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Abstract

The purpose of this paper is to present the study of mate-
rial characterization in a rotating disc subjected to thermal
gradient by using Seth’s transition theory. It has been
observed that a disc made of materials as: saturated clay,
copper, or cast iron, yields at the outer surface at higher
angular speed as compared to the disc of rubber material
at steady state temperature, whereas the disc made of clay,
copper, cast iron, as well as rubber material, yields at a
lesser angular speed as compared to the rotating disc at
room temperature. With the introduction of temperature,
the radial- as well as the hoop stress, both decrease with
the increased value of temperature at the elastic-plastic
stage, but with the reverse result obtained for a fully plastic
case.

INTRODUCTION

Rotating discs form an essential part in the design of
rotating machinery, namely: rotors, turbines, flywheel,
compressors, and high-speed gear engines, etc. Use of rotat-
ing discs in machines and structural applications has gener-
ated considerable interest in many problems in the domain
of mechanics of solids. The solution for thin isotropic discs
can be found in most of the standard elasticity and plasticity
textbooks /1-3, 6, 7, 9/. Parmaksizoglu et al. /10/ analysed
the problem of plastic stress distribution in a rotating disc
with a rigid inclusion with a radial temperature gradient
under the assumptions of Tresca’s yield condition, its asso-
ciated flow rule, and linear strain hardening. To obtain the
stress distribution, they matched the plastic stresses at the
same radius r = z of the disc. Seth’s transition theory /6/
includes classical macroscopic problem solving in elastic-
ity, plasticity, creep and relaxation and assumes semi-em-
pirical yield conditions. The nonlinear transition region
through which yielding occurs is neglected. The transition
theory, used in solving problems of generalized strain
measure, and the asymptotic solution at critical points of
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Kljuéne reci

* izotropna struktura

* pomeranje

« koncentracija napona

« infinitezimalna deformacija
* disk

lzvod

Cilj ovog rada je prezentacija studije karakterizacije
materijala rotirajuceg diska koji je optereéen temperatur-
skim gradijentom, primenom teorije prelaznih napona Seta.
Uoceno je da se kod diska, izradenog od materijala: zasice-
na glina, bakar ili liveno gvozde, javlja tecenje na spoljnjoj
povrsini pri vecoj ugaonoj brzini rotacije u poredenju sa
diskom od gume, a pri ravnomernoj raspodeli temperature;
dok se kod diska od gline, bakra, livenog gvozda ili cak i od
gume, javija tecenje pri manjoj ugaonoj brzini rotacije u
poredenju sa rotirajucim diskom na sobnoj temperaturi.
Uvodenjem porasta temperature, radijalni- kao i obimski
napon, opadaju sa povecanjem temperature pri elastoplas-
ticnom ponasanju materijala, dok je obrnut slucaj kod plas-
ticnog ponasanja.

differential equations, defining the deforming field, has
been successfully applied to a large number of problems /8,
11-40/. In this paper, we investigate the characterization of
material in a rotating disc subjected to a thermal gradient.
Results are discussed and depicted graphically.

MATHEMATICAL MODEL AND GOVERNING
EQUATION

Consider a thin rotating disc having constant density
with the central bore of radius r; and external radius ro. The
rotating disc is mounted on a rigid shaft as shown in Fig. 1.
The disc is rotating with angular velocity o about an axis
perpendicular to its plane and passing through the centre.
The thickness of the disc is assumed to be constant and is
taken to be sufficiently small so that the disc is effectively
in a state of plane stress that is, the axial stress z; is zero.
Let a uniform temperature ®, be applied at the inner
surface of the rotating disc.

Displacement coordinates: for this problem displacement
components in cylindrical polar co-ordinates are given as /4/

u=r(l-r7); v=0;w=dz, Q)
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where: 7 is position function, depending on the value of

r= sz + y2 only; and d be a constant.

o

Rotation with angular speed

@ _\_ ©glIn(r/b)
olr)= I;(u/h)

Figure 1. Geometry of disc with thermal gradient.

