 

Eq.(16) is unconditionally solvable. 

Proof. To show solvability of Eq.(16), it is sufficient to 

prove that the matrix A is invertible, i.e. the matrix A is 

diagonally dominant, where the absolute value of diagonal 

element of each row of the coefficient matrix A in Eq.(16) 

is greater than the sum of the absolute value of remaining 

elements in corresponding row of matrix A. Then we have 

R1 (1st row):   ajj ≥ aij   since   1 + 4 + Mt > -4 

Ri (i-th row):   ajj ≥ 
2

2,

R

ij
i i j

a
−

= 
 . 

Since  1 2iE M t= + +  , 
2

iD
i


= − + , 

2
iB

i


= − − , 

So, 1 2 2
2 2

M t
i i

 
   + +   − + + − − = − , 

RR-1 (R-1)-th row:   ajj ≥ aij 

Since   1 1 1(1 2 )
2( 1)

R RE B P
R


 − −

 
+ = + + + − − 

− 
 

 1 1 1(1 )
2( 1)

R RE B P
R


− −

 
+ = + + − 

− 
  

on the other hand, DR-1 – BR-1 + BR-1 ≥ DR-1 = 

2( 1) 2( 1)R R

 
 
   

= − − = −   
− −   

. 

So   1 1 1 1 1R R R R RE B D B B − − − − −+  − + . 

RR R-th row:   ajj ≥ ajj 

Since   ERcl – BRcl > DRcl 

1
1 1 1 1 1 1(1 2 ) 2 2 2

2 )
A clP h R P P

R


   

 
 + + + +  − − = + 

 
. 

Clearly, each row is also diagonally dominant. So, matrix 

A is invertible. Hence Eq.(16) is unconditionally solvable. 

Lemma 1. If λi for i = 0,1,2, , R represents the eigenvalues 

of the square matrix A and ‘  2’ represents the second 

matrix norm (i.e. 
2

max i
i

A = , then we have the follow-

ing results 

(i) 
1

1    for   1 1

1        for           
i

M t i R

P i R


+    −
= 

+ =
 

(ii) 
1

2

1

1
1   for   1 1

1

1
1       for           

1

i R
M t

A

i R
P

−


   − + 

 
  =

+

 

Theorem 2 (consistency): a finite difference (FD) scheme 

of Eq.(2) with truncation error (r,t) is consistent if  

 τ(r,t) → 0   as   r, t → 0. 

It can be easily said that we have approximated our 

model Eq.(2) by FD scheme in Eqs.(8), (6), (12) and (13), 

which has truncation error (r,t) = O((r)2 + t). 

So, 
, 0
lim ( , ) 0

r t
r t

  →
  = . 

Hence, the FD scheme of our model Eq.(2) is consistent.  

Theorem 3 (stability): The FD scheme of Eq.(2) is uncondi-

tionally stable with respect to initial data if  
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 1 0

2 2

nE E+  , 

where: E n+1 = T n+1 – T*(n+1) is an error equation; T*(n+1) is 

the small perturb in T n+1. 

Proof. Operating Eq.(17) by A−1 we obtain 

 1 1 1n nT A T A B+ − −= + . (I) 

Take T*(n+1) be small perturb in T n+1, then  

 *( 1) *( )n nAT T B+ = + . 

 *( 1) 1 *( ) 1n nT A T A B+ − −= +  (II) 

Assume that 
1 1 *( 1)n n nE T T+ + += −  be the error equation, then from Eq.(I) 

and Eq.(II) we get 
1 1 1 1 *( ) 1( ) ( )n n nE A T A B A T A B+ − − − −= + − +  

1 1 *( ) 1 1 1 1( ) ( )n n n n nE A T T A E A A E+ − − − − −= − = = =  

1 2 1 1 2 1 2 1 3 2( ) ( ) ( ) ( )n n nA E A A E A E− − − − − − −= = = =  

1 0( )nA E−= =    for   n = 1, 2,  , n. 

So, we have, 1 1 0( )n nE A E+ −=    for   n = 1, 2,  , n. 

With respect to second norm, 1 1 0

2 2 2

nE A E+ − . 

From Lemma 1, we apply 1

2
1A−  , which implies 

 1 0

2 2

nE E+  . 

Hence, by Lax-Ritchtmyer’s Theorem the FD scheme of 

the extended bioheat equation with clothing system is uncon-

ditionally stable with respect to initial data. 

Theorem 4 (convergence): FD scheme of Eq.(2) is uncondi-

tionally convergent. 

Proof. Let 

 0 1[ ( , ), ( , ), , ( , ), , ( , )]
n n n n n

i RT T r t T r t T r t T r t =    of size 

(R + 1)1 be the exact solution at time step tn such that  

 
1 1n n nAT T B 
+ += + + , (18) 

where:  n+1 be the truncation error vector at level tn. We 

have the numerical solution in T in Eq.(16) based on the 

discretization schemes. 

