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Abstract 

In the present paper, we concentrate on the heterogene-
ous cement mortars and we treat them as Cosserat-based 
media. The autogenous shrinkage phenomenon at early age 
(from 1 to 3 days after mixing) is analysed by means of the 
Cosserat theory. The characteristic length scale parameter 
Lc in this theory helps us to change the size specimen from 
macro-scale to micro-scale using the theoretical size effect 
aspects. This methodology is also capable of treating crack 
initiation and their appearance in the cementitious matrix, 
surrounding the sand-inclusions, which should occur inside 
the Representative Volume Elementary (RVE) of mortar 
subjected to self-desiccation shrinkage during hydration at 
early age. By taking advantage of the Nonlinear Finite 
Element Analysis (NFEA), numerical experiments are 
performed. Numerical outcomes agree well with experimen-
tal observations from Scanning Electronic Microscopy 
(SEM) images. It concludes that the inclusions create not 
only a hygro stress concentration around the grains but 
also the number of inclusions should influence the network 
in the cementitious matrix. 

Ključne reči 
• cementni malter 
• skupljanje 
• samoisušivanje 
• multiskalarni pristup 
• higro-Kosera teorija 

Izvod 

U ovom radu, pažnju smo usmerili na heterogeni cemen-
tni malter koji tretiramo kao fluid tipa Kosera. Fenomen 
spontanog skupljanja u ranoj fazi (od 1 do 3 dana nakon 
mešanja) je analiziran primenom teorije Kosera. Karakte-
ristični parametar dužine Lc u ovoj teoriji nam pomaže u 
izboru dimenzija epruvete od makro nivoa ka mikro nivo 
primenom aspekta teorijskog dimenzijskog uticaja. Ovom 
metodologijom se takođe može razmatrati inicijacija prslina i 
njihova pojava u cementnoj matrici, u okruženju uključaka 
peska, a koja nastaje u Reprezentativnoj Elementarnoj 
Zapremini (RVE) maltera, podvrgnutom skupljanju usled 
samoisušivanja u ranoj fazi hidratacije. Numerički eksperi-
menti su izvedeni zahvaljujući prednosti analize nelinear-
nim konačnim elementima (NFEA). Numerički rezultati se 
dobro slažu sa eksperimentalnim podacima snimaka scann-
ing elektronske mikroskopije (SEM). Zaključuje se da 
uključci ne izazivaju samo koncentraciju higro napona oko 
zrna, već i da broj uključaka takođe utiče na mrežu cemen-
tne matrice. 
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INTRODUCTION 

In recent years, considerable interest has developed in 
micro-mechanical modelling of solids. This interest has 
been motivated by the fact that many materials have hetero-
geneous microstructures that play an essential role in deter-
mining their macro-scale behaviour. The response of 
heterogeneous solids as soil and concrete shows strong 
dependence on the micro-mechanical interactions between 
the different material phases. The classical theories of 
continuum mechanics have limited ability to predict such 
behaviours. In the current study, we take advantage of the 
Cosserat theory and we apply it to heterogeneous materials. 

The Cosserat or so-called micropolar theory was initi-
ated by Cosserat’s brothers in 1909, /1, 2/, and it has been 
followed and developed /3-7/ later in the early sixties. One 
of the most outstanding features of this theory is that one 
can involve the size effect in an explicit manner, i.e. the 
smaller samples behave stiffer than larger samples of the 
same material. Consequently, such size effect has been 
successfully applied to the multiscale approach methods /8/. 

MULTI-SCALE THEORETICAL AND NUMERICAL 
APPROACH VIA COSSERAT ISOTROPIC ELASTICITY 

This section briefly describes the principle of Cosserat 
theory. Let us begin by establishing the coupled kinematical 
relations for the linear Cosserat-based media, /9/: 

 T u A   ,  where    and  , ˆ ˆ: ( )T
i j i ju u u e    e ˆ ˆijk k i jA e e e   (1a) 

 k  ,  where  , ˆ ˆ: ( )T
i j i je e         for  i,j = 1,2,3 (1b) 

 | du u  ,  essential or Dirichlet displacement boundary conditions (1c) 

where 3 3 3 3, , SO(3) , u A e          moment vectors under strong form (see /8, 9, 10/ to get 
more details all about the variational approach and the 
virtual work principle of the linear isotropic Cosserat and 
micro-stretch theory), the constitutive laws for the isotropic 
Cosserat elasticity models and essential or Dirichlet bound-
ary conditions including the relation between the micro-dila-
tation vector and its dual tensor: 

27
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 are the displacement vector, micro-rotation 
vector, dual tensor of the micro-rotation vector, third-rank 
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moment tensor, third-rank Levi-Civita tensor and second-
rank isotropic identity tensor, first and second Lamé’s 
coefficients and bulk modulus, respectively. Let us provide 
the recently scrutinized curvature energy densities. These 
cases are well investigated by first author and Neff /11, 12, 
13/ and it is numerically studied in /8, 14, 9/ by the first and 
third authors: 

  
 , 

2(1 )

E
G


 


, and 

3 2

3 3(1 2

E 
)

K



 


are non-sym-

metric stress tensor, non-symmetric couple stress or stress 

• Case1, Point-wise case /15/: This case corresponds to  = 0,  = 0 and  = Lc
2 

 
2 2

2
curv ( ):  : 

2 2
c cL L

W k k k k
 

   (3) 

