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Abstract 

The creep behaviour of a rotating disc made of isotropic 
composite containing varying amount of SiC particles in the 
radial direction has been investigated in the presence of 
thermal gradients also in the radial direction. The thermal 
gradient experienced by the disc is the result of breaking 
action as estimated by finite element method. The creep 
behaviour has been described by Norton’s law. The results 
indicate that steady state creep rates are significantly 
decreased in the presence of linear particle gradient and/or 
thermal gradients, as compared to a composite disc with the 
same average particle content distributed uniformly and 
operating under isothermal conditions. 

Ključne reči 
• modeliranje 
• puzanje 
• rotacioni disk od funkcionalnih kompozita 
• kompozitni materijali 

Izvod 

Puzanje kod rotacionog diska od izotropnog kompozitnog 
materijala sa promenljivim sadržajem čestica SiC u radi-
jalnom pravcu je istraženo u prisustvu gradijenata tempe-
rature takođe u radijalnom pravcu. Gradijent temperature 
diska je posledica efekta kočenja, analizirano metodom 
konačnih elemenata. Puzanje je opisano Nortonovim zako-
nom. Rezultati pokazuju da ravnomerne brzine puzanja u 
većoj meri opadaju u prisustvu linearnog gradijenta čestica 
i/ili temperature, u poređenju sa diskom od kompozitnog 
materijala sa istim prosečnim sadržajem čestica uniformno 
raspoređenih, u izotermalnim uslovima rada. 

 

INTRODUCTION 

The functionally graded material (FGM) concept origi-
nated in Japan in 1984 during the space-plane project, in the 
form of a proposed thermal barrier material, capable of with-
standing a surface temperature of 2000 K and a temperature 
gradient of 1000 K across a cross section less than 10 mm. 
Functionally graded aluminium matrix composites rein-
forced with SiC particles are attractive materials for a broad 
range of engineering applications: the automotive, aircraft, 
sports, aerospace, rotors, turbines, pumps, compressors, 
flywheels, braking systems of automotive, railway and 
aerospace, and computer disc drives. All these engineering 
applications are usually operated at high thermal gradient 
and higher angular speed which may cause an increasing 
deformation of the disc. Therefore, a number of functionally 
graded materials with property of superior heat resistance 
have been developed. 

Pandey et al., /1/, studied the steady-state creep behaviour 
of Al-SiCp composites under uniaxial loading conditions in 
the temperature range between 623 K and 723 K for differ-
ent combinations of particle size and volume fraction of 
reinforcement, and has found that the composite with finer 
particle size has better creep resistance than that containing 
coarser ones. 

Durodola and Attia, /2/, investigated the potential benefits 
of using several forms of fibre gradation in FGM rotating 

discs using finite element method and direct numerical inte-
gration. It was observed that the different forms of property 
gradation modify the stress and displacement fields in FGM 
discs compared with uniformly reinforced discs. 

Singh and Ray, /3, 4/, have studied creep in rotating discs 
of composite materials. The authors in /3/ have estimated 
steady state creep response in a rotating isotropic FGM disc 
without thermal gradient using Norton’s power law. It is 
concluded that, in a rotating isotropic FGM disc with line-
arly decreasing particle content from the inner to the outer 
radius, the steady state creep response in terms of strain rates 
is significantly superior compared to that in a disc with the 
same total particle content distributed uniformly. 

Gupta et.al., /5/, have analysed the creep behaviour of a 
rotating disc having constant thickness and made of isotropic 
functionally graded material (FGM). 

Zenkour et al., /6/, developed an analytical solution for 
elastic deformation of the rotating functionally graded 
metal-ceramic annular disc, and obtained the closed form 
solution by taking into account the rigid casing condition. 

DISTRIBUTION OF DISPERSOIDS AND CREEP 
CONSTANTS 

Let us consider a functionally graded annular disc of inner 
radius a and outer radius b. The distribution of silicon 
carbide particles has been assumed to be linear from inner to 
outer radius; therefore, the density and the creep constants 
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will vary with radial distance. The material properties of the 
annular disc are assumed to be functions of the volume 
fraction of the constituent materials. The composition vari-
ation in terms of volume percent of silicon carbide, along the 
radial distance, V(r), is given as: 

 max max min( ) ( )
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Here Vmax and Vmin, are the maximum and minimum 
particle contents, respectively, at the inner and outer radii. 

