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Abstract

In this paper, an attempt is made to analyse the thermal
stresses in cylindrical vessel made up of functionally graded
material subjected to internal and external pressure. The
main purpose of this study is to assess the design guidelines
of pressure vessels in order to overcome the fracture condi-
tions. The methodology based on transition theory is applied
to evaluate the stresses. Stresses for fully plastic state have
been discussed with two-zone theory. The thick-walled
circular cylinder made up of functionally graded material
becomes fully plastic at internal and external surface. This is
because initial yielding starts at any radius that lies between
the internal and external surface. On the basis of analysis, it
can be concluded that the circular cylinder of functionally
graded material with thermal effects is on the safer side of
the design as compared to the cylinder without thermal
effects and also to the homogeneous cylinder with pressure,
which leads to the idea of ‘stress saving’ that minimizes the
possibility of fracture of the cylinder.

INTRODUCTION

Pressure vessels are extensively used in thermal and
nuclear power plants, chemical industry, space and food
supply systems. Analytical solutions of problems of thick-
walled hollow cylinders in the elastic stress state are dis-
cussed by many authors /1, 2/. Mukhopadhyay /3/ studied
the effect of non-homogeneity on yield stress in a thick-
walled cylindrical tube subjected to pressure by allowing the
modulus of rigidity to obey some cosine law of its radial
distance. The analytical solution for the stress, strain and
displacement in a thick-walled cylinder of strain-hardening
plastic material under the influence of pressure at inner
surface was given by Gao /4/. Yoo et. al. /5/ evaluated the
collapse pressure in cylinders with intermediate thickness
and applied external pressure, and suggested that yield
strength is most effective in estimation of collapse pressure.
Reghunath and Korah /6/ calculated the stress intensity
factor at different crack orientations and predicted which
crack fails faster. Sobhaniaragh et. al. /7/ discussed thermal
stresses in cylindrical shells made up of ceramic matrix
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* cilindri¢na posuda pod pritiskom
* napon

Izvod

U radu je opisan pokusaj analize termickih napona u
cilindricnoj posudi izradenoj od funkcionalnog kompozitnog
materijala koji je izloZen unutrasnjem i spoljnom pritisku.
Osnovni cilj rada je procena projektnih preporuka za posu-
de pod pritiskom radi prevazilazenja uslova za pojavu loma.
Metodologija zasnovana na teoriji prelaznih napona je
primenjena za proracun napona. Naponi u uslovima potpu-
ne plasticnosti su obradeni teorijom dve zone. Debelozidni
kruzni cilindar od funkcionalnog kompozitnog materijala
postaje potpuno plastican na unutrasnjoj i spoljnoj povrsini.
Ovo se desava zbog toga sto iniciranje tecenja zapocinje na
nekom radijusu izmedu unutrasnje i spoljne povrsine. Na
bazi analize, zakljucuje se da je ponasanje kruznog cilindra
od funkcionalnog kompozitnog materijala sa termickim
uticajima bezbednije od cilindra bez termickih uticaja, kao i
od homogenog cilindra pod pritiskom, Sto navodi na ideju
,, uStede napona * koji smanjuje verovatnocu loma cilindra.

composite and noticed the impact of aggregation factor on
circumferential stresses. Pydah and Batra /8/ determined
interfacial bending stress, peak interfacial shear stress and
interfacial peeling stress in a thick-walled circular beam of
functionally graded material. All the above authors applied
concepts of classical theory i.e. the assumptions of strain
laws and yield criteria etc. in order to calculate the stresses.
Transition theory /9, 10/ does not require any of the
assumptions of classical theory and thus it provides the
solution using the concept of generalized strain measure /9/.
This theory has been applied to many problems /11-21/, for
example, Gupta and Sharma /11/ studied thermal elas-
tic-plastic transition of non-homogeneous circular cylinder
under internal pressure. Sharma /12/ determined elastic-
plastic stresses for non-homogeneous thick-walled circular
cylinder under internal pressure, while Borah /13/ discussed
on the transition theory in detail with thermal stresses.
Sharma and Panchal /20/ evaluated creep stresses in pres-
surized thick-walled rotating spherical shell made of func-
tionally graded material and deduced that both rotation and
non-homogeneity affect the creep stresses. Sharma et al /21/
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analysed the thermal creep stresses for functionally graded
thick-walled cylinder subjected to torsion and internal and
external pressure and it was found that in creep torsion
cylinder made up of less functionally graded material under
pressure is a better choice for the designing point of view as
compared to the homogeneous cylinder.