Generalized strain components: generalized strain compo-
nents are given /5/ as

& =%[1—{2(rn'+77)—1}"/ 2} e :%[1—{2;7—1}”/ 2],

1
:H[l—(l—Zd)”/z], 69 =69 =€, =0, @)

where: n' = dz/dr.
Stress-strain relation: stress-strain relations for thermo-
plastic in an isotropic media are given by, /7/:

T'J Z/’Lé‘ij I1+2,ueij—§®5ij, (i,j=1,2,3), (3)

where: ejj, 5j are strain and stress tensor; 11 = e (k= 1,2,3)
is strain invariant; & is Kronecker’s delta; ® be a
temperature; £= (31 + 2u); o being the coefficient of ther-
mal expansion and A, y are Lame’s constants. Further, ®
has to satisfy the heat equation, which gives /7/:

v2e=0. ()
Equation (3) for this problem becomes
2 u 2
Tpr = A+ 2 [err +e001+ YT il—é:t)l'
2 u 2ué0
Tgg =———| € +€gp |+ 21090 — ,
00 /1+2#[ rr ee} HCoo A+24
Ty =Tqr =Trg =79, =0 (®)

From Eq.(3), strain components in terms of stresses are
obtained as
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-0’ T{2n(T +1)- 1}2

X[“ nnT(T+1)(2—C)}+ {2n_1}n/z{

152

1 1
€rr :E[rrr —vige [+a®, egy =E[T99 —vy J+a®,

v
€2 =_E[Trr —r99:|+a®, er =€pz =€, =0, (6)

where: E = p(34 + 2)/(1 + p) is the Young’s modulus and
v=M2(A+ p) = 1— c/2 - c be Poisson’s ratio in terms of
compressibility factor and Lame’s constants. From EQ.(2)
and Eq.(5), we get the stresses as

" {3 2¢-{2n(T +1)-1"2 (2-0)- (2-1)"2(1- ) - ”‘f@}
i

199:27”{3—20—{277(T+1) 1" (1-¢)- (27-1)"?(2-0)- ”Ciﬂ

Ty =Ty =Trg =79; =0, (7

where: ¢ = 24/4 + 2 be the compressibility factor in terms
of 4, pand rn'= nT.

Equation of equilibrium: equations of equilibrium are all
satisfied except

d
o () =7a9 + pe°r* =0. (8)

where: 7 be the radial stress; zes circumferential
stresses; and p be the constant density of the rotating disc.

Asymptotic solution at transition points: using Eq.(7)
and Eq.(12) in Eq.(8), we get a nonlinear differential equa-

tion in 7 given as
S—T H”p“’ n(T+)-1"2x
n

©)

L Ta-o) || ncé@,
2n-1 2u

2n(T +1)-1
where: @, %
log(a/b)

Critical or transition points: transition points of 7 in Eq.(9)
are T— 0 and T — oo, At transition point T — 0 nothing
is of importance.
Boundary condition: the rotating disc considered in the
study is subjected to a temperature gradient field and infini-
tesimal deformation. The inner surface of the disc is assumed
to be fixed to a shaft so that isothermal conditions prevail
on it. The inner surface of the disc has a uniform tempera-
ture gradient. Thus, the boundary conditions of the problem
are

R=r, u=0; r=b, zr=0 at r=ry, (10)
where: u and T, denote displacement and stress along the
radial direction applied at the external surface. The tem-
perature field satisfying Eq.(4) and

®=0p at r=r, ©=0 at r=ry, (11)
where: Oy is constant, is given by
_Oolou(r /1) W)

log(r; /1)
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SOLUTIONS

It has been shown /4, 5, 8, 11-42/ that the asymptotic
solution through the principal stress leads from elastic state
to plastic state at transition point T — +co. We define the
transition function Z as

7= %[T&g + CCE@:':

- 3-20) {2y (T +)-1"*@-0)-(27-)"(2-0) | (13)

By taking the logarithmic differentiation of Eq.(13) with
respect to r and using Eq.(9), we get

[“j{”"‘“ 20T DY 4 (21" -
dinz) 2-c)| 2up"

dr r[S—Zc—{Zn(r 1)V

nc§®0

—nT (L-c)(2n - 1)”/21+mﬂ(2 0)(2n-1)"2
2un"

