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Abstract

Creep deformation in a rotating annular disc made of
transversely and isotropic material mounted on a shaft is
studied. The analysis of stresses and strain rates within the
disc of variable density and constant thickness is based on
the transition theory. It has been analysed that the value of
radial stress has a maximum at the inner surface for iso-
tropic material (i.e. brass) in comparison to disc made
of two transversely isotropic materials (i.e. magnesium and
beryl). The method of stress and strain rates developed is
illustrated with some numerical examples. The novelty in
the current research is to include control factors as rotating
speed and the density parameter in the consideration of the
disc.

INTRODUCTION

In the circular rotating disc, creep analysis is important
for understanding the behaviour and optimum design of
structures. Rotating discs are considered to be one of the
major subjects in the field of solid mechanics. There are
many applications of rotating discs such as in flywheel,
turbines, rotors, and computer disk drives. Wahl /1/ analysed
creep deformation in rotating discs based on the Tresca
criterion and its associated flow rule. Arya et al. /7/
discussed the problem of creep stresses in a rotating ortho-
tropic disc. Kirkner /8/ investigated the problem of disc
vibration on transversely isotropic elastic half-space. Arnold
/9/ discussed the applications of thermo-elastic transversely
isotropic thick-walled cylinder and disc. Shi-Ming et al.
/10/ have analysed the stress in transversely isotropic half-
space with load acting on surface. Christos et al. /12/ inves-
tigated the deformation of transversely isotropic discs under
diametral compression. Thakur et al. /13/ solved the problem
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Kljuéne reci
* napon

« disk

* gustina

« ukljucak
* brzina

lzvod

Proucena je deformacija puzanjem kod rotirajuceg prste-
nastog diska od transverzalnog izotropnog materijala, koji
je vezan za osovinu. Analiza napona i brzine deformacije
diska promenljive gustine i konstantne debljine se zasniva
na prelaznoj teoriji napona. Analizirano je da velicina radi-
jalnog napona dostize maksimum na unutrasnjoj povrsini
izotropnog materijala (na pr. mesing), u poredenju sa diskom
od dva transverzalna izotropna materijala (na pr. magnezi-
jum i berilijum). Ilustrovana je razvijena metoda napona i
brzine deformacija, sa nekoliko numerickin primera. Novi-
na u ovom istrazivanju jeste uvrstavanje kontrolnih faktora
kao Sto su brzina rotacije i parametar gustine u razmatra-
nje ponasanja diska.

of creep stress and strain rates for transverse material disc
connected to shaft by using transition theory.
Weighted integral measures representations: the ordinary
bdl 11
uniaxial Cauchy’s measure is given by I_:_O ; Where
blo o
I and lp are deformed and undeformed lengths. The first
weighted measure called Hencky measure can be written as

Lol
j[ijﬂzlnl— and is widely used in plasticity problems.
ANLIVA

But for creep problems, it is found useful only at secondary

or stationary creep and not in the transient or fracture stage.
The second weighted measure wused by /2/ is

Lo dl 1=
j[l—oj ?—I:I—O . In finite elasticity, Almansi and Green
Iy o o

measures, the deformed and undeformed states are taken as
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reference frameworks respectively and are extensively used.
The third weighted measures are

LY b2 Y ?

j(gj da_t 1_@ | IH dy_1 [LJ 1 and
Iy | | Iy h) I 2
in this case, the weighting functions are (lo/I)® and (I/1o)3,
respectively. An obvious generalization of these measures

YOks

n
—[1—(II—OJ } in which the weighting
function is (lo/l)"*2. Putting n = -2, -1, 0, 1, 2, it gives Green,

n
Cauchy, Hencky, Swainger and Almansi measures, respec-
tively. Thus, in the general case, if the principal Almansi
and Green measures are denoted by &/ and &i®, the gener-
alized measures in Cartesian coordinates may be written in
the form:

lp 2

lo

A

M &ij
ij =J
0

:3[1—(1—25{3)“/2} , (i=1,2,3)
n

12602 0
1)

1[(1+ 26812 —1} .
n

The main objective of the present paper is to develop a
consistent analytical model capable to resolve a class of
control problems for the rotating disc. Due to the importance
of the control problems in practical engineering designs, the
burst speed of the rotating disc is investigated. We assume
the density of the rotating disc along the radii ratio is:

p()=po(ri)™, O]

where: py is the constant density at r = b; and m is the den-
sity variation parameter.

