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Abstract

The model of the equations of generalized magneto-
micropolar thermoelasticity with two relaxation times in an
isotropic medium with temperature-dependent mechanical
properties under the effect of Hall current is established.
Elastodynamic interactions in magneto-micropolar thermo-
elastic half-space consider the effect of Hall current and
rotation subjected to laser heating. The micropolar theory
of thermoelasticity by Eringen (1966) has been used to
investigate the problem. Normal mode analysis technique is
used to solve the resulting non-dimensional coupled field
equations to obtain displacement, stress components and
temperature distribution. Numerical computed results of all
the considered variables are shown graphically to depict
the combined effect of the Hall current, laser heat source
and rotation. Some particular cases of interest are also
deduced from the present study.

INTRODUCTION

The elastic modulus is an important physical property of
materials reflecting the elastic deformation capacity of the
material when subjected to an applied external load. Most
of the investigations are done under the assumption of the
temperature independent material properties, which limit
the applicability of the solutions obtained to certain ranges
of temperature, e.g. at high temperature the material charac-
teristic such as the modulus of elasticity. The researches
concerning the investigation of the effect of magnetic field
(that may be Earth’s magnetic field or other human gener-
ated high intensity magnetic field) and thermal loading by
lasers on various type of materials are of great importance
in seismological research and in engineering applications.
The linear theory of micropolar elasticity was developed by
Eringen /1/. A micropolar continuum is a collection of
interconnected particles in the form of small rigid bodies
undergoing both translational and rotational motion. Rigid
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Kljuéne reci

» mikropolarni i termoelasti¢ni
» Holov efekat

« laserski izvor toplote

* rotacija

* temperaturska zavisnost

lzvod

Izveden je model jednacina generalisane magnetno-
mikropolarne termoelasti¢nosti sa dva vremena relaksacije
u izotropnoj sredini sa mehanickim osobinama zavisnim od
temperature, pod uticajem Holovog efekta. Elastodinamicke
interakcije u magnetno-mikropolarnom termoelasticnom polu-
prostoru podrazumevaju Holov efekat i rotaciju, pod utica-
jem zagrevanja laserom. Za istrazivanje problema je prime-
njena mikropolarna teorija termoelasticnosti Eringena
(1966). Metoda analize normalnih modova je upotrebljena
za reSavanje spregnutih jednacina rezultujuceg bezdimen-
zionog polja, radi dobijanja pomeranja, komponenata napona
i raspodele temperature. Rezultati numerickog proracuna
svih razmotrenih velicina su prikazani graficki radi uocava-
nja kombinovanog uticaja Holovog efekta, laserskog izvora
toplote i rotacije. U radu su takode razmotreni neki posebni
slucajevi od znacaja.

chopped fibers, elastic solids with rigid granular inclusions
and other industrial materials such as liquid crystals are
examples of such materials.

The theory of magneto thermoelasticity has a wide range
of applications and possibilities of research in the field of
geology, earth sciences, plasma physics and engineering.
When a particle is stationary under the effect of magnetic
field, the field has no effect on this particle. Also, consider
a particle moving in parallel direction of the magnetic field,
the particle will move undeflected. Now in case a particle is
moving within a path, having a component normal to the
magnetic field, the particle will be deflected due to a force
acting on it. In addition to this deflected motion this particle
will experience the electric field. The combined force is the
Lorentz force. There are a consideration that mechanical
and electromagnetic field interactions take place due to
Lorentz forces. Conductivity perpendicular to the direction
of the magnetic field decreases due to the free spiralling of
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negatively charged electrons and other ions about the mag-
netic field lines before colliding, and a current is induced
perpendicular to both the electric and magnetic field. This
phenomenon is called the Hall Effect. When the magnetic
field intensity is very high, the Hall effect cannot be neglected.
Zakaria /2/ investigated the effects of Hall current and rota-
tion on magneto-micropolar generalized thermoelasticity,
including the boundary condition with a source of ramp
type heating.

