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Abstract

A non-linear Cosserat theory involving the Arbitrary
Lagrangian-Eulerian (ALE) method has been introduced
into the brittle isotropic materials (amorphous glass and
cement mortar) using the Modified Brazilian Disk (MBD)
under an uni-axial compressive loading. These numerical
experiments shed light on the nature of the Cosserat-based
media and material moduli determination which are
difficult to acquire using the most well-known experimental
viewpoints. By using the identical micro-rotation constants
(¢ = B= y= uLg and ¥ = 2/3), the Cosserat moduli
reduce to only four constants for the 3D cases. According
to the results obtained in this paper, the present methodol-
ogy substantiates that the Cosserat theory would be readily
applied to the wide range of materials from the full
amorphous materials to the heterogeneous materials by
changing the length scale parameter. Some fresh routes and
new outlooks are discussed afterwards.

INTRODUCTION

Development of Cosserat models, motivation and applications

This article addresses the general continuum models
involving independent rotations which were introduced by
Cosserat brothers /1/ at the beginning of the last century.
Their original nonlinear and geometrically exact develop-
ment has been widely forgotten for decades to be only
rediscovered in a restricted linearized setting in the early
sixties /2, 3, 4/. Since then, the original Cosserat concept
has been generalized in various directions, notably by
Eringen and his co-workers who extended the Cosserat
concept to include also micro-inertia effects called ‘micro-
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Izvod

Opisana je nelinearna teorija Kosera koja sadrzi metodu
proizvoljnog Lagranzijana-Ojlerijana (ALE), koja je prime-
njena kod krtih izotropnih materijala (amorfno staklo i
cementni malter) primenom modifikovanog brazilskog diska
(MBD) pri jednoosnom pritisnom opterecenju. Ovi nume-
ricki eksperimenti bacaju vise svetlosti na prirodu medija
tipa Kosera i na odredivanje modula materijala, koji se
nerado prihvataju s obzirom na dobro poznate eksperimen-
talne tacke gledista. Koriséenjem identicnih mikro rotacio-
nih konstanti (a = f= y= pLs’ i ¥ = 2/3), Kosera moduli
se uproséavaju na samo Cetiri konstante za 3D slucajeve.
Prema rezultatima u ovom radu, sadasnja metodologija
potkrepljuje da se Kosera teorija moze opravdano primeniti
na Sirok raspon materijala, od potpuno amorfnih materijala
do heterogenih materijala, i to izmenom parametra
duzinske skale. Data je diskusija nekih novih pravaca
istraZivanja i novih zapazanja.

morphic theory’'. The further simplified Cosserat theory
can be obtained assuming that the macro-rotations are the
same as the micro-rotations, which is named couple stress
theory or so-called indeterminate couple stress theory /8, 9/
and some elastic-plastic applications would be also found
out in /10/. The Cosserat model includes in a natural way
size effect and is increasingly used to regularize non-well
posed situation to analyze more efficiently the diagonal
fracture plane under a compressive loading for the hetero-

! Some of Eringen’s notations have been revised later on by
Cowin /5/ and by Eringen himself /6, 7/. The original notations
make some flaws and it should be carefully taken into account by
the relevant Cosserat moduli or Cosserat material constants.
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geneous materials, e.g. sand, soil /11, 12/ and granular
materials using elasto-plasticity /13-21/. It is of importance
to mention that the other groups have also obtained the
micro-rotations of particles and their localizations on the
shear bands via 2D numerical methods /22, 23/. The other
applications are related to the artificial materials like foams
/24-27/, cellular materials /28/ and some other outstanding
contributions should be addressed such as /29-31/.

Unfortunately, the direct measurements of micro-rotation
of particles are not achievable with high accuracy but we
can measure the micro-rotation in the diagonal fracture
plane by means of the stereophotometric method /32/.
Lakes proposed an experimental procedure to find out four
supplementary material parameters ., «, f and y for the
Cosserat media /33/. However, his proposed experimental
test is not easy to achieve and it is based upon linear Cosse-
rat kinematics extracted by Gauthier et Jahsman /34, 35/ in
the early seventies. The micropolar theory can be also used
as a generalized continuum theory in which the microstruc-
ture detail can be averaged out by the “characteristic length
scale” /8/ including some assumptions about the micro-rota-
tion vector /36/. The latter parameter can be considered as
the infinitesimal homogeneous region in the heterogeneous
media and it is frequently used to model damage phenol-
mena in the concrete /37, 38/. Over the years, a variety of
boundary value problems have been solved in terms of
analytical expression which are then used for the determi-
nation of material moduli in the infinitesimal linear Cosse-
rat model /39/. Notably, the solution of the pure torsion
problem with prescribed torque at the end faces has been
given /34, 35, 40/ and used for the determination of the
length scales of different materials. Despite the huge effort
spent in investigating the Cosserat model, two main draw-
backs still controversially remain. These two points are: the
problem of physical meaningful boundary or side-condition
for the micro-rotation and physically consistent determin-
tion of the Cosserat parameters.