The factor of non-homogeneity is taken in terms of vari-
able compressibility of the material as

C= Cork ,a<r<b; Cyand k (> 0) are constants (1)

The generalized principal strain measures /8/ are given by
the following equation

=j [1-2¢f ]gfl de;! :%{1—(1—2@? )2] )

0

MATHEMATICAL FORMULATION OF THE PROBLEM

For the creep stress analysis, we have considered the
functionally graded thick cylinder of internal and external
radii @ and b, respectively, subjected to pressure on both
inner and outer surface and temperature on the inner surface
only.

The components of displacement are taken as /9-21/,

u=r(1-0),v=0and w= ¢z, 3)
where Q is a function of 7 only and ¢ is a constant.

The strain components are expressed as follows

& == [1-00"+0)"],

1 n
399:;[1—Q J» 4)

1
=—[1-a-9r].
n
€9 =€, =€, = 0
where, n is the measure and Q= dQ/dr.
The stress-strain relation for isotropic material with tem-

perature is

Ty = A0yl +2pue; =T (i =

where 7, &; are stress and strain tensors respectively, /1 = &u
are strain invariants, A, ¢ are Lame’s constants, J; is Kron-
ecker’s delta, 7 is temperature and &= (34 + 2u), a is the
coefficient of thermal expansion.

We have calculated the temperature

T :(T0 logg) / (long by solving the equation 7= 0,

with boundary conditions 7= Ty at r=a; T= 0 at r= b,
where 7 is constant.

The equilibrium equation of the axially symmetric cylin-
der, in the absence of body forces, is given by

(Trr —Top )

1,2,3), (5)

L(e,)+ =0 (©)

dr

With the help of Egs.(4), (5) and (6), the following equa-
tion is obtained
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where

:2—’u’ rQ':QV/ and 7_;):

A+2u a
log—
b
The critical points of Q in the above equation are y — —1
and y — too.

The boundary conditions which are used to simplify the
problem are given by

T,.=—p atr=a
{ rr P (8)
T, =—p, atr=>b
In the cylinder, the resultant axial force is given by
b
27z rT..dr=0 )
a

ANALYTICAL SOLUTION THROUGH PRINCIPAL
STRESS

As principal stresses are considered for elastic-plastic
transition and therefore the transition functions can be taken
as functions of radial stress, hoop stress or their difference
/11-21/. We define the transition function 7R in terms of
radial stresses i.c. 7, as

3

ESEEEE— Y
Cn(3-20C)

X[C—Q" {(1—C)+(1//+1)"ﬂ—a(3—2C)T[

TR=1, —B+a(3-2C)T = (10)

3
C(3-20)

Substituting Eq.(7) in Eq.(10) and applying the critical
value y — too, the following results are obtained

TR =Aexp f(r) (11)

where f(r)=—] Cr~'dr and 4 is a constant of integration.

By applying the boundary conditions Eq.(8) in Eq.(11),
we get

7, = Alexp f(r)—exp f(B)]- p, ~aT(3-2C)  (12)
Substituting Eq.(12) in Eq.(6), we get
799 = A[(1=C)exp f(r)—exp f(b)]-
_ 13
—aT, {(3—2C)(l+log£j—2r€’log£}— (13
b b
Substitution of Eqs.(12) and (13) into Eq.(5) yields,
1-C 3
Tzz —(ﬁj(’[rr'i‘fee)‘i‘ﬁ(gﬂ—a]—’) (14)

where
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Py~ P b 3rT b CA=C)
[ - j+afaz_cdr [r > C (7, +7g9)dr