A thermal shock induces very rapid movement in the
structural elements, giving rise to very significant inertial
forces, and a rise to oscillations. The ultrashort lasers have
pulse durations ranging from nano- to femtoseconds. Also,
in an ultrashort laser pulse, the high energy flux and short
duration result in a very large thermal gradient. So, the
Fourier law of heat conduction is no longer valid. For one-
point laser heat input, Rose /4/ provided an accurate mathe-
matical basis. Scruby et al. /3/ investigated a mathematical
model of point source to study the ultrasonic evolution by
lasers. He studied the physics of heated plate by laser heat
loading in the thermoelastic system as a surface centre of
expansion (SCOE). Later McDonald /5/ and Spicer /6/ gave
a mathematical model known as laser-generated ultrasound
model by introducing the thermo-diffusion concept. Dubois
7] verified by experimental results that penetration depth
plays an important role in the generation of laser-ultrasound.
Kim et al. /10/ and Chen et al. /9/ investigated some other
such type of research. Aouadi /15/ explained the real behav-
iour of materials, i.e. the temperature dependence of elastic
moduli in a micropolar generalized medium. Abo-Dahab
and Abbas /8/ investigated the LS model on thermal shock
problem of generalized magneto-thermoelasticity for an
infinitely long annular cylinder with variable thermal con-
ductivity. Thermoelastic behaviour of laser heating context
of different theories of thermoelasticity was presented by
Youssef and Al-Bary /11/. A 2-dimensional problem in
generalised thermoelastic medium with thermo-diffusion
was investigated by Elhagary /12/. Kumar et al. /13/ studied
the elastodynamical interactions of input heat source with
microstretch thermoelastic medium. Kumar et al. /17/ and
Kumar and Kumar /16/ discussed some dynamical problems
in micropolar thermoelasticity. Ailawalia and Sachdeva /18/
presented a problem involving temperature dependent
thermoelastic half space with micro temperatures subjected
to the effect of internal heat source.

The aim of the present study is to investigate the interac-
tion in magneto micropolar thermoelastic medium, taking
into consideration the effect of Hall current, laser heat
source and rotation. Components of displacement, stress,
current density and temperature distribution are obtained by
using normal mode analysis. The problem has become more
interesting with the inclusion of thermal laser heat source,
normal and tangential forces. The resulting quantities are
computed numerically and depicted graphically.

BASIC EQUATIONS

We consider a micropolar thermoelastic medium perme-
ated by an initial strong magnetic field H = (0, Ho, 0). The
considered medium is rotating with constant angular veloc-
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ity assumed to be equal to Q. For magneto-micropolar
thermoelastic medium the basic equations and constitutive
relation in absence of body forces, body couples and stretch
forces, following Eringen /1/, Al Qahtani and Dutta /14/,
and Zakaria /2/, are given by:

(/1+y)V(V.u)+(y+K)V2u+KVx¢—ﬂ1[l+11§jVT+

+yogrjiJrHj=p{U+Qx(Q><u)+ZQ><%J] )

(V2 ~2K)b+ (a + BV (V) + KV xU = pj(¢+Q><—¢j @)

K*V2T = pc {ﬁ+ro o jT+(l+gro—jﬁlTo(Vu Q)+
a ot

6—22};5* @3)

0
+V1T0 E-i— E79 p

Gij = AUy ¢ G + (Ui j +Uj i)+ KU i —&ijed) -
—/)’1(1+z'1 )5 T 4
mij =ady (Oij + B + 1ji s )

where: A, 4, a, 3, 7, and K are constants depending on the
nature of material; p is density of the medium; u = (uy, Uy,
us) and ¢ = (¢, ¢, ¢s) are displacement and microrotation
vectors respectively; T is temperature; To is the reference
temperature; K” is the coefficient of thermal conductivity;
c” is the specific heat at constant strain; j is the microinertia;
B=0CBA+2u+K)a, i = B\ + 2u+ K)o, an and axe are
coefficients of linear thermal expansion; t; are components
of stress; m;j are components of coupled stress; &; is the
Kronecker delta function;  and =1 are thermal relaxation
times with > 7 > 0.

