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Abstract

The paper is focused on analysing the delamination frac-
ture in multi-layered functionally graded cantilever beam
structures which exhibit nonlinear mechanical behaviour of
the material by using the Ramberg-Osgood equation. It is
assumed that in each layer of the material is functionally
graded in both thickness and length directions. The beam
under consideration is made of adhesively bonded horizon-
tal layers which have different thicknesses and material
properties. The number of layers is arbitrary. Besides, the
delamination crack is located arbitrary between layers.
Power laws are applied to describe the continuous varia-
tion of the modulus of elasticity in each layer. A nonlinear
solution for the strain energy release rate is derived by
analysing the energy balance. The solution is verified by
obtaining the strain energy release rate also by considering
the complementary strain energy. Effects of the material
gradients in thickness and length directions, the crack loca-
tion along the beam height, the material nonlinearity and
the crack length on the delamination fracture behaviour are
elucidated.

INTRODUCTION

The application of functionally graded materials for
manufacturing of various structural members, components
and devices in aeronautics, nuclear reactors, electronics,
optics, robotics and medicine has been constantly increas-
ing for the last three decades, /1-8/. One of the main ad-
vantages of functionally graded materials over traditional
structural materials is the fact that by continuously chang-
ing the microstructure of these new nonhomogeneous
materials in one or more spatial directions during manufac-
ture, their material properties can be tailored so as to attain
optimum performance to the external loadings and influ-
ences. The study of fracture behaviour of functionally
graded materials is very important for the safety design of
functionally graded structures and components. However,
due to the variation of the material properties, the fracture
analysis of functionally graded materials and structures is
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Kljuéne reci

* viSeslojni nosac

* funkcionalni kompozitni materijal
* raslojavanje

* nelinearnost materijala

* analiticki pristup

Izvod

Rad je fokusiran na analizi loma raslojavanjem kod
konstrukcije od viseslojnog nosaca - konzole od funkcional-
nog kompozitnog materijala, koja pokazuje nelinearno
mehanicko ponasanje materijala, primenom relacije Ram-
berg-Osgood. Pretpostavija se da je svaki sloj materijala
funkcionalni kompozit u pravcu debljine i u pravcu duzine.
Razmatrani nosac je izraden od lepljenih horizontalnih
slojeva koji imaju razlicite debljine i osobine materijala.
Broj slojeva je proizvoljan. Prslina raslojavanja je proiz-
voljno locirana izmedu slojeva. Jednacine sa stepenom
funkcijom su primenjene za opisivanje kontinualne promene
modula elasticnosti u svakom sloju. Nelinearno resenje za
brzinu oslobadanja energije deformacije je dobijeno anali-
zom balansa energije. ReSenje je takode provereno dobija-
njem brzine oslobadanja energije razmatranjem komple-
mentarne energije deformacije. Razjasnjeni su uticaji
osobina materijala u smislu gradijenata po debljini i duzini,
lokaciji prsline duz visine nosaca, nelinearnosti materijala i
od duzine prsline na ponasanje loma raslojavanjem.

more complicated in comparison to that of homogeneous
materials.

Multi-layered functionally graded materials of adhesively
bonded layers of different materials are used mainly in
engineering applications where low weight is an important
issue. The integrity, reliability and proper functioning of
structures and components made of layered materials
depend highly upon their delamination fracture behaviour
/9, 10/. Up to now, delamination fracture in multi-layered
functionally graded beams such as the crack lap shear and
the split cantilever beam configurations which exhibit non-
linear mechanical behaviour of the material has been
analysed mostly assuming that the material is functionally
graded in the thickness direction of the layers, /11-13/.
Usually, the nonlinear mechanical behaviour of the material
is described by applying a power law stress-strain relation,
/11-13/.
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Therefore, the aim of the present paper is to analyse the
delamination fracture in a multi-layered beam made of
layers which are functionally graded in both thickness and
length directions. Besides, it is assumed that in each layer
the functionally graded material exhibits nonlinear mechan-
ical behaviour that is described by the Ramberg-Osgood
stress-strain relation. A solution for the strain energy
release rate is derived by analysing the energy balance. It
should be mentioned that the delamination fracture analysis
performed in the present paper holds for nonlinear elastic
behaviour of the material. The analysis can also be applied
for elastic-plastic behaviour if the beam structure under
consideration undergoes active deformation, i.e. if the
external loading increases only /14, 15/. Also, the present
analysis is developed assuming validity of the hypothesis
for small strains.