L}; 3r dr
2-C

By applying variable compressibility Eqs.(12)-(14) become

k
J—exp[_clgb H— p, —aT(3-2C,r*) (15)

—Cy* J_expi—cob" H B
k k (16)

~al[(3-2Cyr* 1+ log )~ 2Cokr log — p,

1-Cyr 3
T, = T, +Tg )+ —— (6, —aT). (17)
[2—c0r"J( ) [2—c0rk]

€z =

Tgo =4 {(l—cork)exp(

where 4 =—20G=2Ca)+(p=p)) g
exp —Cya* Cexp —Cy b*
k k
1
(pz plj*'ajj 3erdr I: i (7C0r )(Trﬂ'faa)d”
2z 2-Cyr 2-Cyr*
) _[b 3 dr
“2-Cyrt

Equations (15), (16) and (17) give radial, hoop and axial
stresses respectively in transition state.

If the concept of classical theory is applied, then one has
to assume some yield conditions to join the two spectrums,
i.e. elastic and plastic regions, while in transition theory the
yield condition has been calculated from the constitutive
equations in the transition state. Thus, from Eqs.(15) and
(16), we have
k

]+2kC0afork —aly(3-2Cyr"). (18)

Corfk 3
k

1
is zero at r=(e*b™*) ¥ =5,

—C
Too — Ty =_A1C0rk CXp[ of

The first derivative of Eq.(18)

%(Tee =T,)= 4 Co(k+Cor™ )™ exp(

20y kCyr ! [Z—k 1ogﬂ

Cy =kb~¥e* and k> 0, where e = exponential. The second

derivative of Eq.(18)
-k

C
d—(THH Trr):—AICOrkZexp[ o” ][k(k+1)+kc0rk+

H2hADCor ™ +Cr* |- afy [4k(k+1)C +

2k (k+1)C, log%—Zkzco}r_k_z

1
is negative at r=(e’b %) k =5, Cy=kb *e* and k>0, if

INTEGRITET I VEK KONSTRUKCIJA
Vol. 17, br. 2 (2017), str. 105-112

a6, | (3-2Cya™)-

107

—k —k
2e{eXp [ COZ J— exp [ Coll; ]}

logé
a

< p(18a)

1
Hence | 70 — 7| is maximum at r=(e*b7%) =7, Co=
kb*e? and k> 0, provided it satisfies the condition (18a).

Therefore yielding of a non-homogeneous rotating cylinder
1

will takes place at »=(e’b*) ¥, depending on values of Co
and k.

—C. ¥ _
lro0 =70, =|-4Cor* exp( o ]+2kC0a7})rk -
| (19)
—aY_"O(3—2COrk)‘ = Y(say)
r=i
T,(3-2C,d" -
where Y is yield stress and 4, = Ty G=2Coa )+ (P =)
(—Coak J (—Cobk J
exp —exp .

1
Thus, from Eq.(19), the effective pressure required for initial
yielding is given by

A
P _Paf_ 1 -7 3 (20)

Y Y| |4 A4,
where T =a—TO, 4, = * and

eqex ~Coa —ex ~Cob!
Pk Pk
_ k
3-2k (3-2Cya" )k 242 log !

A=K -
’ log ¢ ~Cya* —Cpb*
b €eXP| — | mexp| )

Now we introduce the following non-dimensional com-
ponents as: R =r/b, Ry =a/b, o, = 1,/Y, ove= te¢’Y and oz =
/Y.

