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Abstract 

The paper presents the study of creep stresses and strain 
rates for a transversely isotropic disc having variable thick-
ness, subjected to internal pressure, by using Seth’s transi-
tion theory. It has been observed that the disc made of 
variable thickness for transversely isotropic material has a 
maximum circumferential stress at the outer surface in 
comparison to disc having constant thickness and this value 
further increases with the increase in measure N and K. 
Strain rates are maximum on the internal surface for flat 
disc of isotropic material for measure n = l and pressure 
Pi = 0.1, but strain rates decrease at the internal surface 
for measure n > 1. The strain rate for flat disc (k = 0) 
further increases with increase in pressure at the internal 
surface. The disc of variable thickness (k = 1.5) made of 
isotropic material has strain rate maximum at the external 
surface for Pi = 0.1 and measure n = l. These values of 
strain rates further increase at the external surface with the 
increase in pressure and variable thickness ratio, but 
decrease with the increase in measure N. 

Ključne reči 
• brzina deformacije 
• debljina 
• transverzalno izotropni materijal 
• pritisak 
• disk 

Izvod 

U ovom radu je prikazana analiza napona puzanja i 
brzine deformacija za transverzalno izotropni disk promen-
ljive debljine koji je izložen unutrašnjem pritisku primenom 
prelazne teorije Seta. Uočeno je da se kod transverzalno 
izotropnog diska promenljive debljine maksimalni naponi 
po obimu javljaju na spoljašnjoj površini, u poređenju sa 
diskom konstantne debljine, pri čemu se ova vrednost dalje 
povećava povećavanjem mera N i K. Brzine deformacija su 
maksimalne na unutrašnjoj površini u slučaju ravnog diska 
od izotropnog materijala za vrednosti n = 1 i pritiska Pi = 
0.1, ali opadaju na unutrašnjoj površini pri vrednostima 
n > 1. Brzina deformacije ravnog diska (k = 0) dodatno 
raste sa povećanjem pritiska na unutrašnjoj površini. Disk 
promenljive debljine (k = 1,5) od izotropnog materijala, 
dostiže maksimalne vrednosti brzine deformacije na spolj-
njoj površini kada je Pi = 0,1 i n = 1. Brzina deformacije 
nastavlja da raste na spoljnjoj površini sa povećanjem 
pritiska i odnosa promenljive debljine, ali opada sa poveća-
njem vrednosti N. 
 

INTRODUCTION 

Several researchers have analysed the circular disc with 
constant material properties under various conditions. Solu-
tions for thin isotropic discs can be found in most of the 
standard elasticity, plasticity and creep books. Disc plays an 
important role in machine design. Stress analysis of rotating 
discs has an important role in engineering design and struc-
tural engineering. Rotating discs are the most critical part of 
rotors, turbine motors, compressors, high speed gears, fly-
wheel, sink fits, turbo jet engines and computer disc drives 
etc. Kirkner /6/ discussed the problem if vibration of a rigid 
disc on a transversely isotropic elastic half space. Mahalanabis 
et al. /7/ discussed the external thermal crack problem in a 
transversely isotropic elastic medium. Arnold /8/ has 

studied thermo-elastic transversely isotropic thick-walled 
cylinder/disk. Chen et al. /10/ discussed the problem of 
three-dimensional analytical solution for a rotating disc of 
functionally graded materials with transverse isotropy. 
Ghadi et al. /14/ discussed the problems of forced vertical 
vibration of rigid circular disc on a transversely isotropic 
half-space. Akinola et al. /16/ analysed the problem of large 
deformation of transversely isotropic elastic thin circular 
disk in rotation. Thakur /17/ has investigated the problem of 
finitesimal deformation in a transversely isotropic thin 
rotating disc with rigid shaft by using Seth’s transition 
theory. Seth’s transition theory does not require these 
assumptions and thus poses and solves a more general prob-
lem from which cases pertaining to the above assumptions 
can be worked out. Seth’s transition theory utilizes the 
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concept of generalized strain measure and asymptotic solu-
tion at critical points or turning points of the differential 
equations defining the deformed field and has been success-
fully applied to a large number of problems /1, 2, 4, 5, 9, 
11, 12, 13, 15, 17-30/. 

