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Abstract

The effect of two temperatures on the elastic properties
of a generalized microstretch thermoelastic solid half-space
has been investigated. The Green-Naghdi (GN) theory of
thermoelasticity is adopted in the present research. The
exact solutions of the problem are obtained in terms of the
normal modes. Using the normal mode analysis technique,
the mathematical expressions of displacement components,
normal stress, couple tangential stress, tangential stress,
micro stress and the temperature distribution are derived.

INTRODUCTION

Eringen /1/ developed the theory of thermo-microstretch
elastic solids. Microstretch continuum is a model for Bravais
lattice with basis on the atomic level and two-phase dipolar
solids with a core on the macroscopic level. Composite
materials reinforced with chopped elastic fibers, porous
media whose pores are filled with gas or inviscid liquid,
asphalt or other elastic inclusions and solid-liquid crystals
etc. are examples of microstretch solids. Bofill and Quinta-
nilla /2/ verified the existence theorem and some unique-
ness theorems for the microstretch thermoelastic materials
in the context of linear theory of these materials. Singh and
Kumar /3/ investigated the results concerning reflection and
transmission in microstretch thermoelastic materials. Mechan-
ical interactions due to the mechanical forces in micro-
stretch mass diffusive half-space were studied by Kumar
and Kumar /4/. The elastodynamic interactions due to
inclined mechanical forces was investigated by Kumar and
Kumar /5/. Thermomechanical interactions of ultra-short
laser pulse in generalized microstretch thermoelastic solid
were investigated by Kumar et al. /6/. Marin and Vlase /7/
studied the effect of internal state variables in microstretch
thermoelasticity. Kumar /8/ investigated the solution of a
problem in magneto-microstretch thermoelasticity subject-
ed to inclined loads. Kumar et al. /9/ discussed the pulsed
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lzvod

U ovom radu je prikazan uticaj dve temperature na elas-
ticne osobine generalisanog mikrozateznog termoelastcnog
¢vrstog poluprostora. Za potrebe istraZivanja je isvojena
Green-Naghdi (GN) teorija termoelasticnosti. Tacna rese-
nja problema su dobijena za normalni mod. Primenom tehni-
ke analize normalnog moda izvedeni su matematicki izrazi
za komponente pomeranja, normalni napon, tangencijalni
napon, spregnuti tangencijalni napon, mikronapon i raspo-
delu temperature.

laser heating effect in a dual phase lag mass diffusion thermo-
elastic medium.

Chen and Gurtin /10/ developed a theory for elastic
solids in which the equation of heat conduction involved
two distinct temperatures named as thermodynamic temper-
ature and conductive temperature. The difference between
these two temperatures is directly proportional to the
amount of heat supplied. If no heat is supplied, then these
two temperatures are identical. This two-temperature model
is used to find the electron and photon temperature distribu-
tion in laser processing of metals. Youssef /11/ proved the
uniqueness and existence relations in the theory of two-
temperature generalized thermoelasticity. Youssef and Bas-
siouny /12/ discussed a boundary value problem in piezo-
electric thermoelastic half-space using state space approach
method. Ezzat and Bary /13/ derived solutions of one-
dimensional problem in magneto-thermoelasticity with two
temperatures. Kumar and Mukhopadhyay /14/ discussed the
effects of cylindrical cavity in the generalized theory of two
temperatures. A theory of thermoelasticity with two distinct
temperatures and without energy dissipation was presented
by Youssef and Elsibai /15/. Al-Lehaibi and Eman /16/
derived the generalized solutions of thermal shock problem
of nano beam resonator in generalized thermoelasticity with
two temperatures. Deswal et al. /17/ presented thermal and
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mechanical interactions in a micropolar thermoelastic dual
phase lag medium with two temperatures. They also studied
the effect of gravity on thermal stresses in the considered
medium. Sur and Kanoria /18/ presented a 3-dimensional
deformation problem in thermoelasticity with two tempera-
tures.

This research deals with the interactions in an isotropic
microstretch thermoelastic medium with two temperatures
due to the effect of mechanical forces. The normal mode
analysis technique is used to obtain the expressions for the
thermal stresses and the temperature change.