Equation (20) of effective pressure required for initial
yielding can be written in non-dimensional form as

1|4l
P - — (21)
=TT
where
P Py -k
) =21 =P, —P,, A = and
D e[exp(—ezRé‘)—exp(—ez)J
2 pk
4y = 3-2k N (3—2ke"Ry)k ak
logR, e [exp(—ezR(/)‘ )— exp(—e2 )]

The radial, circumferential and axial stresses in transition
state from Eqs.(15)-(17) in non-dimensional form can be
written as
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exp{_clgbk —1)}—1
~{1[3-2€,0R))* |- -
exp{ ~Cob” i )} 1

3 Tlll(’glf [3-26,R)" | @)

—_ k -4
T1[3 2C,(bRy) J b [(1—C0kak)X

Coo = R
exp[_clgb (RE —1)}1

Xexp{ (RE - 1)}—1} 10§RO {[3—2c0 (bR)* =

x(1+log R)~2Cyk(bR)" log R}~ P, (23)
1-C.b*R* 3 T logR

zz = L k k(o-rr+000)+ k & g (4)
2-Cyb*R 2-Cy(bR) log Ry

where &, =
T, | 3logR 1-Cy (bR

B Tp 3loeR e g mGCRY (L ak

27z log Ry  2—Cy(bR)" R, 2-Cy(bR)

} 3
R, b[z—co (bR)"]
Fully plastic state:
There are two plastic zones:

(i) inner plastic region: a <r < ry
(ii) outer plastic region: r; <r < b.

dR

(i) Inner plastic region: a <r <r

For fully plastic state /6-10/ (Co — 0), Eq.(18) can be
expressed in non-dimensional form as
P,|l=—+1 1 |4 (25)
P

—k

P

_ —pa Pa,4_—and
Y v Jal = faz> 10

1 1 1RO

PN S
1-R," logR,

Fully plastic stresses in Egs.(22)-(24) as (Co — 0) in
non-dimensional form are as follows:

where P, =

R -1 log R
o =037 - Pr)————Pu» =31, (26)
1~ 1, Ro o a2 llogRO
k
ot oo -0 MR CT~Fa) 27)
2 r 10gR0 R(l){—l ’

3(1-Cyb R")k + jR Rb* (. +0§6)dR}

ol = . (28
Cob"(3—2C0b"R )Ry —1) ()
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(i) Outer plastic region:
For fully plastic state /7-11/ (Co = 0), Eq.(19) can be
expressed in non-dimensional form as

|45
P,|=——+6, (29)
ol
where be - b —p—iszbl—bez, A =;—k_l and

1 1

Ay=3 L
Ry -1 log R,

Fully plastic radial, circumferential and axial stresses
from Eqgs.(23)-(25) in non-dimensional form can be written
as

RF-1
o, =37, ~Pp)

i
3T, KR GT - Py)

log R
—Py, -3 ———, 30
g GO

b b
Ogg =O0p — > (31)
o log R, RE -1
N I T
31-Cob* RN k| 242 1 RB? (6. + 0hy)dR
b 27 2%
ope (32)

Cob* 3-2C b* R*)(RE -1)

Particular case: cylinder with internal pressure
Pressure required for fully plastic state without thermal
effects and external pressure is given from Eq.(29) as

RS -1

(33)

Equations (30)-(32) are radial, circumferential and axial
stresses for fully plastic state without temperature and external
pressure, in non-dimensional form can be expressed as

RF -1
Grr:_P % 1 (34)
f‘(Ré‘—lJ
37 kR'GT,-P))
Cpp =0y~ LS (35)
log R, Ry -1

P
k pk S 1 2
31-Cyb"R )1{2”+ZJRO Rb (o,,+099)dR}

o= . (36)
Cob* 3-2C,b" R*)(RE -1)

NUMERICAL DISCUSSION

A model of pressurized thick-walled cylinder is formed
for different radii ratios. Radial and hoop stresses for differ-
ent radii ratios are determined under different pressure ratios
and temperature. In case of functionally graded cylinder (k >
0, non-homogeneity increases radially) yielding begins at
any radius » where a < r < b at different temperatures. In the
absence of temperature, circular cylinder of high compress-
ibility needs high effective pressure to yield as compared to
the circular cylinder of less compressibility. The effective
pressure needed for initial yielding is less for a cylinder with
temperature. This pressure keeps on decreasing with the
increasing value of temperature as can be identified from
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Fig. 1. It is clear from Fig. 2 that effective pressure required
for plastic state is maximum at the inner surface of the
cylinder and this pressure keeps on increasing with temper-
ature. Also, circular cylinder of high compressibility needs
very less effective pressure to become fully plastic than the
cylinder of less compressibility.