GOVERNING EQUATIONS 

We consider a thin disc having variable thickness and 
made of transversely isotropic material and having inner 
radius a and outer radius b respectively, subjected to inter-
nal pressure p. The disc is thin and it is effectively in state 
of plane stress, i.e. axial stress Tzz is zero. The components 
of displacement are given by /1, 2/: 
 u = r(1 – β), v = 0, w = 0 (1) 
where: u, v, w are displacement components; β is the posi-
tion function, depending on r. The generalized components 
of strain are given by /2/: 
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where: n is measure and β′ = dβ/dr. 
Stress-strain relation: the stress-strain relations for 

transversely isotropic material are given: 
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Substituting the strain components from Eq.(2) in Eq.(3), 
the stresses are obtained as: 
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where: 2
1 11 13 33/A c c c= −  and r Pβ β′ = . 

Equation of equilibrium: the equation of equilibrium 
are all satisfied except 

 ( ) 0rrd hrT hT
dr θθ− =  (5) 

where: Trr and Tθθ are the radial and hoop stresses, respec-
tively. 

Critical points or turning points: using Eq.(4) in 
Eq.(5), we get a nonlinear differential equation in β as: 
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where: h’ = dh/dr and rβ′ = βP (P is the function of β and β 
is a function of r only). The transition points or turning 
point of β in Eq.(6) are P → 1 and P → ±∞. 

Boundary conditions: the boundary conditions are 
 Trr = –p  at  r = a,  Trr = 0  at  r = b. (7) 

ANALYTICAL SOLUTION 

For finding the creep stresses and strain rates, the transi-
tion function is taken through principal stress difference 
(see /1, 2, 4, 5, 9, 11-13, 15, 17-30) at the transition point 
P → –1. We define the transition function ζ as: 
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where: ζ is the function of r only. 
Taking the logarithmic differentiation of Eq.(8) with 

respect to r and substituting the value of dP/dβ from Eq.(6), 
we get: 
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Taking asymptotic value of Eq.(9) as P → –1, we get 
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Asymptotic value of β as P → –1 is D/r, D is a constant. 
Integrating Eq.(10), we get 
 3 4

2 expA A
rrT T A r h fθθζ = − =  (11) 

where: 3 22 ( 1)A n C n= − + − , 4 21A C= − , 66
2

1

2c
C

A
= , f = 

2(2 )
n

n
krC
nD

− , and A2 is constant of integration. Using 

Eq.(11) in Eq.(5), we get  
 6 5rrhT A A Fdr= − ∫  (12) 

where: 41
5 2 0

AA A h += , 
4

3

(1 )
1 exp

k A
A rF r f

b

− +
−  =  
 

, and A6 is 

another integration constant. Using Eq.(7) in Eq.(12), we get 
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Substituting Eq.(13) in Eq.(12), we get 
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Equation (14) gives creep stresses for a transversely 
isotropic disc with variable thickness under internal pres-
sure. We introduce the following non-dimensional quanti-
ties: R = r/b, R0 = a/b, σrr = Trr/p, σθθ = Tθθ/p, P1 = p/c66. 
Stresses Eq.(14) in non-dimensional form are given by: 
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where: 
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–2n + C2(n – 1). 
Flat disc: for a disc having uniform thickness (k = 0), 

Eq.(15) becomes: 
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Particular case: Eq.(15) for isotropic material becomes 
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Flat disc (isotropic case): for a disc having uniform 
thickness (k = 0), Eq.(17) becomes 
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Equation (18) is similar as given by /12/. 