BASIC EQUATIONS

The basic equations for homogeneous microstretch thermo-
elastic medium with two temperatures in the absence of
body force and body couple are:

stress equation of motion:
(A+L)V(V.U)+(u+K)WV2u+KVxg+ Ve —BVT = pii (1)
couple stress equation of motion:
(V2 =2K)g+(a+ B)V(V.H)+KVxu=pjd  (2)
equation of balance of stress moments:
(V2 = 2)¢" —AgV.u+T = p—zfoq'ﬁ'* @3)
equation of heat conduction:
2 *x_9 . «0°T 82 -
KV /'{"FK \% ;(:pC ?+QTO¥(V.U)+V1T0¢ (4)

the constitutive relations are:

tj =(lo@ + Ay )65 + 22U j +Uj)+K(Uj i — &)~ BT (6)

Mij =ad (i + B | +19j,i +b0€mji¢:'n , (6)
& =i +bogimdim @)
T=0-x%)7. ®)

Here A, 1, o, B, » K, Ao, 41, aw, bo, are material con-
stants; p is mass density; u = (u,Up,Us3) is the displacement
vector and ¢ = (¢, ¢, ¢5) is the microrotation vector; ¢* is
the scalar microstretch function; T is temperature and Ty is
the reference temperature of the body chosen; Q is the input
heat source; j is the microinertia; fi = (34+ 2u+ K)ow;
v = (31 + 2u+ K)awe; o, one are coefficients of linear ther-
mal expansion; jo is the microinertia for the microelements;
tj are components of stress; m;; are components of couple
stress; A" is the microstress tensor; &; are components of
strain; a« is the dilatation; &;is Kronecker’s delta function.

FORMULATION OF THE PROBLEM

We consider a microstretch thermoelastic medium with
two temperatures with rectangular Cartesian coordinate
system OxiXoXs with xs-axis pointing vertically downward
the medium. The geometry of this problem is illustrated in
Fig. 1.

Here we write the following form of displacement vector
and micro-rotational vector for the two-dimensional problem:

u=(u,0,u3), $=(0,¢,.,0). ©)
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Figure 1. Geometry of the problem.

For further consideration it is convenient to introduce in
Egs.(1)-(4) the dimensionless quantities defined by:

U =220y, =2 x, t=0t, T'=1, d=0"r,
PiTo Q To
=019, H=0n, b L o e # i
0= 0 /17 1 4 =+ N = * ! i =—— %
: PiTo ! K BTy
’ * 2
Ao, oAk etk 2y 2 200
P P Pi Plo
2 * 2
T, * *y *
&= 72*0 ;M = - mij, ¢ S (10)
pCq Ao AT

According to Helmholtz representation of a vector into a
scalar and vector potentials, the displacement components
u; and us are related to non-dimensional potential functions
gand yas:

op Oy op Oy
U1=———, 3=—+—.
6X1 6X3 6X3 6X1

Switching the values of u; and usz from Eq.(11) in
Egs.(1)-(4) and with utility of Egs.(9) and (10), after sup-
pressing the primes, we obtain:

(11)

V2ip—g+ap —T=0, (12)

(V2 —ag)¢ —a;V>¢+agT =0, (13)
(@gVZx+V2 1) -[T +a Vg +ay =0,  (14)
a,V2y —ji+agdy =0, (15)

V24, 28,y V2 =35, (16)

where: a; are mentioned in the Appendix 1; and

0%
=——+—— is the Laplace operator.

2
V<=
axf 6x§

SOLUTION OF THE PROBLEM

The solution of the considered physical variables can be
decomposed in terms of the normal modes as expressed in
the subsequent equations:

(00,7809} 00560 (5.7, 7,06 | 0)e' €. a)

Here, w is the angular frequency and k is wave number.
Making use of Eq.(17), Egs.(12)-(16) reduce to the fol-
lowing relations:
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(D2 k% —a?)f+ayd —T =0, (18)

(a,D? —ayk? —w? )y +aghy =0, (19)

(D?—k? —gay —ase’ )y —a4 (D —k*)7 =0, (20)

(D —k2—ag)¢" a7 (D’ ~k)§ +agT =0,  (21)

(ag +@)(D? —k*) 7~ (1-xD? — kk*) 7 — a4 (D* ~k?)§ +
+allw¢?=o. (22)