Paper organization

In the present paper, we investigate and use the full
Cosserat media or non-linear Cosserat media via our pro-
posed characteristic length scale assumptions and the grain
sizes. First we present the linear and non-linear Cosserat
theory and parameters identification with respect to the
semi-positive definiteness of the constitutive laws and local
positivity of strain energy density or so called strongly
ellipticity. Second, we focus on the problem of indirect ten-
sile test known as Modified Brazilian Disk (MBD). We
choose an amorphous material with very low porosity (glass
of nano-scale pore size /41/) and a heterogeneous material
with high porosity (cement mortar). The mentioned elastic

g7 :=Vu—-A, where Z:z—eijkqékéi@éj and Vu:z(V@u)T:ui’jéi@)éj for ijk=123

k:=V¢, where Vp=(Vep) =¢

where
£eR*xR?, VueR*xR?, peR*, 4eSO3)cR* xR,

eeR*xR*xR* and keR>xR* are first Cosserat stretch
tensor, gradient of displacement vector, micro-rotation dual
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brittle materials are analyzed in order to evaluate the
average grain size as the characteristic length scale in the
Cosserat theory. As will be discussed in the next sections,
the Cosserat theory would be used to the classical theory,
i.e. Cauchy-Boltzmann theory as well as granular materials.

MATHEMATICAL FORMULATION OF COSSERAT-
BASED SOLIDS

This section does not contain any new result. Let us
begin by establishing the coupled kinematical relations for
the non-linear Cosserat models and their appropriate strain
and curvature energy densities.

Cosserat theory kinematics

Classical kinematics or so-called linearized kinematics

The most essential matter in the Cosserat theory is the
existence of the additional independent degree of freedoms,
i.e. micro-rotation vector (¢ € R*) besides the displacement
vector (u € R?) (Figure 1).

Cosserat Point
F or

Micro-Polar Point

. Mz,

m,
Op P 2

/‘il @,  Macro-rotation

" Micro-rotation

X1
Figure 1. a) Modelling heterogeneous materials b) Components of
stress and stress moment tensors in Cosserat theory, ¢) Micro-
rotation compared to macro-rotation.

Slika 1. a) Modeliranje heterogenog materijala, b) Komponente
tenzora napona i momenta napona - Kosera teorija ¢) Mikro-
rotacija uporedjena sa makro-rotacijom

The main idea comes from the fact that one point in the
continuum media is not a simple point. As a matter fact, this
point is small enough to be considered as a point (infini-
tesimal) in the classical continuum mechanics and it is
equally large enough to provide the micro-rotation (to be
representative of the micro-structure in a statistical sense)
/42/. Eringen took into account the above-mentioned vectors
and established the following second-rank tensors /7/:

(1)

6, ®¢; for ijk=123 (1b)

1

tensor, third-rank permutation tensor or Levi-Civita symbol
and second-rank curvature tensor, respectively.

The above-depicted linearized kinematics provided by
Eringen has been widely used to obtain the analytical
solutions of the torsion test with the long circular Cosserat
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bars /34/. The extracted analytical solutions by using the
linearized kinematics as mentioned earlier are taken into
account in determining the material constants, /33/.
Geometrically exact kinematics or so-called non-linear
kinematics

Let’s get started with the deformation gradient tensor
definition for the modern mechanics (F). The deformation
gradient F' is a second-rank tensor; according to the polar
decomposition theorem, a second rank tensor can be described
as a product of a positive symmetric tensor (U, V e
PSym(3)) with an orthogonal tensor (R = polar[F| € GL +
(3)), /43/. This decomposition can be performed by means
of right decomposition as below:

F=RU=RU 2)

By considering UeR*xR*, we can find out the first
Cosserat stretch tensor known as U —1l and we can write it
again as follows:

E"=U-1=R"F-1 (3a)
Z 2 -3
where R= exp(A) 11+1 +7+?+...
where A=antig=—¢-e=—e; §,é, ®¢, (3b)
or R=exp(4)= 11+ (”¢”) 1 COS("¢")
|4l 4|’
-1 - 1 .
where ¢=ax1A:—Ee: A:_EeijkAjkei (3¢)
and F=11-Vu (3d)

The Egs. (3a), (3¢) and (3d) prepare the first Cosserat
stretch tensor in its geometrically exact or so-called non-
linear case as:

B =RTF—1l=| 142
el

or E":=R"F-11=| cos(|#|) 11+

sin((é]) -, 1-cos(fg])

sindll)

A2 (Ul+ V)1 (4a)
1

1-co (||¢||>

el

64| (U+Vu)-1l (4b)

We can further simplify Eq. (4a) and rewrite the first kinematical equation as below:

S0 7 sl

1- cos(||¢||) el 1- cos(||¢||) vy

¢ 7

The curvature tensor or so-called wryness tensor K can
be extracted in terms of several definitions for micro-
rotation. Some fresh studies can be addressed in /44, 45/.
As mentioned in /45/, there are many studies in which
several techniques on how to describe the rotation group
SO(3) are developed, Rooney /46/, Guo /47/, Pietrasz-
kiewicz and Badur /48/, Altman /49/, Atluri and Cazzani
/50/, Borri et al. /51/, Geradin and Cardona /52/ and Chros-
cielewski et al. /53/%. General definition for wryness or
curvature tensor can be written as below /54, 55, 56/:

i< ::—%e:(RTV(@R) ©6)

where, KeR*xR?, eecR*xR*xR>, ReSOB)cR?xR?