The micropolar thermoelastic medium is supposed to be
rotating with angular velocity Q. In such type of medium,
the equations of motion have two additional terms,

(i) the centripetal acceleration QQ x (Q x u) due to time
varying motion,

(ii) the Coriolis acceleration 2(€ x u).
The current density vector J can be expressed as:

> |:E+y0(u><H)—ﬂ(J><H)} . (6)
1+m €Ne

Here, F = uo(J x H) is the Lorentz force; H is the mag-
netic field vector; E is the intensity of the electric field; m is
Hall parameter; op is the electrical conductivity; e is the
charge of an electron; ne is the number density of electrons.
Further, the plate surface is illuminated by laser pulse given
by the heat input

J=

Q=lpf (t)g(xl)h(XS) : (7

f(t)= —(t/to) (8)
to

9(x)) :Le—(xl /r? ) 9)
27r?
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h(xg)=7"e 7 %, (10)

where: lo is absorbed energy; to is the pulse rising time; r is
the beam radius. Figures 1-3 show profiles of f(t), g(x1), h(xs).
Equation (7) with substitution of Eqs.(8-10) takes the form

Q — IO}/ te_(t/to)ei(xf/rz)e_y*)% .

(11)
2xr tO

In the above equations symbol ( , ) followed by a suffix
denotes differentiation with respect to spatial coordinates
and a superposed dot ( ) denotes the derivative with respect
to time, respectively.

f®)

t
Figure 1. Temporal profile of f(t).

a(x,)

X

Figure 2. Profile of g(x1).

h(x;)

X3

Figure 3. Profile of h(xa).
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FORMULATION OF THE PROBLEM

We consider a temperature dependent magneto-micropo-
lar thermoelastic medium with rectangular Cartesian coor-
dinate system Oxix2x3 having the x, axis pointing vertically
downward the medium. A normal force/tangential force and
ultrashort laser pulse are assumed to be acting at the origin
of the rectangular Cartesian co-ordinate system. A compo-
nent of Hall current Ho is in the x, direction.

We consider a plane strain problem with all the field
variables depending on (xi, X, t). For two-dimensional prob-
lems, we take

u=(uy,0uy), ¢=(0,¢,0). 12)

Also, we are interested to investigate the effect of depend-
ence of reference temperature on all elastic and thermal
parameters. Therefore, we may assume:

/1=/10(1—a To), /,tz/,to(l—a To), K= Ko(l—a To) y
v=vgl-a Ty), a=ag(l-a Ty), f=LF1l-a Tp),
]/:}/0(1—0.’ To), K =K0(l—a To), C =Co(1—a To),
where: Ao, o, Ko, W, a0, B, 0, Ko, jo are considered
constants; «" is called empirical material constant, in case
the system is independent of reference temperature, o = 0.

For further consideration, it is convenient to introduce into
Egs.(1)-(3) the dimensionless quantities defined as:

* * 2
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X3=0
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Figure 4. Geometry of the problem.

Making use of Egs.(12)-(13) the system of Egs.(1)-(3)
reduces to:
0
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Using Helmholtz’s decomposition theorem, the displace-
ment components u; and uy are related to the non-dimen-
sional potential functions ¢ and by the relation mentioned
below:

o9 az// op Oy
U = E 3=
X1 6x3 OXg 0%

Substituting the values of u; and uz; from Eq.(18) into

Egs.(14)-(17), we obtain:

(18)
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SOLUTION OF THE PROBLEM

The solution of the considered physical variables can be
decomposed in terms of the normal modes as in the follow-
ing form:

{¢,l//,T,¢*}(X1,X3,t) :{;11/_/1f1;}(x3)ei(k)(1_wt) . (23)

Here, w is the angular frequency and k is wave number.
Making use of Eq.(23) in Egs.(19)-(22) and after some
simplifications, yields:

[AD®+BDC+CD*+ED?+F]g=f,(; " x,t)e 7 %, (24)
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[AD®+BDS+CD*+ED?+FIT = fo(" 3. )e 7 %, (25)

[AD®+BD®+CD*+ED?+Flg = f5(7 3,067 %, (26)

[AD+BDO+CD*+ED?+Fly=f,(y ,x,)e” %. (27)
Here, D=——, ky——k2+02 1M , ;2. k2:—ia{2§2— mMZ},
O3 1+m 1+m

k3=a)2+§22—ia) —a3k2, k4:k2+0)2a2+2a1,

1+m
ks —io(l-iwrg)—k?, ks =as(iw+w’ery),
k7 = a3(k4 +k5) +k3 +33k4 , k8 = a1a4k2 - k3k4 - k5(k3 —aya +a3k4) s
kg = k5 (a1a4k2 — k3k4) s klO = k6 (a3k2 + k3 +aak4 —ala4) s
ki1 =k (2a1a4k® —kgky —agkgk® —kak?) , kip =kgk® (kgky —agak®)
A:—a3 , B= k7 —a3k1 —r11a3k6 , C= k8 + k1k7 +Z'11k10 —k22 ,
E =kikg —Kg +711ks1 +K3 (K +ks) . F=711k1p —kikg —k3kgks .
The solution of the above system of Eqs.(24)-(27) satis-
fying the radiation conditions, that (4, w, T, &) — 0 as
X3 — oo, are given as following:

- & —Mm; X f1 —;/*x
p=>ce "+—=e 8, (28)
i=1 5
= & —Mm; X f2 4 "X
T=2ajce "3 +=e 7, (29)
i=1 5
_ 4 Cmx f3
¢ =2 picie 3+f (30)
i=1 5
v =2 oiCe '3+f e (31)
i=1 5

Here m? (i = 1,2,3,4) are the roots of characteristic equation
of Eq.(24), and

—kea3mi6 +k10mi4 +k11mi2 +k12

| =
—asmiG +k7mi4 + kgmiz —kg

akomi* —agks (ks +k2)m? + agkoksk?

b=

1 i = 1!21314 1
—a3mi6+k7mi4+k8mi2—k9

fy =Qo f (1, t)(—agy*® +kyy** +kgy** —kg)
=Qo f (¥, 1)(—Kgagy*® +kygy** +kyyy* +kpy),
f3 =Qo f (xg,t)(akoy** —arky (ks +k?)y*2 +agkoksk?) ,
4 =Qo F (4, (ka7 ** —ka (ks +kg )72 +hokeks) |
f5 = (A;/*8 +B}/"‘6 +C7/”‘4 +E7/”‘2 +F).

Substituting the values of @, T, &, v, from Egs.(28)-(31)
into Eqgs.(4)-(5), and using Egs.(12), (13), (18) and solving
the resulting equations we obtain:

3= ZlGn

= Zlel

~Mpe7 e, (32)

My, (33)
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4 "
Mgy = > Ggie 3 —Mge /%, (34)
=
= ¢ —m; X "X
T=3Gye "B -Mye "3, (35)
=

where: Gmi = gmiCi, 1 = 1,2,...4; gmi and M; are mentioned in
the Appendix A.

BOUNDARY CONDITIONS

We consider normal and tangential forces acting at the
surface x3 = 0 along with the vanishing of coupled stress at
xs = 0 and lp = 0. Mathematically this can be written as:

tag =—FRe” ™, tgy =—Fpe N mg, =0,
oar _ _Fye (oot
0%3

where: F1 and F; are the magnitude of the applied mechani-
cal forces and F5 is thermal source magnitude.