MATHEMATICAL FORMULATION

The present paper analyses the delamination fracture in
the multi-layered functionally graded cantilever beam con-
figuration shown in Fig. 1. The beam is made of adhesively
bonded longitudinal horizontal layers. The number of layers
is arbitrary. The layers have different thicknesses and mate-
rial properties. It is assumed that in each layer the material
is two-dimensional functionally graded (the elasticity
modulus varies continuously in both thickness and in length
direction). Besides, the material in each layer exhibits non-
linear mechanical behaviour. It is assumed that a delamina-
tion crack of length, a, is located arbitrarily between layers.
Thus, the two crack arms have different thicknesses. The
external loading consists of one vertical force, F, applied at
the free end of the lower crack arm. Thus, the upper crack
arm is free of stresses. The beam is clamped in its right-
hand end. The cross-section of the beam is a rectangle of
width, b, and height, 24. The beam length is denoted by /.
The thicknesses of the lower and upper crack arms are
denoted by 4 and 4>, respectively.

/

kY
a . L
r
layer 1 »
h,
Bl crack B
—
— —,
h h, =
= laver n

F

Figure 1. Multi-layered functionally graded cantilever beam with a
delamination crack.

The delamination fracture is studied in terms of strain
energy release rate, G, which is derived by analysing the
energy balance. In order to derive G, an increase, da, of the
delamination crack length is assumed. The energy balance
is written as

ou
F5w1=a5a+Gb5a, (1)
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where: w is the vertical displacement of the free end of the
lower crack arm; U is the strain energy cumulated in the
beam. From Eq.(1), the strain energy release rate is
obtained as

e @)
The vertical displacement of the free end of the lower
crack arm is written as
a /
w = Ix3K1dx3 + Ix3K2dx3 .
0 a

3)

where: k1 and x» are, respectively, the curvatures of the
lower crack arm and the uncracked beam portion, a < x3 < /.
The longitudinal axis, x3, is shown in Fig. 1.

The curvature of the lower crack arm is determined from
the following equations for equilibrium of the cross-section
of the lower crack arm:

i=n; Z1i+1
N, 1= b z J O, idzl ’

=l z,

“4)

i=nj Zjj4]
A4y1 =b Z I O',-Zldzl ,

=l gz,

©)

where: n; is the number of layers in the lower crack arm; zy;
and zy;+1 are, respectively, the coordinates of the upper and
lower surfaces of the i-th layer; o; is the distribution of lon-
gitudinal normal stresses in the same layer; z; is the vertical
centroidal axis (Fig. 2); Ni and M, are, respectively, the
longitudinal force and bending moment in the lower crack
arm. It is obvious that (see Fig. 1)

N, =0, (6)
M y = Fxj. N
) b )
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Figure 2. Geometry of the cross-section of the lower crack arm.

The mechanical behaviour of the functionally graded
material in the i-th layer is described by the Ramberg-
Osgood stress-strain relation

1

O; O; ;,
E=—+| — ,
E |\ H

1

®)
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where: ¢ is the distribution of the longitudinal strains in the
cross-section; E; is the modulus of elasticity; H; and m; are
material properties in the same layer.

It is assumed that the modulus of elasticity is distributed
continuously in the thickness direction of the i-th layer
according to the following power law:

E; —E, .
Ei :Egi + J Iq. (Zl_Zli) [, (9)
(Z141 — 21"
where:
21 S 21 S Zyigp - (10)

In Eq.(9), Egi and E4 are, respectively, the values of the
modulus of elasticity in the upper and lower surfaces of the
i-th layer; g; is a material property. The following power
laws are applied to describe the continuous variation of Eg;
and Ey; along the beam length:

E —-E/
E, =E/ + gfls' £y, (11)
E' —E/
By =E] + ”’fls' G, (12)
where:
0<x3<I. 13
3

In Egs.(11) and (12), E;/ and E4/ are the values, in
respect, of E,; and Ey in the beam free end. The values of
Egi and E4 in the clamped end of the beam are denoted by

1 1

Eq;" and Ey4”, respectively. It can be recapitulated that
Eqgs.(9), (11) and (12) describe the distribution of the modu-
lus of elasticity in the thickness and length directions in i-th
layer of the beam.