and VReR>xR’>xR*® are curvature tensor, Levi-Civita
symbol, proper orthogonal micro-rotation tensor and gradient
of orthogonal micro-rotation tensor, respectively. There are
seven natural Lagrangian curvature tensors or so-called
wryness tensors for different finite rotation vectors /45/.
The use of other forms like those done by Miinch /55/ and
Sansour /56/ would sustain some numerical discrepancies
during the computations. By taking advantage of the rela-

% These parameterizations can roughly be classified as vectorial
and non-vectorial ones. Various finite rotation vectors as well as
the Cayley-Gibbs and exponential map parameters are examples
of the vectorial parameterization, for they all have three independ-
ent scalar parameters as Cartesian components of a generalized
vector in the 3D vector space (see /44/ and /45/ for more detail).
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(5)
ol ol

tion proposed by Pietraszkiewicz and Eremeyev., i.e.
¢e[-2x,2x], the above-defined curvature tensor can be

written as below:

o [ Josindl 1o

lol i ol
or

r 2 e i o
7 i 7]

Therefore, we can summarize the constitutive laws for
non-linear Cosserat theory as below:

A \Vg(Ta)

5 ) 5 i 1ol
WM W
1-cos(l) -
o

r 2 e
7 " o

_ By neglecting the non-linear phrases in terms of Vu and
A and assuming small deformation (sin( ||¢|| ) ||¢|| =1 and

)= l#])|lg|= 1 when || —> 0), we infer the

Eringen’s simplified kinematics or so-called linear
kinematics (Egs. (1a) and (1b)). In the present study, we
incorporate recently-explored strain energy densities into
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the Cosserat-based media involving the Arbitrary Lagran-
gian Eulerian (ALE) moving mesh method /57/°. In the
next sub-sections, we review the anisotropic and isotropic
constitutive laws including and excluding the centro-
symmetric postulates for the continuum mechanics.
However, we concentrate on the centro-symmetric
materials for our numerical experiments in the current
study.

Total strain energy density concept and their corresponding
constitutive laws

For a non-linear or so-called geometrically exact elastic
Cosserat solids, a total strain energy density function can be
expressed as a polynomial in function of E and K based on
the expansion power series theory:

W(E,E):me(E,E)+ JEK)+ W, (E,K) (9a)

op (B K) =W +8: E+;E D:E (9b)

W, (E,K)=W, +2E C: K+;I? C:E=W2+E:C:K (%)
1=

W, (E,K)=W. +B: K+2K E:K (9d)

Centro-symmetric case: anisotropic and isotropic constitu-
tive laws

In the absence of initial energy densities, stress and
couple stress (WOmp =W =W.,y=0and S=B= 0) and
the hypothesis of centro-symmetry effects for the Cosserat
media (C = 0), we can find the following anisotropic consti-
tutive equations:

E=w D:E or oy DklEkl
OE
for i,j,k,[=12,3 (10a)
and
:w E:K or K Elekl
oK
for i,/j,k,[=1,2,3 (10b)

By applying isotropy property for the stiffness and
curvature stiffness fourth-rank tensors, one can find out the
following relations:

5=2,usymE+2yc skew E + Atr[ E]11

ot &=(u+u)E+(u—u)E" +At[E] (11)
and
m=pBK" +yK +at[K]ll or
m=(y+ f)symK +(y - f)skew K +atr[K]1l (12a)
or
m=(y+f)devsymK +(y— ﬂ)skewf+wwk]ll (12b)

3 In this method, the mesh movement follows the movement of
physical material and it is very useful in solid mechanics involving
relatively large deformation. It is of great importance to remind
that for very large deformation, it is more beneficial to re-mesh the
FEM model. This matter removes mesh distortion drawback
during the computations.
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A and p are the classical Lamé’s constants and z., o, £ and
y are new additional material parameters introduced into
Cosserat theory.

By taking advantage of the isotropy of the constitutive
laws as mentioned earlier, we can rewrite the strain energy
density and curvature energy density as below:

— strain energy density

skewl?"2 +itr2 [E]

Wi (E)=pfsymE[ 441,
2 3/1+2,u P

—,u"devsymE" +u, skewE" tr’[E] (13a)

E"2+(ﬂ—ﬂc)tf[Ez )

— A i)
— curvature energy density

W B)=LLsym &+ Llscew K[ + 210%(K)

curv

r+p "devsymK" +7 s P Plskew K[ + w 2[K](13b)

=%(atr2 [1?]+y||1?|| + B[ K> ])

By using of the mathematical points of view, the strain
energy density Wpp( E; K) and the curvature energy den-
Sity Weurn( E; 7() would have the local positivity condition.
But that is not sufficed and the semi-positive definiteness of
fourth-rank stiffness tensors of constitutive laws would be
required either /58/:

4120, 34+2u20, 1,20

L+720, 3a+(f+y)=0, y—£>0, y>0
Traditionally, the four supplementary material parame-
ters, i.e., 1., &, fand ycan be expressed by the other terms,
b, 4, N, ¥ /33/*.