<1-0)-(@-9"2(2-0)|
The asymptotic value from Eq.(14) as T — +oo, and by
integrating we get
Z=Lr V@),
where: L is a constant of integration.
From Eq.(13) and Eq.(15), we have

c&®q log(r/1p) _

_ 2/1) ~Y(2-0)
Tgg =| — |Lr - (16)
99 (n log(r /1o)
Using Eq.(16) into Eq.(8) and integrating, we get
_J2u@=0)]| v c5Oglog(r/n)
" | n@-c) In(ti /To)
a7

Cf@o _pw2r2 M

+
In(rI /1) 3 r
where: M is a constant of integration.

(14)

(Zij 2= ) 3-2¢ pw2r3(5—4cj_
(15) n (1- c) 9 2-c

E| 9 KZ—C In(r; /rg) 3 In(r; /rg)

Lc

_l{pa)zrg’ (5—40}_ aEOgr,(3-2¢) _[pa)zri?’ B aE@OI’i(Z—C)]K
2-C

Substituting Eq.(16) and Eq.(17) in Eq.(6), we get

u_1 [Z_ﬂju—l/(z—c) 82 |,
or E|Un (1-c)(2-c)

18)
+aE®0(2—C) _pa)zr2 M }

In(r /1) 3 r

U (10 {pwzrz_aEGO(Z—C)_M] 19)
3 In(r, /1) r

r E(2-c)

where: ¢&= 2ua(3 — 2¢); and E = 2.(3 — 2¢)/(2 - ¢) is the
Young’s modulus.
By integrating Eq.(18) with respect to r, we get

u:il[Z_ﬂ]L = c{«s 2c>}+
E n (1- c)
_,oa)zr3

aE@y(2-C)r
In(r; /1)

(20)

+M Iogr}N,

where: D is a constant of integration.
From Eq (19) and Eq.(20), we get

aEOgr(3-2c)

In(r; /1o)
_NE-M @-c)+(2-0c)Inr 1)
(2-c) '
and U (1-c) {pwzr?’_aE@O(Z—c)r_M} 22)
E(2-c)| 3 In(r; /1)

Using boundary conditions from Eq.(10) in Eq.(22), we get
_po’®  aE@qgf(2—c) 23

BE In(ri/ro)

Substituting Eq.(21) into Eq.(17) and using boundary
condition from Eq.(10) and Eq.(13), we get

jmro}(l@—zq {pw (r —r§)+aE®o(2—C)(ro—n)} ”

-¢)(2-¢) 3 In(ri /1)

By using Egs.(21), (23) and (24) in Egs.(16) and (17), in respect, we get

Too =

% 3(5—4cj(1—c)2(r3—r03)
3r |3\ 2-c (3—-2c)

3| L -0
'l ) (3-2¢)

aE@O y
In(r; /1)

l1-c) 3 3|
+(Ej(r0 - )]

r r

X{(l—c)z(r—ro)_r_i

e = {p“’ { [5 4°](1 1)t In[ JM
3r |33 ) (3-2c)

and
(2-c)

Yielding at the initial stage: it has been seen from Eq.(25)

that |ze| is maximum at the outer surface (that is at r = ro),

therefore, yielding will take place at the outer surface of the

rotating disc and Eq.(25) becomes
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inl = (2—c)(1—c)2
Iy (3-2¢)

rO r3:|

:MI:p_wz(r3 _ri3)_

Lm0 Lo |n[lﬂ,
r o

w C(—— J_Hn L — ri In L
In(r; /1) r ) 3r2-c) ()|’

aE®y(2-c),
In(r /1) “‘“)}- (25)
|pet (- (1-c a-0-r) ]
|799|r:r0 —| 31, EZ—CJ+(ZEHO{ P } =Y (say).
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The angular velocity ai necessary for the initial yielding stage is given by

2.2
@ I
Qizzplo_

Y- /R)i-c)

32-¢) ., . (aE@o
Y

Fully-plastic stage: the angular velocity «x for which the disc becomes fully-plastic (c — 0) at r = r; is given by Eq.(25) as

2r2 4[?}(0&?0}3(?}
Q% _pP@th _ 0 \ 0

Yool R a6 [
Sl g
9 r(;; 3 ro ro

1-1/1) d oo Y 26
jl(l—n?’/ré)ln(ro/n)}’ S o
and a)fzg—f ﬁ
h\ e

Non-dimensional components: we introduce the following non-dimensional components as: R = r/ro; Ro =ri /ro; or = @ /Y;

oo= toolY; O1 = aE®q/Y; and u = UE/YT,.