MATHEMATICAL MODEL AND GOVERNING EQUA-
TIONS

Consider a thin disc made of transversely isotropic mate-
rial having variable density p, outer radius b, inner radius a;
thickness is assumed to small, so that it is effectively in
plane stress (i.e. 7z = 0) and mounted on a shaft and rotating
with angular speed @ as shown in Fig. 1. We assume the
displacement components in cylindrical polar coordinates
as/4/: u=r(1- n); v=0;w=dz, where 7 is position func-
tion of r = V(x2 + y2) and d is a constant which is the allow-
ance for uniform longitudinal extension d. For finite defor-
mation, the generalized components of strain are given as

14, 5/.
2 2 2
(3R )
BRCEORE
— | +r°| =] 4= —vr'—+
00 0o oo 0o
|

% 6l 6
and Sii = J |:1+2gii :|2 dgii
0

A_au 1

Evr =
"o 2

1
2r2

2 2, .2

ov
—+U +rv
06

ov ou
+U——V—+Ur
00 00

1 2
5[1—77 1,
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A ow 1
Ey=—7—=
“ oz 2

1

J[1-a-07],

®)

EREES]

— | 4r| = +| —

oz oz oz
5rA9 :55“2 :ngr =0,

where: 7' =dz/dr.

Substituting Eq.(3) into Eq.(1), we get

1 , 1
Err =H[1—(r77 +f7)”} . g =H[1—77n] :

b2 = 1--d)", @
n i

&g =607 =7 =0.

Figure 1. Geometry of isotropic rotating disc.

The stress-strain relations for magnesium and beryl (trans-
versely isotropic material) are given by /3/ as:
Trr =Q1érr +C12809 T Q13672 »
Too = C216rr +C22800 +C23877 »
T =Tz =Ty =T4 =0,

®)

where: €12 = C11 — 2Ce6 = C21, C13 = C31 = C32 = C23, Cs55 = Ca4
and ci11 = Cyp, C33. Substituting Eq.(5) into Eq.(4) for n= 2,
we get strain components in terms of stresses as:

1 1
Err :E[Trr —Cropl, Enr :E[T%’ ¢,

(6)

where: ¢= (C11C33 — C13° — Cg6C3a/(C11C33 — C13?)) and E =
4cesd IS Young’s modulus.
From Egs.(5) and (6), we get:

Trr :%[2—77“{1+(1+T)”}]—

g
€n :_E[Trr —tg9], Erp=¢6p; =& =0,

2ce5(1-17")
n b

o0 :%[2—77”{1+(1+T)”}]—2C%[1—77”(1+T)} ,
Trg =Ty =Tzr =77, =0, )
where: T = rn'/n is the transition function, and 1 = c11 —
(c13%/Ca3).

The equation of equilibrium is all satisfied except:

(®)

d
E(rfrr) =Tgp _p(r)erZ )
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where: 7, 700, p(r) are radial, circumferential stresses and
density.

Substituting Eq.(7) into Eqg.(8), we obtain a nonlinear
differential equation in 7 as:

nn+1(l+T)nfld_T —

2.2
—[ " 2Cﬁ[1+nT—(1+T)” —T{1+(1+T)”}J+& ,(9)
ngy a1
where: ri'= nT. The transition points of 7 in Eq.(9) are
T— -1and T — 0. The boundary conditions are:
r=a, u=0 and r=b, 7, =0, (10)
where: 7 and u are the radial stress and displacement
component.

PROBLEM SOLUTION

To find the stresses and strain rates for creep defor-
mation, the transition function taken (see /4, 5, 13/) at the
point T — —1, we define the transition functions F as:

2n"¢
F=rpy —7pp = ”n 66 [1—(1+T)”]. (11)

By taking logarithmic differentiation from Eq.(11), and
substituting the value of dT/d7 from Eq.(9), we get:

2.2
dL”F =—1{§2(n—1)—2n——“”“’ L } (12)
r r Y,

where: £ = 2Ces/ 1.