Equilibrium equations

(14)

In the absence of macro and micro-accelerations the equi-
librium equations of the Cosserat theory are given as below
under weak form formulation:

fo(@ i +pb)dV =0 fori,j=1,2,3 on Q(1)eR*x]0,7] (16a)

ooy (51— +pc)dV =0 1, j =1,2,3 on (1) R*x]0,T] (16b)

* They represent the characteristic length scale for bending, charac-
teristic length scale for torsion, coupling number and polar ratio,
respectively.

The above-defined so-called material parameters have been sub-
stantially applied for determining the Cosserat material constants,
notably by Lakes /59, 40, 60/. The previously indicated Cosserat
moduli (z., &, fand y) could be denoted as below /61/:

lﬁ:zL and ltz:: Bty (15a)
2QQu*+k) 2u*+K
2o e _  ® Yhere 0<N?<I (15b)
ptp, 2(p*+K)
=P here 0<w< (15¢)
a+p+y 2

where, x and u* stand for the Cosserat couple modulus and
Pseudo-Lamé’s constant in accordance with Eringen’s notation.
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(16a) and (16b) imply that stress tensor oj is not necessarily
symmetric and its antisymmetric part is determined by the
divergence of the couple stress tensor m,; or so-called stress
moment. These equations ((16a) and (16b)) are the outcome
of the virtual work principle on deformable solids, /62/.

ANALYTICAL EVALUATION OF MATERIAL PARAME-
TERS IN MICROPOLAR THEORY AND CHARACTER-
ISTIC LENGTH

General considerations

As explained earlier, the non-linear kinematics in conjunc-
tion with the ALE method are used into 3D-FEM calcula-
tions. This issue unwillingly produces the non-linear com-
putations and the runtime would last more than those
carried out for the linear Cosserat elasticity. This matter is
entirely different from the material non-linearities issue in
which the non-linear analyses are required. It is well worth
noting that the authors use the most complete kinematics
(geometrically exact) which is originally proposed by
Cosserat brothers in early 1909, involving ALE moving
mesh method. These features help us to carry out the FEM
simulations as far as possible close to the original kinemat-
ics or realistic case. Anyway, in the practical engineering
applications, linear Cosserat theory is quite adequate in
describing the deformations (small deformation issue). We
fix the relative error to 1 x 10°° for all computations herein.
The mesh independency issue has been evaluated for our
computations either.

Analytical evaluation of curvature energy density using
nullspace theory

Before getting started with non-linear Cosserat theory, it
is apt to emphasize the curvature energy density classifica-
tions using Toupin’s parameter /8/, i.e. characteristic length
scale L. as below, /63/:

Linear Cosserat theory
This case is well investigated by first author /58, 63, 64/
and it is numerically studied in /65, 66/ by the authors:
- Point-wise case called casel /55/: This case corresponds
to =0, f=0and }/=,uL62

W ()= ML - “L (17)

— Deviatoric p0int-w1se case, /67/: Thls case corresponds
to a=—uL >3, ﬁ= 0 and y= ,uch

): _” ¢ devk : devk =

J‘_Lc ? Lk
== ( 3tr [k]j

- Symmetric case called case2 /68-71/: This case corre-
sponds to =0 and = y= uL 12

(18)
ke

2
A o -

W ()= —“L" symk : symi -
—%@WqWﬂ
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(19)

« Conformal case called case3 /63, 65, 72, 73/: This case
corresponds to o =—uL.*/3 and f= y= ,uch/Z
A=

[k ]] (20)

Wy (l?) = L devsymk devsymk =

Hlof L2 Lo
—2UHTM]
+ Symmetric case with non-negative « called case4: This
case corresponds to = = yand y= uL.’
2

W, (k)=tee AL, (k k+kT k+tr[k])

:h( i
2
Non-linear Cosserat theory

The curvature strain energy density for non-linear kine-
matics or so-called geometrically exact has been described

in function of K:=R" Curl,[R] /74, 55/ and it is related to

the curvature tensor or wryness tensor by the following
equation /74, 55/:

2+tr[1?2]+tr2[1?]) 1)

K=K-u[K]l (22)

Curl,[R]eR’xR*, ReSOB)cR’xR?, and K eR*xR’
are row wise curl of proper orthogonal micro-rotation tensor,
proper micro-rotation tensor and curvature tensor or wryness

tensor, respectively. Correspondingly, we can rewrite dif-
ferent curvature energy densities as below:

« Point-wise case called casel /55/: This case corresponds

to a= ,uLCZ, f=0and ;/= ,uLCZ:
curv (K) —
:&( %
2
— Deviatoric point-wise case, /67/: This case corresponds
to o= —,uch/S L=0and y= puL>:

Curl#[R])”

2,uL(

« Symmetric case called case2 /68-71/: This case corre-
sponds to o= uL.* and = y= uL>/2:

ﬂLZ

Curl,[R]| =~

(23)

’ +tr2[1?])