Substituting the expression of the variables considered
into these boundary conditions, we can obtain the following:

4
_%(gli192i193i194i)ci =(-F.-F.0-F).  (37)

The system of Egs.(37) are solved by using the matrix
method as follows:

(36)

G| |91 912 %3 94| |-R
C -F
2 |_ 021 922 023 024 2 (38)
C3| {931 932 933 U4 0
Cq| [9a1 942 a3 9aa| |-F3

SPECIAL CASE

Micropolar thermoelastic solid

If we neglect the Hall current in Eqgs.(37) and put I = 0,
we obtain the corresponding expressions of stresses, dis-
placements and temperature for micropolar thermoelastic
half space.

NUMERICAL RESULTS AND DISCUSSION

The analysis is conducted for a magneto-micropolar mate-
rial. For numerical computations, following Eringen /19/,
the values of physical constants are: 2= 9.4-10° Nm=2, u=
4.0-10'°°Nm=2, K= 1.0-10 Nm?2, p= 1.74-10° kgm3, j=
0.2.10°m?, y=0.779-10° N.

Following Dhaliwal and Singh /20/, thermal parameters
are given by: ¢* = 1.04-10% Jkg K%, K" = 1.7-10° Im s 1K,
an = 2.33-10° K, g = 248100 K, To= 298 K, 7= 0.02,
1= 0.01, aa = 2.6510*mkg?, a=2.9-10*m?%s2?K 1, b=
32:10° kgtmds2, £ =0.04, °=0.03, ¢" = 0.051 K.

A comparison of the dimensionless form of the field vari-
ables for the cases of micropolar thermoelastic with Hall
current, rotation, and input laser heat source (MPHCLSR)
and micropolar thermoelastic (MPTH) is presented in Figs.
4-9. The values of all physical quantities for all cases are
shown in the range 0 < x3 <5.

Solid lines and dash lines correspond to micropolar ther-
moelastic with Hall current and input laser heat source
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(MPHCLSR) and micropolar thermoelastic (MPTH), in
respect, for t =0.1.

The computations are carried out in the absence and
presence of laser pulse (lo= 10° and Ip = 0) and on the
surface of plane x; =1,t=0.1.

Thermal source

Figure 5 shows the variation of normal stress ts; with the
distance xs. It is noticed that for MPHCLSR and MPTH, the
normal stress ts3 shows similar behaviour initially. The
normal stress in MPHCLSR initially increases and then
shows oscillatory trend. The value of ts3 approaches that on
boundary surface away from the source.

Figure 6 displays the variation of tangential stress ts;
with distance xs. It is noticed that initially the behaviour of
tz for MPHCLSR and MPTH is similar. Initially t; increases
monotonically for MPHCLSR and also for MPTH but
approaches to the boundary surface away from the point of
application of temperature source.

-8
I I I I I

0 1 2 3 4 5
X,

3
Figure 6. Variation of tangential stress.

Figure 7 clears the variation of coupled stress mz, with
distance xs for MPHCLSR and MPTH. The variation of ms;
for (MPHCLSR) is monotonically increasing in the region
0 < x3 <1, whereas the trend of variation in MPTH is oppo-
site. The ms, approaches zero away from the point of appli-
cation of source. It is clear from Fig. 3 that Hall current has
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a significant effect on the value of ms, and causes signifi-

cant oscillatory behaviour in MPHCLSR.

05 —

MPHCLSR
MPTH

X3
Figure 7. Variation of coupled tangential stress.

Figure 8 displays the variation of temperature T with
distance xs. The values of temperature change for MPTH
show monotonically decreasing behaviour in the range 0 <
X3 < 5. In case of MPHCLSR, the temperature decreases by

exhibiting oscillatory trend due to the Hall effect and input
laser heat source.

MPHCLSR

XS
Figure 8. Variation of temperature.

Figures 9 and 10 exhibit the behaviour of displacement
components u; and uz w.r.t. xs. Both displacement compo-
nents approach to boundary surface away from the applica-
tion of normal force, which is in agreement to the general-
ized theory of thermoelasticity.