The above set of Eqs.(18)-(22) after some simplifications
yield:

[AD6+BD4+CD2+E}Z=O, (23)

[D4+FD2+G};:0, (24)

’

X3 ks +a10.x
a1a7ks + Ked'1o, Az = Aga1i + 2185210 — aran @ + @'10k? + a'10ks,

where: D:di; and A:M, A1 = Kk — Kaks — ksona +

B =Bl+—B'ZZ, B1 = aganas® — Koks — wn1kz + wnikaks + azkz +
ks +a10. %

a18gkea'10 — aarksk? — ke(warans + a'1ok? + a'1oks), Bz = warank? +
a'10k%ks — 11388110 — a18s8'10k?, C = [Ke(warank? + a'10k?ks) —
o1 (wasasdin — KoKs) — a(arkok? + aga'10ksk?)]/ (ks + a'10y),
E= (a3a4 — azasz — k7)/8.2, F= (k3|(7 — a3a4k2)/a2, 11 = (1 + ‘[15),
h=&+&

Also, aj, i =1, ... 12 are defined in appendix A.

The solution of the above system of Eqgs.(23)-(24) satis-

fying the radiation conditions that (5,y7,;2,¢72,¢*)—>0 as
X3 — oo are given as following:

¢ = icie*’“ixs : (25)
i=1
—- 3
¢ =Y aicie ", (26)
i=1
3
7=Yazce ", (27)
i=1
_ 5
(7.92)= X @60 ™. (28)

Here, m? (i = 1, 2, 3) are the roots of Eg.(23) and mi? (i =
4, 5) are the roots of characteristic Eq.(24); aai = —AzilA4i,
azi = AsilAgi, 1= 1, 2,3 and & = as/(azmi® — k), i = 4, 5.

Here, A, Az, Asi are defined in Appendix B.

Substituting the values of (4,7,7.4,.¢ ) from Eqgs.(25)
-(28) in Egs.(5)-(7), and using Egs.(9)-(11) and Eq.(17) and
then solving the resulting equations, we obtain:

5
3 =2Gye ",

(29)
i=
i 5 m; X
B =2Ge 73, (30)
i-1
> —M: X
M3y = > Gsie '3, (31)
iz
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A3 =Y Ggie ", (32)
i-1

= 2 —m; X3

T=3>Gge "7, (33)
&

where: Gpi = gmiCi, i, m=1,2, ... 5; G and M, (r,s=1, 2,
... b) are described in Appendix C.

BOUNDARY CONDITIONS

We consider that normal force and thermal and mass
concentration sources are acting at the surface x; = 0 along
with vanishing of couple stress in addition to thermal and
mass concentration boundaries considered at x3 = 0. Mathe-
matically this can be written as

tya=—Fe' %™ 13 =0, mp=0, 4 =0,
oT

OX3
where: F, and F; are the magnitude of the applied forces.
Substituting the expression of the variables considered
into these boundary conditions, we can obtain the following
system of equations,

eri(kxl—a)t) ' (34)

6
2(G1i, Gy, Gsi, Gyi, miGs; )¢ =(~F,0,0,0,—F,) . (35)
i=1

The system of EQs.(35) is solved by using the matrix

method as follows,
- — _71 —

] g1 013 Y4 915 —F |

C U1 922 923 U4 O 0

C3 |=| 931 032 O33 O34 O35 - (36)
Cy Us1 942 943 a4 Uss 0

Cs| |MOs1 My0s, M3Usz MaOss MsOss | | —Fo |

SPECIAL CASES

(a) Microstretch thermoelastic solid

If we neglect the two-temperature effect in Eq.(35), we
obtain the corresponding expressions of stresses, displace-
ments and temperature for microstretch thermoelastic solid.

(b) Micropolar thermoelastic solid with two temperatures

If we neglect the microstretch effect in Eq.(35), we obtain
the corresponding expressions of stresses, displacements
and temperature for micropolar thermoelastic medium with
two-temperatures solid.

(c) Micropolar thermoelastic solid

If we neglect the two-temperature effect and the stretch
effect in the final results, we yield the expressions of ther-
mal stresses for the micropolar thermoelastic medium.