(K)—

CUI'V

u

t [K]j

2
(K)= ML,

CUI'V

N
symKH =
(25)

sym(R Curl,[ ])“2 -

=%G"EH2 —i%tr[l? 2+t [K ])

« Conformal case called case3 /63, 65, 72, 73/: This case
corresponds to o= —,uch/3 and f=y= ,uch/Z'

Ry =~
(M
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« Symmetric case with non-negative « called case4: This

case corresponds to o= = yand y= uL’
2

oyl = oy
Wcurv(K):Jz”(K K+K" :K+tr[K]2)=

&l +tr[1?2]+tr2[1?])

The comparison among the cases for both linear and
non-linear Cosserat theories substantiates that casel-devia-
toric, case3-conformal case and case4 remain unchanged.
Only the point-wise and symmetric cases (casel and case2)
take different configurations in the curvature energy density
framework (Table 1). It is well worth noting that case 4 is
conventionally defined and it is trivial that case4 retains the
same feature explained earlier (linear Cosserat theory).

Table 1. Comparison among various curvature energy density cases for linear and non-linear Cosserat theories.
Tabela 1. Poredenje raznih slucajeva gustine krivolinijske energije za linearnu i nelinearnu teoriju Kosera.

Case No. and description

Linear Cosserat theory

Non-linear Cosserat theory

Casel-Pointwise case

OtZO,ﬂZOand}/:yLC2

a=uLl’, p=0and y= puL’

Casel-Deviatoric case

a=-uL’/3, f=0and y=uL’

a=-uL’/3, f=0and y=uL’

Case2-Symmetric case

a=0and f=y=uL’2

a=uL’ and B=y=uL’12

Case3-Conformal case

a=-uL?/3 and f= y=uL 2

a=—ul>/3 and = y= ul 2

Case4-Non-negative &

a=p=yand y=pL’

a=p=yand y=pL’

Characteristic length scale L. determination

Characteristic length scale overview

In the present study, we pay attention to case4 which
provides symmetric stress moments like case2. The above-
described cases reduce the six material moduli to only four
material moduli, i.e. A, 1, L. and g. The most salient point
of Cosserat theory is to determine these parameters. Tradi-
tionally, we take x. equal to u in the Cosserat simulations.

However, the determination of L. is not easy and several

propositions pertaining to the L. could be found out in the

open literature:

1. Gauthier and Jahsman suggested two characteristic length
scales known as ¢, and ¢ which deal with bending and
torsion characteristic length scales /34, 35, 75/. These charac-
teristic length scales come from the analytical solution of
the linear Cosserat elasticity and they are widely applied
by R.S. Lakes /33/. The original characteristic length scales
have been extracted via long Cosserat bars under pure torsion.
Determination of these parameters is very difficult and
they are basically obtained from linear Cosserat theory.

2. Bazant proposed L. nearly 2.7 times the largest aggregate
in concrete /76, 37/ in the early eighties and his idea is
followed by several papers in the concrete and cement
society /38/.

3.Forest et al. applied the de Borst’s assumption (case2-
symmetric case) /70/ for 2D models i.e. =0 and B =.

Blu
using aluminium SiC metal matrix composite /77/. L.
value was considered between 10 * and 10> mm.

4. Zhang et al. studied the Cosserat materials with Voronoi
cell via FEM experiments /30/. They used three L. values
(L= 0.0l mm, L.= 0.1 and L.= 1.0 mm). Based upon
their studies, the size effect was captured while they
increased L. in their linear 2D-FEM Cosserat models.
The same methodology has been neatly applied to the
elastic-plastic Cosserat materials by the abovementioned
authors for granular materials /78/.

Definitions of characteristic lengths and our assumptions
Regarding the stress-strain and stress moment-curvature

tensor relations (constitutive laws), two sets of material

constants or so-called Cosserat moduli should be taken into

They defined the characteristic length scale L. =
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account. Due to the dimensional difference between the two
sets of parameters, at least three intrinsic characteristic
lengths can be defined for an isotropic elastic micropolar
material. These characteristic lengths can be denoted as:

Lil ::g, Lf,z :=£ and Li =7 (28)
u u .

As previously discussed, six Cosserat material parame-
ters should be deemed for 3D-models, i.e. (4, 1, ., @, S,
and ). These parameters can be described as (4, y, 4, L1,
L., and L). By taking advantage of the classical notations
for Cosserat theory and fixing g. (1. = ), we attain the
following relations:

2 2
ﬂ+7 ch +ch

= = : (29a)
a+p+y L +L +L,
and
Nt 1 (29b)
ptp, 2

Assuming that L., L, and L.; deal with three diameters
of an ellipsoid grain as illustrated in Fig. 2, the characteris-
tic length scales can be re-written as below:

L, =2a, L, =2b and L, =2c (30)

If three characteristic length scales become identical, the
ellipsoid shapes can be transformed to the spherical ones.
Moreover, the aforementioned assumption coincides with
case 4 (symmetric case with non-zero ). In the next section,
we shall apply this curvature energy density configuration
for our non-linear Cosserat models involving ALE method.