ESTIMATION OF CREEP PARAMETERS 

When the creep sets in, the stress-strain is given: 
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where: eij is the strain component and T = Tii be first stress 
invariant and H = 4c66(c66 – A1). When the creep sets in, the 

strain should be replaced by strain rates. The stress-strain 
relation Eq.(19) becomes, 
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Differentiating Eq.(2) with respect to time t, we get: 
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For SWAINGER measure (i.e. n = 1), Eq.(21) becomes: 
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where: θθε  is the SWAINGER strain measure. 
From Eq.(8) the transition value β is given at the transi-

tion point P → –1 by: 
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where: P1 = p/c66 and 
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For isotropic materials, strain rates Eq.(24) becomes 
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 and P1 = p/µ. These are the 

constitutive equations used by Odquist /3/ for finding the 
creep stresses, provided we put n = 1/N and N be the meas-
ure. 

NUMERICAL RESULTS AND DISCUSSION 

For calculating creep stresses and strain rates on the 
basis of above analysis, the following values of measure n, 
D and pressure P1 have been taken n = 1, 1/3, 1/7 (i.e. N = 
1, 3 and 7) and P1 = p/c66 = 0.1, 1.0 and D = 1. Elastic con-
stants cij have been given in Table 1 for isotropic material 
(i.e. brass, σ = 0.33) and transversely isotropic material (i.e. 
cadmium). 



Thermal creep analysis of pressurized thick-walled cylindrical ... Termička analiza puzanja cilindričnih debelozidih posuda pod ... 
 

INTEGRITET I VEK KONSTRUKCIJA 
Vol. 18, br. 1 (2018), str. 15–21 

STRUCTURAL INTEGRITY AND LIFE 
Vol. 18, No 1 (2018), pp. 15–21 

 

18 

Table 1. Elastic constants cij (in units of 1010 N/m2). 
 c11 c12 c13 c33 c44 

Isotropic material 
(brass, σ = 0.33 or C1 = 0.50) 3.0 1.0 1.0 3.0 0.999 

Transversely isotropic material 
(cadmium C2 = 0.40) 11.0 4.04 3.83 4.69 1.56 

Curves are present in Fig. 1, between stresses along the 
radii ratio R = r/b for k = 0 and 2.0 respectively. It has been 
seen from Figs. 2, that the disc having a constant thickness 
(k = 0) subjected to internal pressure and made of a trans-
versely isotropic material (cadmium) has maximum circum-
ferential stress at the outer surface for measure n = 1/3 and 
this value further increases at the outer surface with the 
increase in the measure n =1/7 in comparison to disc made 
of isotropic material (i.e. brass). The disc made of variable 
thickness for transversely isotropic material has maximum 
circumferential stress at the outer surface in comparison to 

flat disc (k = 0) for measure n = 1/3 and k = 2, and this 
value further increases with increase in measure n and 
thickness k. Curves are presented Figs. 2 and 3, between 
creep strain rate along the radius (R = r/b) for n =1 and 1/7, 
and pressure P1 = 0.1 and 1.0 respectively. It has been 
observed from figures that strain rate are maximum on the 
internal surface for flat disc (k = 0) made of a transversely 
isotropic material for measure n =1 and pressure P1 = 0.1 
but strain rate decrease at the internal surface for measure 
n > 1. The strain rate for flat disc further increases with 
increase in pressure at the internal surface. The disc having 
variable thickness (k = 1.5) made of isotropic material have 
strain rates maximum at the external surface for P1 = 0.1 
and measure n = 1. These values of strain rates further 
increase at the external surface with the increase in pressure 
and variable thickness ratio, but decrease with the increase 
in measure n. 

 

 
Figure 1. Creep stresses of a transversely isotropic disc with variable thickness under internal pressure, i.e.  k = 0 (constant thickness, top), 

k = 2 (bottom). 
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Figure 2. Creep strain rates for a transversely isotropic disc with variable thickness under internal pressure (P1 = 0.1) for measure n = 1 
(top) and n = 1/7 (bottom). 
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Figure 3. Creep strain rates for a transversely isotropic disc with variable thickness under internal pressure (P1 = 1.0) for measure n = 1 
(top) and n = 1/7 (bottom). 
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