Particular case: for o = 0, the results are obtained for
temperature independent mechanical properties under the
effect of Hall current when normal force is applied on the
boundary surface. The graphical results in this case are
represented in Figs. (11)-(16).
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60 —

w0\ ————— MPHCLSR

o~

S5 20—

-20

X3
Figure 9. Variation of u1 w.r.t. xa.

MPHCLSR

0 1 2 3 4 5
X3

Figure 10. Variation of us w.r.t. xs,

—————— MPTH
MPHCLSR

-25

XS
Figure 11. Variation of ts3 w.r.t. xa.

Figure 11 shows the variation of normal stress tss with
distance xs. It is noticed that for MPHCLSR and MPTH, the
normal stress ts3 shows opposite behaviour initially. The
normal stress in MPHCLSR initially increases and then
shows oscillatory trend. The value of tzs approaches to
boundary surface away from the source.
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Figure 12 displays the variation of tangential stress ts;
with distance xs. It is noticed that initially the behaviour of
ts2 for MPHCLSR and MPTH is opposite. Initially ts in-
creases monotonically for MPHCLSR and decreases mono-
tonically for MPTH but approaches to the boundary surface
away from the point of application of normal force.

2 —

—— MPHCLSR

X3

Figure. 12. Variation of ta1 w.r.t. Xs.

Figure 13 clears the variation of coupled stress ms, with
distance x3 for MPHCLSR and MPTH. The variation of ms
for (MPHCLSR and MPTH) is monotonically increasing in
the region 0 < x3 < 1 and is monotonically decreasing there-
after. The ms, approaches to zero away from the point of
application of source. It is clear from Fig. 13 that the Hall
current has a significant effect on the value of ms; and
causes significant oscillatory behaviour in MPHCLSR.

0.8 —

E ——— MPHCLSR
—————— MPTH

-0.8
\ \

XS
Figure. 13. Variation of msz w.r.t. xa.

Figure 14 displays the variation of temperature T with
distance xs. The values of temperature change for MPTH
show monotonically decreasing behaviour in the range 0 <
X3 < 5. In case of MPHCLSR the temperature decreases by
exhibiting oscillatory trend due to the Hall effect and input
laser heat source.

Figures 15 and 16 exhibit the behaviour of displacement
components u; and uz w.r.t. xs. Both displacement compo-
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nents approach to boundary surface away from the applica-
tion of normal force which is in agreement to the general-
ized theory of thermoelasticity.

2 —

MPHCLSR

16 —
c
i)
g
2 12
2
o
[}
5
<
g 0.8 —
£
Q
k2

04 —

0

0 1 2 3 4 5
XS
Figure. 14. Variation of temperature w.r.t. x;
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CONCLUSIONS

The problem consists of investigating displacement
components, temperature distribution, Hall current and stress
components in a homogeneous isotropic micropolar thermo-
elastic temperature dependent half space due to various
sources subjected to laser pulse. Normal mode analysis tech-
nique is employed to express the results mathematically.

The analysis of results permits some concluding remarks:
(1) It is clear from the figures that all the field variables
have non-zero values only in the bounded region of space,
indicating that all the results are in agreement with the
generalized theory of thermoelasticity.

(2) The effect of the Hall current, rotation and ultra short
laser is much pronounced in all the resulting quantities.

The new model is employed in magneto-micropolar ther-
moelastic medium as a new improvement in the field of
thermoelasticity. The subject becomes more interesting due
to Hall current involving rotation and irradiation of an ultra
short laser pulse with an extensive short duration, or a very
high heat flux. This type of problem has found numerous
applications. The method used in this article is applicable to
a wide range of problems in thermodynamics. Regarding
the obtained results, it is expected that the present model of
equations will serve as more realistic and will provide moti-
vation to investigate micropolar thermoelasticity problems.
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APPENDIX A:
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My = (by fp +(r*2 —bpk?) fy — 711 Fy +ibgky > 1)/ fs,
M3 = (=ibgky ™ fy + (B ** +bsk?))/ fs,

Mg = by * £/ f5, My=—y*fy/ fs.
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