3D NUMERICAL SIMULATION OF THE ISOTROPIC
NON-LINEAR COSSERAT THEORY

As explained previously, the equality of characteristic
length scale (@ = 8= y= uLg* where Lg is mean value of
grain diameter for the granular materials) leads to case 4.
Therefore, it is essential to substantiate the stiffness bound-
edness property for case4 by means of the M;—Log(L.)
diagram. This semi-logarithmic diagram is utilized to prove
that the mentioned case is physically feasible, i.e. it yields
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the size effect in the sense that smaller specimens are stiffer
than larger ones /65/. This matter has been investigated for
linear Cosserat elasticity in /62/ via torsion test of a

Cosserat bar. It is of great importance to remind that other
cases have been taken into account in another study and
they are out of scope of the present study.

a) b) <)
Figure 2. Typical illustration of the ellipsoid grains ass;.l-rnption including the characteristic length scales (Iength=2a, width=2b and
height=2c), a) Full ellipsoid, b) One-half ellipsoid, ¢) One-quarter ellipsoid.

Slika 2. Tipicna ilustracija pretpostavke elipsoidnih zrna sa karakteristi¢nim razmerama duzina (duzina=2a, Sirina=2b i visina=2c),
a) potpuni elipsoid, b) polu-elipsoid, ¢) ¢etvrtina elipsoida.
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Figure 3. Mesh independency evaluation of the non-linear Cosserat elasticity involving ALE for the circular Cosserat bar including
E=30 GPa, v=0.28, y=u, L=1E8 mm and finite rotation along x3 axis v=10°. a) Geometrical configuration of Cosserat bar
(diameter=40 mm, length=160 mm), b) Torque versus DOFs curve for the symmetric case with non-zero « or case4 by steadily growing
element number from 360 to 190720 elements (ansatz quadratic and linear Lagrange shape functions providing 28-node hexahedral solid
elements) and up to 5259747 DOFs including Lagrange multiplier DOFs.

Slika 3. Proracun nezavisnom mrezom nelinearne Kosera elasti¢nosti sa ALE za kruzni Kosera $tap sa E=30 GPa, 1=0,28, u=¢,
L,~=1E8 mm i kona¢nom rotacijom za v=10° duz ose x3. a) Geometrijska konfiguracija Kosera §tapa (pre¢nik=40 mm, duzina=160 mm),
b) Moment u funkciji stepeni slobode za simetrian slucaj sa ne-nultim « ili sluc¢aj4 pri laganom porastu broja elemenata od 360 do
190720 (pocev od kvadratnih i linearnih funkcija oblika Lagranza sa 28-¢vornih heksaedarskih punih elemenata) pa do 5259747 stepeni
slobode ukljucujuéi i Lagranzove koeficijente stepeni slobode.

As it is well-known, the most Cosserat effect occurs
when one sample is under pure torsion. Due to this fact, we
chose the torsion test as a relevant tool to investigate our
non-linear Cosserat models. As pointed out previously, to
achieve the torsion test, the geometrically-exact angle of
rotation should be applied on the top of specimen and after
that, we integrate over the top of specimen for extracting
the moment of torsion (see /65, 66/ for more detail). The
total moment of torsion about the es;-axis at the top of
specimen consists of stiffness-based as well as curvature
stiffness-based counterpart /64/:

M, =stiffness-based torque My :=curvature stiffness-based torque

(€2))

The mesh-independency issue is essential when we treat
the size effect in the generalized continua, e.g. Micro-dila-
tation, Cosserat, Micro-stretch and Micro-morphic media.
To handle it, the MT versus No. of DOFs is plotted by
constantly growing the mesh density from very coarse mesh
(11304 DOFs) to extremely fine (5259747 DOFs) (Fig. 3)

——
my3dxdy
op

My =] 2, (xG3p —yTy )dxdy+ ‘[aQT
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3D-FEM simulation of Modified Brazilian Disk specimens

In the present study, we consider two different elastic brittle
materials, i.e. float glass and cement mortar (Table 2). In
Fig. 4, the Scanning Electronic Microscopic (SEM) images
for both materials are shown. Particularly, we focus on the
indirect tensile stresses around the central hole of MBD
samples /79/.

The uni-axial compression Brazilian test is commonly
used on brittle materials to apply the compression at top of the
disk specimen. This loading condition can provide indirect
tensile stress in the direction of the median plane. The MBD
consists of one small central hole (¢ = 30 mm diameter) on the
outer disk of diameter and thickness 150 mm (= D) and
100 mm (= L), in respect (Fig. 5a). This geometry is taken to
induce the stress concentration around the notch tip.

Table 2. Size-independent and size-dependent mechanical properties of float glass and cement mortar.
Tabela 2. Dimenziono nezavisne i zavisne mehanicke osobine flot stakla i cementnog maltera.

Mechanical properties Float glass Cement mortar
Young’s modulus, E (GPa) 58 20
Poisson’s ratio, v (-) 0.218 0.28
Ultimate tensile strength, oyrs (MPa) 46.70 7.5
Characteristic length scale, L =L (mm) 10° 1
Cosserat couple modulus, z. (GPa) u=1=ER(1+v) pU=1=ER(+v)

20 i F AR
Lk --:d--r:-\é'._“ -

!

Bl

(a) i -l‘".'."'-"

- (b

Figure 4. SEM images of chosen materials a) Float glass, b) Cement mortar 48 hours after hydration process.
Slika 4. SEM slike izabranih materijala (flot staklo i cementni malter), a) flot staklo, b) cementni malter 48 sati posle hidratacije.