In the present paper, the distribution of the longitudinal
strains along the height of the cross-section is analysed
assuming validity of the Bernoulli’s hypothesis for plane
sections since the span-to-height ratio of the beam under
consideration is large. Thus, the distribution of ¢ is written
as

(14)

where: zi,1 is the coordinate of the neutral axis (Fig. 2). It
should be noted that the neutral axis, nn;, shifts from the
centroid since the beam is multi-layered and functionally
graded.

In order to perform the integration in Eqs.(4) and (5), o;
has to be expressed as a function of z;. However, it is
obvious that o; cannot be determined explicitly from Eq.(8).
Therefore, o; is expanded in series of Maclaurin by keeping
the first three members

(9:]('1(21 _Zln1)=

50, , o0

oi(z1) =0;(0)+ TEREY (15)
Equation (15) is rewritten as
01(21) = 8 + @z + 12 (16)

where: coefficients, &, ¢ and 7, are determined in the
following manner. First, by substituting Egs.(9), (14) and
(16) into Eq.(8), one obtains
1

H{" (k2 — K21, )[Eg, + B (21— 21,)" J = H;" (6 + ¢z +’7i212)+[Eg,- + (2 —z1) ¥ J(é} +oz+mz)™, (17)

where:
E;, -FE
i 8i
C——
(21741 = 21;)"
By substituting z; = 0 in Eq.(14), one arrives at
1

(18)

-H/" k21, [Eg,. +Bi(=z1,) " } =

1 1

H S+ [Egi + B (=) Jai’"f : (19)

By differentiating Eq.(17) with respect to z; and then substituting z; = 0, one derives

1 1 1

1 1-m;

" _ m 1 m 1 oem 11
H" |:Eg[ + fi(=z;) ]—Him’ K121 G5 (=21) " = H gy + i B (=21, ) 5" +[Eg,. + By (=z;) ];5,- " g (20)

1

By substituting z; = 0 in the second derivative of Eq.(17) with respect to z;, one obtains

1 1 1

1 1

s Ly g S I )z 2
H/" Klﬁiqi(_zlnl)q +H[" k1q; 5 (=21)* H/" K121, 4; 5 (q; =1 7)) = 2H" n; + 3 ;(q; —1)( Zlnl)q 5"+

1-m;

1 , 1
+4; (=21, =5 ¢ +[Eg, + B (—z;)" }—
m; m;

1 1

1-m

m;

It should be noted that Eqgs.(19), (20) and (21) can be
written for each layer in the lower crack arm. Thus, the
number of equations is 3n;. In these equations, there are 2 +
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1—m;

@

i
i

3n; unknowns, i, ziu, O, ¢ and 7;, where i=1, 2, ... ny.
Two more equations are obtained by substituting Eq.(16)
into Egs.(4) and (5):
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2 1 2 2., 1 3 3
Ny =b {51'(21141 _Zli)+5¢i(zli+l _Zli)+§77i(zli+l —Zi;) | »

i=1

N 2, 1 3 3., 1 4 4
M, =b3 {55[’(21141 _Zli)+§(/7i(zli+l —ZU)+Z77[(Z1,'+1 —z11) |-

i=l1

In this way, one obtains 2 + 3n; equations which should
be solved with respect to xi, zin1, &, ¢ and 77;, where i = 1,
2, ... ni, by using the MatLab computer program. It should
also be noted that these equations can be applied to deter-
mine ki, Zim, O, ¢ and 7;, where i= 1, 2, ... n;, in any
cross-section of the lower crack arm, i.e. at any abscise, x3,
in the interval [0; a].