Now, using the law of mixtures, one may express the 
density variation ρ(r) in the composite as, 

 ( )( ) ( )
100

= + −m d m
V rrρ ρ ρ ρ  

where ρm and ρd are the densities of the matrix alloy and of 
the dispersed silicon carbide particles, respectively. Now 
putting the value of V(r) from Eq.(1) above gives 
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If the average particle content in the FGM disc is Vavg, and 
t is the thickness of the disc, then 
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Putting the expression of V(r) from Eq.(1) into Eq.(4), one 
may obtain the relation 

 
2 2 3

max
min 3

3 (1 )(1 ) (1 3 2 )

2 3

− − − − +
=

− +
avgV V

V
α α α α

α α
 (5) 

where: α = a/b. 
The steady-state creep response of the Al-SiCp composite 

of varying composition using Norton’s law is as follows: 
 ( )( ) ( )=

n rr B rε σ  (6) 

where: ε  and σ  be the steady state strain rate and effective 
stress under bi-axial stress at a radial distance r in FGM disc. 
The terms B(r) and n(r) are the creep parameters for the 
material at radial distance r in FGM disc. 

The value of B and n in terms of material variables have 
been extracted by using Norton’s law to describe the creep 
results obtained by Pandey et. al., /1/, in 6061Al-SiCp 
composites under uniaxial loading using the following 
regression equations: 
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FINITE ELEMENT ANALYSIS OF THERMAL GRADIENT 
IN A COMPOSITE DISC 

The temperature gradient originating due to the braking 
action of the FGM discs has been obtained by Finite Element 
Analysis (FEA). For this purpose, the disc with inner radius 
of 31.75 mm, outer radius 152.4 mm and thickness 5 mm is 
supposed. The FGM disc is assumed to rotate with an initial 
rpm of 15 600, which is reduced to 15 000 rpm due to break-
ing action. An estimated heat flux of 130 kW/m2 has been 
applied over an annular area with inner radius 142.4 mm and 
outer radius 152.4 mm, while the remaining surfaces of the 
FGM disc have been exposed to ambient conditions with 
convective heat transfer coefficient of 25 kW/m2 and an 
ambient temperature of 303 K. For a particular ring, the 
thermal conductivity K(r) is assumed to be constant and 
calculated using the rule of mixture as given below 

 
[ ]100 ( ) ( )

( )
100

− +
= m dV r K V r K

K r  (9) 

where the matrix conductivity is Km = 247 W/mK and the 
diserpersoid conductivity is Kd = 100 W/mK. The finite 
element analysis has been carried out for FGM discs having 
linearly decreasing particle content given by Eq.(1) with 
Vmax varying between 25 and 40 vol. % at the inner radius of 
the disc, while keeping the same average particle content of 
20 vol. %. A similar analysis has also been conducted for the 
non-FGM disc having a same particle distribution of 20 vol. %. 
The temperature T, obtained at any radius r is presented 
below in the form of regression equation as 
 2 3 4 5

0 1 2 3 4 5( ) = + + + + +T r a a r a r a r a r a r  (10) 
where the coefficients a1, a2, a3, a4, and a5 for a different disc 
are taken from Gupta et al., /4/. 

MATHEMATICAL FORMULATION  

Consider an aluminium silicon-carbide particulate com-
posite disc of constant thickness h having inner radius a, and 
outer radius b, rotating with angular velocity ω (rad/s). From 
symmetry considerations, principal stresses are in the radial, 
tangential and axial directions. For the purpose of analysis, 
the following assumptions are made: 
a) stresses at radius of the disc remain constant with time i.e. 
steady state condition of stress is assumed, 
b) elastic deformations are small for the disc and can be 
neglected as compared to the creep deformations, 
c) biaxial state of stress (σz = 0) exists at any point of the disc, 
d) frictional shear stress induced due to braking action is 
estimated to be 10–5 MPa, which is very small compared to 
creep stresses and therefore, can be neglected, 
e) the composite shows a steady state creep behaviour which 
may be described by Norton’s law as given by Eq.(6). 

The generalized constitutive equations for creep in the 
FGM disc have the form, /3/, 

 [ ]2 ( )
2
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where the effective stress σ  is given by 
1/22 2 21 ( ) ( ) ( )

2
 = − + − + − r r z zθ θσ σ σ σ σ σ σ  (14) 

where rε , θε , zε  and σr, σθ, σz are the strain rates and 
stresses respectively in the directions indicated by the sub-
scripts and ε  is the effective strain rate. For biaxial state of 
stress (σr, σθ), 
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Equations from (6) and (15) yield 
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where x(r) = σr/σθ is the ratio of radial and tangential stress 
at any radius r. 