Hence, these Modified Brazilian Disk (MBD) samples
will be broken using the notch tip crack concept /80/. This
is absolutely very good wayout in tensile strength evalua-
tion of elastic brittle materials. This trims off the interfer-
ences among boundary conditions and high concentration
zones at notch root (contact problem), i.e. central hole of
the MBD samples.

The 3D-FEM implementations have been made by the
isoparametric quadratic and linear Lagrange shape func-
tions for displacement and micro-rotation vectors (u € R’
and ¢ € R?), respectively. The main advantage of this choice
is to obtain very stable mesh-independency problem as well
as low computation costs, i.e. they are computationally
affordable and rather exact. All computations are done by
the Geometric Multi-Grid (GMG) solver well-known as an
iterative solver including the parallelization of non-sym-
metric systems. The major advantage of the above-men-
tioned solver is its ability to handle very large Cosserat
models. This matter gets more crucial when we would like
to solve non-linear generalized continuum media. In these
cases, more DOFs should be expected at every node
comparing to the classical theory and consequently, direct
solvers efficiency becomes less colourful for huge DOFs
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(Fig. 5¢). In Table 3, mesh statistics of the 3D-FEM model
of MBD samples are given. It is essential to mention that
boundary conditions for the micro-rotation vector are still
open problems. Some groups call them as the artificial
boundary conditions and they insist on the fact that one
should not provide any boundary conditions in conjunction
with the micro-rotations. Unlikely, other groups imply these
kinds of boundary conditions for micro-rotations. This is
neatly performed for the microstretch theory by Kirchner
and Steinmann in their landmark work /81/. They have
substantiated that lack of the micro-rotation boundary con-
ditions induces a constant micro-rotation field. In the
current work, this methodology is followed throughout the
numerical computations.

Numerical simulation results and discussion

In this sub-section, we investigate the impact of the
characteristic length which has been presumably considered
as mean value of the grains diameter (L.; = L., = L3 = Lg).
We take into account two different materials, i.e. glass and
cement mortar. The float glass is well known as a non-
granular material (amorphous material). An interesting con-
sequence of this choice is that the characteristic length scale
must be nearly zero or zero (L, — 0). In this case, the

STRUCTURAL INTEGRITY AND LIFE
Vol. 11, No 2 (2011), pp. 63-74



Infinitesimal Non-Linear Cosserat Theory based on ...

Infinitezimalna nelinearna teorija Kosera na bazi ...

Cosserat theory reduces to one kind of classical theory
(Cauchy-Boltzmann theory). In the meanwhile the micro-
rotation vector reaches very small values relative to the
cement mortar. Considering the cement mortars as highly
porous materials including the aggregates and independent
micro-rotation concept which is explicitly built in the

X . & 0
0 a0

(a) (b)

60 o, 2

Cosserat-based media, we find out relatively high micro-
rotation values. As a matter of fact, the Cosserat-theory not
only handles the classical theories (L.= 0 and g = 0) but
also it promises an explicit methodology to treat the granu-
lar materials.

(©)

Figure 5. Illustration of the Modified Brazilian Disk (MBD) specimens (outside diameter=150 mm, inside diameter=30 mm and thick-
ness=100 mm), a) Geometrical configuration of chosen MBD specimen for FEM experiments, b) One-quarter symmetry assumption
using median plane and its normal plane as symmetry planes, c) Mesh density of chosen MBD specimen (Element type= hexahedral 28-
node solid element, DOFs=4605903 including Lagrange multiplier DOFs).

Slika 5. Prikaz epruvete Modifikovanog brazilskog diska (MBD) (spoljni pre¢nik=150 mm, unutrasnji precnik=30 mm i
debljina=100 mm), a) geometrijska konfiguracija epruvete MBD za FEM eksperimente, b) pretpostavka cetvrtine simetrije koris¢enjem
srednje ravni i njene normalne ravni kao ravni simetrije, ¢) gustina mreze MBD epruvete (tip elementa=puni heksaedar sa 28 ¢vorova,
stepeni slobode=4605903 zajedno sa Lagranzovim koeficijentima stepeni slobode)

L EEERICE —

wa

©)

Figure 6. Non-linear Cosserat outcomes for float glass and cement mortar under indirect tensile test via the Modified Brazilian Disk (MBD)
specimens (compressive force=10 kN), a) Norm of micro-rotation vector (||||) or micro-rotation vector magnitude in degree including micro-
rotation vector field (black arrows) for float glass (maximum value around the central hole=8.8x107 (°), b) Norm of micro-rotation vector
(|l 4|l or micro-rotation vector magnitude in degree including micro-rotation vector field (black arrows) for cement mortar (maximum value
around the central hole=25x10~ (°), ¢) Normal stress component in x direction (o;,) in MPa, d) Shear stress component in xy plane (o)
Slika 6. Nelinearna Kosera resenja za flot staklo i cementni malter u indirektnom ispitivanju zatezanjem MBD epruveta (pritisna sila=10 kN),
a) Normirani vektor mikrorotacije (|| 4||) ili intenzitet vektora mikrorotacije u stepenima zajedno sa poljem vektora mikrorotacije (crne
strelice) za flot staklo (najveéa vrednost je oko centralnog otvora=8.8x107 (°), b) Normirani vektor mikrorotacije (Il ili intenzitet vektora
mikrorotacije u stepenima zajedno sa poljem vektora mikrorotacije (crne strelice) za cementni malter (najveca vrednost je oko centralnog
otvora=25x10" (°), ¢) Normalna komponenta napona u x praveu (o) u MPa, d) Komponenta napona smicanja u xy ravni (o) u MPa.
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Table 3. Mesh statistics and 3D-FEM model assumptions for the non-linear Cosserat computations.
Tabela 3. Statistika mreze 1 3D-FEM pretpostavke modela za nelinearni proracun Kosera.