The same equations can also be used to determine i,
Zom, OBi, PBi and 1, where i =1, 2, ... n, (here, x» and z2
are, respectively, the curvature and the coordinate of the
neutral axis of the cross-section of the uncracked beam
portion, 0, ¢ and 75 are the parameters of the stress state
of the i-th layer, n is the number of layers in the uncracked
beam portion). For this purpose, 1z, &i, Zii, Ziit1, Zinl, O @i
and 7; have to be replaced with n, &, z2i, z2it1, Z2n2, OBiy D5is
and 7g;, respectively (here, z»; and z;+1 are the coordinates,
respectively, of the upper and lower surfaces of the i-th
layer).

9
GR
0
P
0 € &

Figure 3. Nonlinear stress-strain curve.

The strain energy cumulated in the beam is written as
U=U,+Ug, (24)

where: Uy and Uj are the strain energies in the lower crack
arm and the uncracked beam portion, respectively.
The strain energy in the lower crack arm is obtained by
addition of the strain energies in the layers
i=np a2y
Ug=b X | [ ugydxsdz,
=1 0 z;

(25)

where: uo4; is the strain energy density in the i-th layer. In
principle, the strain energy density is equal to the area,
OPQ, enclosed by the stress-strain curve (Fig. 3). For the
Ramberg-Osgood stress-strain relation, the strain energy
density can be calculated by the following formula, /16/:

1+m;
2 m;
O-l' O'l' !
Ug g = f R 26
04 " F, il (20)
(+m)H™

where: E; and o; are obtained by Eqgs.(9) and (16), in
respect.

The strain energy in the uncracked beam portion is writ-
ten as
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(22)

(23)
i=nl Z3i41

UB :bz _[ I uOBl_dX3d22 5 (27)
i=la zy,

where: the strain energy density, uos, is found by
Eq.(26). For this purpose, o; is determined by replacing &;,
¢ and 7;, respectively, with Jg;, ¢ and 75 in Eq.(16).

Finally, by substituting Eqgs.(3), (24), (25) and (27) into
Eq.(2) one arrives at

F i:’1L 21i+1
G :;a[lq(a)—xz(a)]— Y ] ugy (a)dz +
i=1 )
t 2 (28)
i=n22i+1
+ Z I uOBl_ ((l)de
=l zy,

where: xi(a), x»(a), uosi(a) and wuop(a) are obtained by
Egs.(19), (20), (21), (2) and (23) at x3 = a. The integration
in Eq.(28) should be performed by the MatLab computer
programme.

In order to verify Eq.(28), the strain energy release rate
is determined also by applying the following formula, /11/:

_du”

bda ’

where: dU" is the change in the complementary strain energy;
da is an elementary increase of delamination crack length.

The complementary strain energy cumulated in the beam
is written as

(29)

U =UY+Uy, (30)
where: U," and Up" are the complementary strain energies
in the lower crack arm and the uncracked beam portion, in
respect.
The complementary strain energy in the lower crack arm
is expressed as
i=n; aZj1
Uy=b 5 ] 1 ydusd

=1 0 z;

€2))

where: 1”4 is the complementary strain energy density in
the i-th layer. The complimentary strain energy density is
equal to the area OQR that supplements the area OPQ to a
rectangle (Fig. 3). Thus, u o, is written as

Uy =0~ gy, - (32)
By combining Egs.(8), (9), (26) and (32), one derives
I+m;
2 m;
oy = % O (33)
2|:Egl- +5i(7 _Zli)q’] .
(1+m)H™

where: o; is found by Eq.(16).
The complementary strain energy in the uncracked beam
portion is obtained as
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" i=nl 21
UB :bz I J MOBidX?’dZZ .

i=la zy

(34

where: the complementary strain energy density, u g, in
the i-th layer is found by Eq.(33). For this purpose, z; and
zin1 are replaced with z; and z»,», respectively. Besides, o; is
calculated by Eq.(16) by replacing &, @, and 7; with g, @s:
and 77, respectively.