Stresses, displacement and angular speed at initial stage: elastic-plastic stresses, angular velocity and displacement from

Egs.(25) and (26) in non-dimensional form become

oy 92[ [5 4cj(1 0)2 (R3-1)- Rg’lnR(l c)? [ j(l—RS)]—&[(l_C)Z(R_l)+&InR(2_C)(1_C)2+(1_R°)(1_C)+(2—C)InR],
3R|3 (3-20) (3-20) (2-c IRy R R (3-20) R
2
or =Q—iF(5_4C)(1—c)(R3 ~1)-RilogRL=DC=9) 4 R3}—®1(2_C) {c A-R) | jpr- TR } ,
3R|3\3-2c (3—2¢) InRy R 3R(2-¢)
_ (1-c) O 3 ©1(2-0)
u= (2 cj{ (R*-R3) TlogRy (R Ro)] (28)
and g2- 32-9  30y2—c) =Ry 29)

(1-R3)(-c)

1-R3) INWRy)

Stresses, displacement and angular speed at fully plastic stage: stresses, displacement and angular speed for the fully-plastic

state (c — 0), are obtained from Egs.(28) and (27) as

QZ
oy = 3R[ (RE-1)— —ROInR +1- Rﬂ

(s RIINR 1
GQ:S_R{E( - )— —(1— RY) |-
2
d =%‘R3‘
and Q2 = 3Ro 4R0®13
2 3 RolnRO 2 3 RO In 0
“a-rY)- “@1-R
9( o) 3 9( o) 3

NUMERICAL ILLUSTRATION AND DISCUSSION

For calculating stresses, strain rates, based on the above
analysis, the following values have been taken: v=0.5 (c =
0, incompressible material, i.e. rubber); v= 0.42857 (c=
0.25, compressible material, i.e. saturated clay); v= 0.33
(c = 0.5, compressible materials, i.e. copper); and v=0.21
(c = 0.75, compressible materials, i.e. cast iron), /1/, and
temperature: ®; = 0, 0.3, 0.45, 0.85, respectively.

Curves are produced in Fig. 2, between angular speeds
along with the radius ratio R = ri/ry at the initial yielding
stage Ro = ri/ro. It has been seen that rotating disc made of
compressible materials (say saturated clay, copper and cast
iron) and of smaller radii ratio, yields at the inner surface
with required higher angular speed, as compared to disc
made of incompressible material (say rubber) at room tem-
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, (31) where @] =

2®I logR-
6R

ROInR}
InR, ’

@1 {(R 1) 2ROI Ry (1- RO)+2InR}

R 3R

(30)

aEG)O ukE
juf = .
Y*b

perature. With thermal effects, the disc yields in the exter-
nal surface at a lesser angular speed as compared to the
rotating disc at room temperature. Curves are produced in
Fig. 3, between angular speed and various radii ratio Ry =
ri/ro for fully plastic. The disc of smaller radii ratio requires
higher angular speed to become fully plastic in comparison
to rotating disc of higher thickness ratio, and the angular
speed increases with increase in temperature.

In Fig. 4, curves are drawn between stresses and radii
ratio R = r/ry at elastic-plastic transition state and the fully
plastic state. It is observed that radial stresses are maximum
at the inner surface. With the introduction of temperature,
the radial, as well as the hoop stresses, decrease with
increased value of temperature at the elastic-plastic state,
but the reverse result is obtained for a fully plastic case.
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Figure 2. Graph between angular speed along the radii ratio
Ro = ri/ro at initial yielding stage.
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