If 
1 1 1n n nE T T
+ + += −  is an error equation, then Eq.(16) 

and Eq.(18) yield 
1 1n nAE E 
+ += +  

1 1 1 1n n nE A E A 
+ − − += + =  

11 1 1 1 1( )
n n nA A E A A 
−− − − − += + + =  

21 2 1 1 1 1 2 1 1( ) ( ) ( )
n n n nA A E A A A  
−− − − − − − += + + + =  

21 3 1 3 1 1 3 1 1( ) ( ) ( )
n n n nA E A A A  
−− − − − − += + + + =  

01 2 1( ) ( )
n

k n k

k

A E A − − −= = +  

 1 01 2 1( ) ( )
nn k n k

k

E A E A 
+ − − −= + . (19) 

Initially we take T0 = 0, since initially no error occurs at 

t = 0. So, 
0

0E = , and taking norm on both sides of Eq.(19) 

gives the following result, 

21 01 1

2 2 212 2 0

max
n kn k

k Rk

E A E A 
+ − −

 =

 
 + 

 
  

Since 
0

0E =  and from Lemma 1 we have 1

2
1A−  , 

1 0 1

2 212 2 0

max
n kn k

k Rk

E E A 
+ −

 =

 
 + 

 
 . 

By the construction of (r + t), we have  

 
2

0k →    as   r → 0, t → 0. 

This implies  

 
1

, 0 2

lim 0
n

r t
E

+

  →
=    for   1 ≤ k ≤ R.  

Hence the system is unconditionally convergent. 

NUMERICAL VERIFICATIONS 

One dimensional Pennes bioheat equation given in Eq.(2) 

is numerically discretized in Eq.(6) with Backward Scheme 

in Time and Central Difference Scheme in Space (BTCS). 

The tissue thickness of the human cylindrical limb in this 

model is taken R = 0.03 m /5, 14/ from body core to skin 

surface. So far the clothes effect is concerned, the thickness 

of clothes 0.005 m /4/ is added to tissue thickness and the 

results are calculated with the new thickness R = 0.03 + 

0.005. Other various physical and physiological parameters 

from Table 1 (for human body ) and Table 2 (for clothing 

parameters) are chosen for the numerical experiments. 

Table 1. Thermophysical parameters /6, 14, 15/. 

Parameters value unit 

Thermal conductivity kt 0.48 W/m°C 

Specific heat of blood cb 3850 J/kg°C 

Blood density b 1000 kg/m3 

Blood perfusion rate wb 3 kg/s∙m3 

Metabolism qm 1085 W/m3 

Arterial temperature Ta 37 °C 

Convectional heat transfer coefficient hc 10.023 W/m2∙°C 

Environmental temperature Ts 28 °C 

Table 2. Thermophysical parameters /9, 10, 12, 16/. 

Parameters value unit 

Thermal conductivities of clothes kcl 2.0462 W/m°C 

Thickness of clothes Lcl 0.010 m 

Density of clothes cl 1550 kg/m3 

Specific heat of clothes ccl 1340 J/kg°C 

Clothing Insulation Icl 1.34 m2∙°C/W 

Air insulation Ia 0.025 m2∙°C/W 

Area of nude body Ab 1.6 m2 

Clothing area factor fcl 1.75 - 

GRAPHICAL REPRESENTATION 

The stability of the developed FD scheme Eq.(16) for 

cylindrical shape of the body with protective clothing system 

at the boundary node and its effects has also been verified 

by considering different parameters mentioned in Tables 1 

and 2. 

Different mesh sizes 25, 40, and 55, as well as mesh sizes 

100, 500 and 1000 in both non-clothing and clothing cases 

are taken for the validity and applicability of the numerical 

(implicit FD) scheme Eq.(16) at time t = 0.01 s. 
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This numerical verification has been performed in Fig. 2 

and Fig. 3 with three different meshes of 25, 40 and 55 with 

the time increment t = 0.01 s for non-clothing and clothing 

system of the body. In Fig. 2, the temperature of nude body 

at skin is 28 °C. In clothing state, on the other hand, the 

temperature becomes 32 °C in Fig. 3 which is because of the 

effect of clothing insulation and other parameters related to 

clothes. Similar results can be seen in Figs. 4 and 5 with 

mesh sizes 100, 500 and 1000 at time step t = 0.01 s in 

180 seconds. The temperatures obtained in Figs. 2 and 4 

almost coincide on the same curve even though the mesh 

sizes are different for the non-clothing case (nude body).  

 

  Figure 2. Radial temperature profile in 180 s.  

 

 Figure 3. Radial temperature profile with clothing in 180 s. 

 

Figure 4. Radial temperature profile in 180 s. 

 

Figure 5. Radial temperature profile with clothing in 180 s. 

The results in Figs. 3 and 5 in the clothing system are 

almost the same. In both cases, the figures are independent 

no matter what the mesh sizes are. These results verify the 

stability of implicit FD scheme for newly developed model.  

CONCLUSION 

In this study, an Implicit Finite Difference (FD) scheme, 

for one-dimensional transient bioheat transfer model with 

protective clothing at the boundary node of cylindrical body 

has been developed. The theorems are established and proven 

for analysing solvability, consistency, unconditionally stable 

and convergence of the model. 

Also, the numerical verification of the model is repre-

sented graphically showing its stability and validity on one 

hand, and the presence of clothes of significant effect for 

thermal comfort of the person, on the other. The developed 

model fosters the advanced clothing system to achieve the 

comfort state of the human body. 
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