The asymptotic solution of Eqg.(12) as T— -1 is D/r,
where D being a constant. Using Eq.(2) in Eq.(12) and inte-
grating, we get:

F=1 —799 ={3r" exp(&) ,
where: {3 is an integration constant, and
&= -Nnpea?r™™2(n + 2)b™"&HD", p=-2n+ (n—-1)&.
Substituting Eq.(13) into Eq.(8), we get:
2.2-m
. n-1 P T
Ty =G4 4/3.[" exp(&)dr —(Z—m)bfm )

where: £ is an integration constant. Using the boundary
condition Eq.(10) in Eq.(14), we get

(13)

(14)

22
Ca=t ] P explydr- 2000 (15)
r=b -
Substituting Eq.(15) in Eq.(14) and using Eq.(13), we get:
e tenpoar+ 22O g
T =Ca | r " exp(&)dr + )
rm 3r (2—m)b’m
b . 2 b2—m _r27m
wa@[f (7 1exp(:)dr—r"exp(§>}+p"” O~ "0
r (2-m)b

From Eq.(11), taking the asymptotic value of T — —1, we get

G exp(@) |
n&ar ex
77{%} . (18)
2Cg6
The component of displacement u = r(1 — #) from Eq.(18)
becomes:
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1
op= 77; [ [R™ L exp(&,)dR - R™ exp(&y)
nRol exp(&s)

161

1/n
u=r-r [—n§3r’7 exp(g)] : (19)

2C66
Using boundary condition Eq.(10) in Eq.(19), we get:

2 n Zanfm+2
3:$1 where glz—L_
na"exp(¢) (n-m+2)D"¢;

Substituting values of constant 3 in Eqs.(16), (17) and
(19), we get:
b 2 2-m _ .2-m
Ty =§5jr’7’1exp(§)dr+’0°w (b )
r (2-mb™"
:|_ powz (b2—m _ r2—m)

(2-m)b™™

b
To0 =45 {f rLexp(£)dr 1" exp(£)

" 1/n
u=r—r {—r exp(s) } : (20)

aexp(¢)
where: s = 2ces/na"exp(&r).

We assume the non-dimensional components: R = r/b,
Ro = a/b, QZ = pOCUZbZICBG, Or = Trr/CGB, o9 = 1'6‘6‘/(:66 a.nd U =
u/b. Stresses and displacement from Eq.(20) in non-dimen-
sional form become:

1 21 _p2-m
lors :[;] J Rn_lexp(éﬁz)dR_{_w

nRY exp(&3) |R (2—m)

R7 exp(&) o
U'=R—R{#] ,

(21)
RJ exp(&3)
2 - Q%(1-R>™)
=—= | [R drR-R" bl A —
op {”Rg o0 (@)h exp(&,) exp(&y) [+ )

where:
nQZ Rn—m+2bn an Rn—m+2an

& T o < d §3=—n— 2-
2D (n—-m+2) 2D (n—-m+2)

The material constants reduce only to two constants for
the isotropic case, say Ci1 = C22 = Cs3, C12 = C21 = C13 = C31 =
Co3— C32 = C11 — 2Ce6 aNd o1 = a2 = a3 = . The constants A
and u can be written as: ci2= 4, 11 = A+ 24, Ces = (C11—
C12)/2, ¢ = 2ul(A + 2u) and 1 - & = 1/c/2 — c. For the iso-
tropic case Eq.(21) becomes:

2 T Q%(1-R%>™™)
= — % |[Rn dRy—= 7
’ [nRgl exp(éﬁk SPEadR (2—m)
R™ v
U =R-R exp(§4) ’ (22)
Ry exp(&s)

N QZ (1_ R2—m)
(2-m)

R

nQZ Rn—m+2bn

, and
2(2—c)D"(n-m+2)

where: &, =—
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2pn—-m+2,n
-1
- R a ¢, , and 771:—2n+u.
2(2—c)cgzD" (n—m+2) (2-c)
These results are the same given Thakur et al. /13/, for
the transversely and isotropic material case when m = 0.