Dividing Eq.(16) by Eq.(17): 

 2 ( ) 1( )
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ϕ . (19) 

The equation of equilibrium for a rotating disc can be 
written as: 

 
2 2( )( ) 0− + =r

d r rr
dr gθ

ρ ωσ σ  (20) 

The boundary conditions are 
 ( ) 0 ( )= =r ra bσ σ . (21) 

Equations (16), (17), (20) and (21) can be solved to obtain 
σθ (r) as given below 
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Now σr(r) can be obtained by integrating from a to r as 
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As the tangential stress σθ and the radial stress σr are 
determined by Eqs.(22) and (25) at any point within the 
composite disc, the strain rates rε  and θε  are calculated 
from Eqs.(16) and (17), respectively. 

NUMERICAL COMPUTATION 

The stress distribution is evaluated from the above anal-
ysis by iterative numerical scheme of computation. For rapid 
convergence, 75% of the value of σθ (r) obtained in the cur-
rent iteration has been mixed with 25% of the value of σθ (r) 
obtained in the last iteration for the use in the next iteration. 

RESULTS AND DISCUSSION 

A computer program based on the analysis presented is 
developed and results obtained are validated with the exper-
imental results by Wahl et. al., /7/, for the same type of disc. 
This comparison is shown in Fig. 1. It is observed from this 
figure that there is good agreement between the results 
obtained from the present analysis. The tangential stress in 
the FGM disc-1 operating under a thermal gradient is higher 
near the inner radius, and lower near the outer radius, as 
compared to disc-2 and disc-3 as shown in Fig. 2. The 
non-FGM disc-4 without particle or thermal gradient shows 
a relatively uniform distribution of tangential stress. These 
changes in the tangential stress are due to different temper-
ature gradients as well as changed density due to different 
particle contents near inner and outer radii as compared to 
the non-FGM disc. The effect of thermal gradient on the 
tangential stress as observed in the non-FGM discs, disc-3 
and disc-4, is similar to that in FGM discs, disc-1 and disc-2.  

 
Figure 1. Comparison of theoretical (present study) and 

experimental strains in a rotating steel disc. 

The radial stress in disc-1 is higher over the entire radius 
as compared to any discs as shown in Fig. 3. The effect of 
imposing any type of gradient separately or simultaneously 
is similar to that in tangential stress. 

In Fig. 4, the tangential strain rate decreases significantly 
over the entire radius in the FGM disc-1 operating under the 
thermal gradient developed, compared to any of the other 
discs operating under conditions as given in /4/. Although 
the tangential stress in the FGM disc-1 is higher near the inner 
radius than the FGM disc-2, as shown in Fig. 2, but the lower 
operating temperature near the inner radius of the FGM disc-1 
is able to reduce the creep rate overcoming the effect of higher 
stress. Clearly, the temperature near the inner radius and the 
tangential stress near the outer radius of the FGM disc-1 
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dominate the creep behaviour when compared to those 
observed in the FGM disc-2 under isothermal condition. 

 
Figure 2. Variation of tangential stress along radial distance in 

FGM and non-FGM disc with/without particle/thermal gradient. 

 
Figure 3. Variation of radial stress along radial distance in FGM 

and non-FGM disc with/without particle/thermal gradient. 

 
Figure 4. Variation of tangential strain rate along radial distance in 

FGM and non-FGM disc with/without particle/thermal gradient. 

The tangential strain rate in the non-FGM disc-3 with 
thermal gradient alone is higher than the observed in the 
FGM disc-1 and FGM disc-2, since both discs have the 
advantage of particle gradient and the FGM disc-1 has the 
reinforcing advantage of thermal gradient as well. The FGM 
disc-4, which has neither the thermal gradient nor particle 
gradient, displays the highest tangential creep rate observed 
in this study, as shown in Fig. 4. 

In Fig. 5, the effect of imposing both particle gradient and 
thermal gradient on the radial strain rate is also similar to that 
observed for tangential strain rate. 

 
Figure 5. Variation of radial strain rate along radial distance in 

FGM and non-FGM disc with/without particle/thermal gradient. 

CONCLUSIONS 

Based on the results and discussion presented in this    
paper, the following main conclusions may be drawn. 

The creep response of the functionally graded disc with 
particle and/or thermal gradient is superior to a disc without 
any type of gradient. 

The creep strain can be controlled by choosing appropri-
ate particle/thermal gradient. 

Since particle/thermal gradient plays a significant role in 
developing the creep strains, it may be taken care of while 
designing a rotating disc. 
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