Element type

Element No. FEM symmetry DOFs

Quadratic and linear for u € R’ and ¢ € R’

165000 one-quarter 4.606 Mi

Another feature which can be basically found out from
the numerical computations is that the stress localization is
less colourful in the Cosserat theory compared to the classi-
cal one /82-84/. This matter can be interpreted by the fact
that there is the energy equality feature. Hence, one part of
applied actions, e.g. forces and moments would be distrib-
uted through the strain energy density and another counter-
part would be used to undertake the curvature energy density.
This issue is well-known and it well agrees with the reality
of the granular and heterogeneous materials. Correspond-
ingly, the weak shear stress value is obtained near the
central hole of the MBD 3D-FEM models. It is obvious that
the symmetric stress moment (m € sym(3) < R’x R?)
might be expected due to the equality of fand y like case2.
The numerical experiments substantiate this matter, i.e.
m;= my;. However, the stress tensor is still asymmetric
second-rank tensor and its skew-symmetric counterpart
provides the stress moment tensor. Therefore, the amount
of the stress moment tensors unavoidably depends on the
shear stresses and the actions which significantly produce
them, e.g. pure torsion test or pure shear test commonly
used to investigate the shear effects in classical mechanics.
To exemplify this issue, we refer the landmark studies of
Gauthier and Jahsman /35/ and Gauthier himself /75/. More
recent investigation would be also addressed in /64/.

SUMMARY, CONCLUSION AND OUTLOOK

The numerical experiments of non-linear Cosserat theory
have been performed on the brittle materials under indirect
tensile strength experiments well-known as Modified
Brazilian Disk (MBD). This sort of tensile strength assess-
ment experiments is successfully applied into the brittle
materials in predicting their tensile strength. This also
avoids any other side-effects which simultaneously occur
through the brittle samples during the test procedure. The
presence of the central hole neatly wipes out these effects
and results in quite well tensile strength estimation for
brittle elastic materials. To achieve the non-linear Cosserat
numerical experiments herein, three main assumptions are
taken into account:

1. The material moduli, i.e. &, £, and y, which link the stress
moment tensor to the curvature tensor or so-called
wryness tensor in the second constitutive law of the
Cosserat-based media, are considered in function of the
microstructure state, notably the grain size,

2.The characteristic length scale L. is considered as an
average grain diameter (L.:= Lg). The ellipsoid grains
with three different diameters and random orientations
are primarily accounted for. Using the identical character-
istic length scales for the aforementioned grains, the
spherical ones are created.

3. According to the physical and mathematical restrictions
on the Cosserat-based media as generalized continuum
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media, parameter g, is customarily fixed to z As pointed
out previously, L.= 0 and g .= 0 yield the classical
theory. The fact that we take g. = u is beneficial in the
sense that it still stands for the Cosserat media whatever
L. values. Furthermore, it is computationally affordable
while we are in front of enormous amount of DOFs, par-
ticularly for the non-linear Cosserat theory.

Based upon above-mentioned assumptions, the computa-
tions have been carried out for our selected materials. We
have willingly chosen these materials, i.e. glass and mortar
cement. They represent two extremely different micro-
structures, i.e. amorphous and heterogeneous micro-struc-
tures. Using the numerical outcomes, one can readily
realize that the amorphous materials are extremely close to
the classical theory of elasticity, whereas the granular
materials provoke one kind of independent rotation whose
effect can be neatly covered in an explicit manner via the
Cosserat theory. In the case of granular materials, these
effects are entirely clear and obvious. Therefore, more micro-
rotation and less stress localization would be expected for
these materials. L. value has a great impact on these inde-
pendent micro-rotations which are promised under Cosserat
theory. This would be a fresh route for material modelling
of the heterogeneous materials. Nevertheless, some salient
open problems still remain:

« The first is the micro-rotation boundary conditions issue,
one can ask himself whether or not these boundary condi-
tions would be taken into account (grid-framework bound-
ary conditions versus artificial boundary conditions),

« The second one is g, called Cosserat couple modulus.
According to the generalized continuum theory, very small
M. values make us closer to the classical theory, whereas
the large s, i.e. g — o coincides with the couple stress
theory or so-called indeterminate couple stress theory /8,
9, 85/. Although, these case limits or penalized cases are
pretty well-known, the physical meaning of this material
modulus is still an open problem.
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