ESTIMATION OF CREEP PARAMETER

The strain rates are given as Odqvist /6/:

1
=1
:B(aw _%)}n {M}

&5 =

4¢,

1
L]
égo {2(% —aga)]” {%;jﬂ (23)

1

i
) n o +0
5zz:_|:z(arr_o'00)}n 4’8{”—9&}

4¢y
where: ¢7 =1- iy Co=Cr 228 and
G133 Q1
Ces cfs ;
g =—>—1+—=— forn=1/N, where N is the measure.
Q1 G133

NUMERICAL RESULTS AND DISCUSSION

For calculating strain rates and stresses based on the above
problem, the following values have been taken: transversely
materials - beryl: ¢c; = 0.7, c11= 2.7, ¢i2 = 0.9, c13 = 0.7,
Caz = 4.7, caa = 0.9; magnesium: ¢, = 0.6, c11= 5.9, c12=
2.6, C13= 2.2, ¢33 = 6.2, Ca4 = 1.6; isotropic material - brass:
C= 0.50, C11 = 3, Cip = 1, Ciz = 1, C33z = 3, Caq = 0.9, /11/; n=

1/3, 1/5, 1/7; D= 1; m= -1, 0 and 1, respectively.
Definite integrals in Eq.(21) are calculated by using
Simpson’s 1/3™ rule.

Curves are drawn between the creep stress distribution
and displacement along with radii ratios R = r/b (Figs. 2
and 3) for the rotating disc made of transversely isotropic
material (i.e. magnesium and beryl), isotropic material (i.e.
brass) having variable density parameter m= -1, 0, 1 and
the angular speed Q? = 75 and 100. From Figs. 2 and 3, the
maximum value of radial stress occurs at the internal surface
of isotropic material disc (i.e. brass) as that of transversely
isotropic material disc (i.e. beryl and magnesium) for meas-
ure n=1/7 (N =7), but increases at measure values n = 1/5
and 1/3, respectively. The value of circumferential stress
decreases at the internal surface.

Values of radial, as well as hoop stress, increase with
increasing density parameter and angular speed at the inter-
nal surface of the isotropic material disc in comparison to
transversely isotropic disc. So, there is more possibility of
fracture at the bore when the disc is of isotropic material
with a higher angular speed as that of the disc being made
of transversely isotropic material.

Curves are drawn in Fig. 4 between creep strain rates
and radii ratio R = r/b at Q% = 75; measures n = 1/3, 1/5,
1/7; density parameter m = -1, 0, 1 for isotropic material
(i.e. brass), transversely isotropic (i.e. magnesium and beryl).
From Fig. 4, we conclude that for the transversely isotropic
material disc having measure n = 1/3, 1/5, 1/7 at Q?= 75
the required maximum values of strain rates are located at
the internal surface. Further, strain rates values decrease
with increased value of density parameter m=-1, 0 and 1
at angular speed Q? = 75.

m=-1 m=0 m=1
45 —+— Gigmar,n=1/3 45
brass (c2 = 0.5) 45 —— sigmathetan=1/1
a0 40 —=&— Displacement,n=1/3 40
**** —+--- gigmar,n=1/5
35 35 | 0 £----- gigmathetan =1/5 35
----- H---- Digplacement,n=1/5 30
@ 30 30 [, T sggma%=1f7 .
o T — A — tan=
ﬁ 25 ] " 25 \E‘i«'ﬂ_' %?:E?acer;:r’lznZIN a 25
520 820 T X 820
2 o ~ 2 15
15 515 ~ B
10 “ 10 10
5 5 5
0 ¢ 0 - . 5] 0 g‘
N i B
S Sols 06 07 08 09} 505 06 07 08 09 {
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45
. 40
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w25
820
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“10
5
0 :
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Figure 2. Stresses and displacement along radii ratios R = r/b for transversely isotropic and isotropic materials at angular speed Q? = 75.
(notation: Sigmar = or, Sigma Theta = os and Displacement = u)
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Figure 3. Stresses and displacement along radii ratios R = r/b for transversely isotropic and isotropic materials at ? = 100.
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Figure 4. Strain rates in a rotating disc along radii ratios R = r/b for transversely isotropic and isotropic material at angular speed Q? = 75.
(notation: err = &, ett = sgpand ezz = &)
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