By substituting Eqs.(30), (31) and (34) into Eq.(29), one
arrives at

i=np Qi i=n2e
G=3 [ upy(a)dz~Y | upg(a)dz,, (35)
=l oz, =l zy,;

where: u"04(a) and u"op{a) are determined by Eq.(33) at
x3 = a. The integration in Eq.(35) should be carried out by
using the MatLab computer programme. The strain energy
release rate obtained by Eq.(35) is exact match of the strain
energy release rate found by Eq.(28). This fact is a verifica-
tion of the nonlinear delamination fracture analysis of the
multi-layered two-dimensional functionally graded cantile-
ver beam, developed in the present paper.

al /
| a j
o " r
h r_ layer 1
o P layer 2 Zcmck
h,
1t layer 3 g
F
b) /
a N r
A layer 1 &/_cmck -
2h n 'L |layer2 /’
! layer 3 g
F

Figure 4. Two three-layered functionally graded cantilever beam
configurations containing a delamination crack between:
(a) layers 2 and 3; and (b) layers 1 and 2.

It should be noted that the delamination fracture is ana-
lysed also by keeping more than three members in the
series of Maclaurin, Eq.(15). The results obtained are very
close to these obtained by keeping the first three members
(the difference is less than 3 %).

PARAMETRIC INVESTIGATIONS

Parametric investigations are performed in order to elu-
cidate the effects of the material gradients in the thickness
and length directions, the crack location along the height of
the beam cross-section and the nonlinear mechanical behav-
iour of the functionally graded material on the delamination
fracture. For this purpose, calculations of the strain energy
release rate are carried out by applying Eq.(28).

INTEGRITET I VEK KONSTRUKCIJA
Vol. 18, br. 1 (2018), str. 70-76

9.0 -
)i
75
. 6.0 5
x10’
Elb 4.5
3.0
1.5
| | | |
0.5 1.0 1.5 2.0 2.5
f
E]
Ef
&2

Figure 5. The strain energy release rate in non-dimensional form
presented as a function of E;{ s g/ ratio (curve 1 - for delamina-
3 &3

tion crack located between layers 2 and 3 (refer to Fig. 4a); curve
2 - for delamination crack located between layers 1 and 2 (refer to
Fig. 4b)).

The results obtained are presented in non-dimensional
form by using the formula Gy = G/ E(é; b). In order to elu-
cidate the influence of the crack location along the beam
height on the delamination fracture behaviour, two three-
layered functionally graded cantilever beam configurations
are analysed (Fig.4). A delamination crack is located
between layers 2 and 3 in the beam shown in Fig. 4a. A
beam containing a delamination crack between layers 1 and
2 is also investigated (Fig. 4b). In both beam configura-
tions, the thickness of layers is ¢ (Fig. 4). It is assumed that
F=40N, b= 0.015m, t= 0.003m and /= 0.25 m. The
material gradient in the thickness direction of layer 3 is

characterized by £ ; /E ; ratio. The strain energy release
3 3
rate in non-dimensional form is presented as a function of
Eé‘ / Eg ratio in Fig. 5 for the two beam configurations
3 3
(Fig. 4) assuming that
E/ /Ef =07, E /E/ =09, E/ /E/ =05, E] /E/ =0.6,
&2 &3 d, &2 81 &3 d 81
E" /ES =05, E, /E” =09, E" /E" =0.7,E", /E" =0.6,
g8 & dy " gy & & dy " 7g
r r = r r = = = = = =
Eg1 /Eg3 =0.8, Ea,1 /Eg1 0.9,51=52=53=0.6, g1 = q2

qs = 0.4, [‘13/E§3 = 0.5, Hz/H3 = 0.7, H[/H3 = 0.6, my=mp=

m3= 0.8 and a/[ = 0.7. One can observe in Fig. 5 that the
strain energy release rate decreases with the increase of the

E aJ, | E é ' ratio. This behaviour is due to the increase of the
3 3

beam stiffness. It can also be observed that the strain energy
release rate is higher when the delamination crack is located
between layers 2 and 3. This finding is attributed to the fact
that the stiffness of the lower crack arm is lower when the
delamination crack is between layers 2 and 3.
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Figure 6. The strain energy release rate in non-dimensional form
presented as a function of g ; g/ ratio (curve 1 - at nonlinear
&3 &3

behaviour of the functionally graded material, curve 2 - at linear-
elastic behaviour of the functionally graded material).