NUMERICAL RESULTS AND DISCUSSIONS

The analysis is conducted for a magnesium crystal-like
material. The values of the constants are (following Dhaliwal
and Singh /19/): A= 9.4x10'° Nm2, K = 1.0x10'° Nm?, p=
1.74x10% kgm3, j = 0.2x10° m?, y=0.779x10° N, c" = 1.04x
103 Jkg'K?, K™= 1.7x108 Ims?K?, oy = 2.33x10° K2, app =
2.48x10° K1, To = 0.298x10° K, = 0.02, 71 = 0.01, a1 =
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2.65x10* m3kg?, a2 = 2.83x10* m3kg?, a = 2.9x10* m?s2K,
b = 32x10° kg*m®s?, 7 =0.04, 2 =0.03, D = 0.85x10® kgm3s,
jo=0.19x10"° m?, = 0.779x10° N, o = 0.5x10° N, Ao =
0.5x10%° Nm2, 4, = 0.5x10'° Nm2,

A dimensionless form of the field variables for the cases
of microstretch thermoelastic medium with two tempera-
tures (MT 2-tmp) subjected to normal force is presented in
Figs. 2-8. Values of all physical quantities for both cases
are shown in the range 0 < x3 <40.

4 —

MT 2-tmp
.
2
tas
1
0 T T T \
0 10 20 X3 30 40
Figure 2. Variation of normal stress.
0.4 —
o
MT 2-tmp
-0.4 —
ta
0.8 —
-1.2 —
e T T ‘ T \
0 10 20 X3 30 40

Figure 3. Variation of tangential stress.

3 —
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T T ! T |
0 10 20 X3 30 40

Figure 4. Variation of couple tangential stress.
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Figure 5. Variation of microstress.
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Figure 6. Variation of temperature.
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Figure 7. Variation of ua.
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Figure 8. Variation of us.
CONCLUSIONS

The problem consists of investigating displacement com-
ponents, dielectric displacement vector, scalar microstretch,
temperature distribution and stress components in a micro-
stretch thermoelastic medium with two temperatures subjected
to mechanical forces. Normal mode analysis is employed to
express the results. Theoretically obtained field variables
are also depicted graphically. Analysis of results permits
some concluding remarks:

1. It is clear from the figures that all the field variables
have nonzero values only in the bounded region of space
indicating that all the results are in agreement with the
various theories of thermoelasticity.

2. The trend of variation of physical quantities show simi-
larity with the results of Kumar and Kumar, /9/, after
neglecting the two-temperature effect.
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APPENDIX A
A p+K K Kt _picd . pied Aot net K BT . AT

al: 2'a2: ,3.3: 2,3.4: *2,35: ’a6: *2+ 'a7: *21a8: *2’3‘9: * *lalo **Z'all * *
oC BTy oC [) 4 ao 20 ao afo o K K o Ko

ky=ag+ o, ky= zk? —1-kk?, kg =k%+2a,+asw?, ky =k®+ag, ks =K +kj, kg =k? -1, @y =k®+a?, ajy=w’ayy, k; = +ak?,

kg =k —kgks + 03gan 17, kg = wagay ks —koks, kip = a(azks +againz), kiy =a(arky +arksC — agzk ajg + agkeato), kip = k?ay(azk, +agksaio),

L2 2 '
ki3 = wagqa7 +kgagg +k°, kg =k (azmagy +ajoks)
APPENDIX B

o |me ke —ag(zo? ko)
1 —

@31

ksm? + ky —ajo(m? —k?)
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~ay(m2 k%) —ag(zef +kg)
k5mi2+k2

—ay(m2 k%) mi-k,

~ajo(m? —k?)

, 3i
W3 1
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APPENDIX C

Gmi = 9miCi» C; :ﬁ, i=12...5
Ag

also, gy = by +b2(mi2_k2)+b3mi2_:Bl(l_’((miz_kz))aﬁr 9oi = ibgkmy, ggj =—iokeni, Gai =—cobromieni, 9si = iy 1=1,2,3

2 2
and gy =—ibskmy, gp =bgm{" +bsk” —brag), g3 =-bgagmy, ga = tkbgbyoag, g5 =0, 1=4,5

of et pef pct 7 pef Pt pei ) pet

yl 2u+K +K K w? w2 w2
by =20, by =y by = 2K by A gy O =2 =
P
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