In Fig. 3, the external pressure needed for initial yielding
with pressure (internal) (= 5, say) is maximum at the inner
surface. Also cylinder of high compressibility requires very
high external pressure to yield and this pressure decreases
with temperature. It can be seen from Fig. 4 that external
pressure required for fully plastic state is very high for circu-
lar cylinder of less compressibility as compared to circular
cylinder of high compressibility. Also, pressure decreases
remarkably with temperature. As internal pressure increases,
external pressure needed for initial yielding and fully plastic
state increases as can be identified from Figs. 5 and 6.

In Fig. 7, it is clear that in absence of temperature, tran-
sitional hoop stresses are maximum at outer surface and are
compressive in cylinder whose internal pressure is less than
that of external pressure. It is also noticed that as pressure on
the outer surface increases, compressive hoop stresses also
increase. In Fig. 8, notable changes have been observed in
the stresses due to increase in temperature. Without thermal
effects, transitional stresses are compressive when pressure
on inner surface is higher than the pressure at outer surface
as can be seen in Fig. 9. With the increase of temperature and
pressure, stresses change remarkably (Fig. 10).

From Fig. 11 it is found that without temperature, hoop
stresses have maximum value at the outer surface and are
compressive for the cylinder in which pressure on the inner
surface is less than the pressure on the outer surface. Also,
with the increase in pressure, there is a remarkable increase
in hoop stress. Also hoop stresses are high for the circular
cylinder of less compressibility as compared to the circular
cylinder of high compressibility. From Fig. 12, it is seen that
with the increase in temperature, circumferential stresses
increase significantly. From Fig. 13, it is observed that when
the internal pressure is higher, hoop stresses have maximum
value at the inner surface. Also, circular cylinder of high
compressibility has high hoop stresses as compared to the
circular cylinder of less compressibility. With the increase in
pressure and temperature, circumferential stresses further
increase (Fig. 14).

CONCLUSION

The cylinder was subjected to high internal and external
pressures and temperatures. On the basis of analysis of
effective pressure, it is found that the functionally graded
circular cylinder of high compressibility with temperature is
better than the functionally graded cylinder of less com-
pressibility because the cylinder of high compressibility
needs very high effective pressure for yielding. It is also
concluded that functionally graded circular cylinder of high
compressibility with thermal effects is safer as compared to
the circular cylinder of less compressibility because the
cylinder of high compressibility requires very high external
pressure to yield and then to become fully plastic.
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Figure 1. Effective pressure for initial yielding at 7= 0 and 0.005.
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Figure 2. Effective pressure for fully plastic state at 7= 0 and 0.005.
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Figure 3. Ext. pressure for initial yielding at 7= 0 and 0.005 when
internal pressure = 5.
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Figure 7. Transitional stresses for a cylinder under internal and

Figure 4. Ext. pressure for fully plastic state at 7= 0 and 0.005
external pressure.
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Figure 5. Ext. pressure for initial yielding at 7= 0 and 0.005 when

internal pressure is 10. Figure 8. Thermal (71 = 0.005) transitional stresses for a cylinder

under internal and external pressure.
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Figure 6. Ext. pressure for fully plastic state at 7= 0 and 0.005 ) - . . ’
when internal pressure is 10. Figure 9. Transitional stresses for a cylinder under internal and
external pressure.
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Figure 10. Thermal (71 = 0.005) transitional stresses for a cylinder

under internal and external pressure.
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Figure 11. Fully plastic stresses for a cylinder under internal and
external pressure.
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Figure 12. Thermal (71 = 0.005) fully plastic stresses for a cylinder

under internal and external pressure.
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external pressure.
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Figure 14. Thermal (71 = 0.005) fully plastic stresses for a cylinder
under internal and external pressure.
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