The E; / E; ratio characterizes the material gradient
3 3

along the beam length in layer 3. In order to evaluate the

influence of E; / Eé‘ ' ratio on the delamination fracture
3 3

behaviour, the strain energy release rate in non-dimensional

form is plotted against E; /Eg ratio in Fig. 6 for the
3 3

three-layered functionally graded beam configuration con-
taining a delamination crack between layers 2 and 3 (refer
to Fig. 4a). It can be observed in Fig. 6 that the strain

energy release rate decreases with the increase of E; IE g '
3 3

ratio. In order to elucidate the effect of the nonlinear
mechanical behaviour of the functionally graded material
on the delamination fracture, the strain energy release rate

in non-dimensional form is plotted against E; /E éf ratio
3 3

in Fig. 6, also assuming linear-elastic behaviour of the
functionally graded material (the linear-elastic solution for
the strain energy release rate is obtained by substituting
H; — o, where i=1, 2, ... 3, in Egs.(19), (20), (21), (26)
and (28), which follows from the fact that at H; — o the
Ramberg-Osgood stress-strain relation, Eq.(8), transforms
into Hooke’s law. The curves in Fig. 6 indicate that the
nonlinear mechanical behaviour of the functionally graded
material leads to the increase of strain energy release rate.
The effect of delamination crack length on nonlinear
fracture behaviour is evaluated too (the delamination crack
length is characterized by /I ratio). For this purpose, the
strain energy release rate in non-dimensional form is pre-

sented as a function of a// ratio in Fig. 7 at various H3/E é \

ratios (the three-layered functionally graded cantilever beam
configuration shown in Fig. 4a is analysed). One can observe
in Fig. 7 that the strain energy release rate increases with
the increase of a// ratio (this is due from the increase of
bending moment and from the decrease of the elasticity
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modulus in the beam cross-section, where the crack tip is
located; the modulus of elasticity decreases with the increase

of delamination crack length since E; / Eé; = 0.5). The

diagrams in Fig. 7 indicate also that the strain energy release

rate decreases with the increase of H3/E ; ratio.
3

9.0 -
75+

6.0 -

[F%}

G 7
x10
ngjb

4.5 -
3.0 -

1.5+

! ! I [
0.2 0.4 0.6 0.8
a

l

Figure 7. The strain energy release rate in non-dimensional form

presented as a function of a// ratio (curve 1 - at H3/ E Z: = 0.5,
3

curve 2 - atHs/E‘; =2, curve 3 - atHa/E; = 8).
3 3

CONCLUSIONS

Delamination fracture in a multi-layered functionally
graded cantilever beam is analysed assuming nonlinear
mechanical behaviour of the material. The beam is made of
an arbitrary number of adhesively bonded horizontal layers
with different thicknesses and material properties. In each
layer, the material is functionally graded in both thickness
and length directions (i.e., the material is two-dimensional
functionally graded). A delamination crack is located arbi-
trarily between layers. The beam is loaded by one vertical
force applied at the free end of the lower crack arm. The
nonlinear behaviour of the functionally graded material is
described by the Ramberg-Osgood stress-strain relation.
The continuous variation of the modulus of elasticity in
thickness and length directions is described by power laws
in each layer. The delamination fracture is studied in terms
of the strain energy release rate by analysing the balance of
energy. The strain energy release rate is derived also by
considering the complementary strain energy for verifica-
tion. Effects of the material gradients in thickness and
length directions, the nonlinear mechanical behaviour of the
functionally graded material, the crack location along the
height of the beam cross-section and the crack length vs.
the delamination fracture are elucidated. Analysis reveals
that the strain energy release rate decreases with increasing

of EL{ /E/ | E" /E/ and H3/Ef ratios. It is found also
3 &3 &3 &3 83
that the strain energy release rate decreases when the thick-

ness of the lower crack arm increases. The results obtained
indicate that the strain energy release rate increases with an
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increase of crack length, when Eg /E g = 0.5. The analy-
3 3

sis developed in the present paper shows that the delamina-
tion fracture in multi-layered functionally graded cantilever
beams which exhibit nonlinear mechanical behaviour of the
material can be controlled by using appropriate material
gradients in both thickness and length directions.
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