– Case1-1, Deviatoric point-wise case /16/: This case corresponds to  =
2

3
cL

 ,  = 0 and  = Lc
2 

  
2 2 2

2 2 2
curv

1
( ): dev  : dev dev tr

2 2 2 3
c c cL L L

W k k k k k k
      

 

  (4) 

• Case2, Symmetric case /17, 18, 19, 20/: This case corresponds to  = 0 and  =  = 
2

2
cL

 

 
2 2 2

2 2 2
curv

1 1
( ): sym  : sym sym tr

2 2 2 2 2
c c cL L L

W k k k k k k
           

 (5) 

INTEGRITET I VEK KONSTRUKCIJA 
Vol. 11, br. 1 (2011), str. 43–50 

STRUCTURAL INTEGRITY AND LIFE
Vol. 11, No 1 (2011), pp. 43–50

 

44



Multi scale modelling based on the hygro-Cosserat theory for  Multiskalarno modeliranje na bazi higro-Kosera teorije za 
 

• Case3, Conformal case /12, 8, 21, 22/: This case corresponds to  =
2

3
cL

  and  =  = 
2

2
cL
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• Case4, Symmetric case with non-negative , /9/: This case corresponds to  =  =   and  = Lc
2 

      
2 2

2 2 2 2
curv ( ):  : : tr tr tr

2 2
Tc cL L

W k k k k k k k k k
          . (7) 

In the present paper, we focus on the conformal case, i.e. 
Case 3 due to the fact that this case can provide the most 
stable parameters, /13/. Furthermore, this case is capable of 
describing the heterogeneous microstructures (see /12/ for 
more details). That is why we utilize the aforementioned 
case in modelling of the cement mortar behaviour at micro-
structure in which the sand grains and cement matrix 
constitute a non-homogeneous mixture. 

This characteristic length scale Lc, could be indirectly con-
sidered and interpreted as a dimension of RVE (Representa-
tive Volume Elementary) in the heterogeneous media. Let 
us now concentrate on the numerical torque experiments of 
our selected mortar specimen: consider a rectangular cement 
mortar bar (1604040 mm) subjected to a very small 
torsion angle (3°) at the end and fixed at the bottom. 

The 3D-FEM computation is performed via the coupled 
system of Partial Differential Equations (PDEs) due to the 
coupled kinematic relation Eqs. (1a) and (1b). The outcomes 
of the rectangular Cosserat bar and the mechanical proper-
ties are plotted and indicated in a semi-logarithmic diagram 
(Fig. 1) where the stiffness of the material does not change 
until Lc /LRVE < 1 corresponding to macrozone I. So far, we 
define the size of specimen RVE. Afterwards, the size 
effect starts to appear when Lc > LRVE corresponding to 
micro-zone II. The size of specimen on this state is RVE#. 
Finally, the increasing stiffness is bounded at Lc  LRVE. 

That zone called nano-zone III would represent the smallest 
size specimen, RVE0 still having a physical meaning. 

Generally, Lc over the characteristic length LRVE presents 
the material by itself as a whole and then the stiffness and 
the strength of the material will not be changed whatever 
the specimen size unless the size is greater or equal to RVE 
size. Consequently, the response from RVE is obviously a 
homogenized or an averaged value in the Cauchy’s media. 
This indicates that our mortar RVE# should be smaller than 
classical RVE. We can consider that RVE# still contains a 
heterogeneous feature, i.e. cement paste and sand. However, 
it should be very small and it can be considered in zone III 

ause it even involves even the chemical compositions of 
rtar. This does not make sense for the scale in which we 

concentrate on (Fig. 1). 

bec
moa) 

BRIEF REVIEW ON THE EXPERIMENTAL STUDIES 

Materials and testing methods 

In this section, the experimental procedure of self-desic-
cation shrinkage and dynamic Young’s modulus determina-
tion for our chosen mortar and their corresponding results 

are presented. The water-to-cement ratio (W/C) is equal to 
0.3 throughout the paper and the aggregate-to-cement ratio 
(A/C ) is equal to one. 

The self-shrinkage test and dynamic Young’s modulus 
measurements are performed in laboratory during the first 
72 h of hydration. The measurement of the self-shrinkage is 
based on the principle of the hydrostatic weighing. The 
sample cast in a latex membrane, is placed on a nacelle and 
immersed in a thermostatted bath. The nacelle is afterwards 
suspended on the hook of a balance connected to a data 
logging system, which records the evolution of the apparent 
density of the specimen. It is well worth emphasizing that 
this volume reduction, or chemical shrinkage, begins imme-
diately after mixing of water and cement and the rate is 
greatest during the first hours and days /24/. The magnitude 
of chemical shrinkage can be estimated using the molecular 
weight and densities of the compounds as they change from 
the basic to reaction products /25; 26/. Justnes et al. showed 
that the bleeding of the specimen could be an important 
cause of over-estimation of the early-age deformations /25/. 
In order to eliminate these artefacts, a waterproof motorized 
experimental device, allowing to put the specimen in con-
tinuous rotation, is developed herein, /27/. More details on 
the measuring technique can be found in /27/. The dynamic 
Young’s modulus are determined on 1604040 mm rectan-
gular bar via pulse excitation with a Grindosonic device. 
Each test is repeated three times and the extracted outcomes 
are used to calculate a mean value for the dynamic Young’s 
modulus. 

In order to investigate the early-age microstructure of the 
interfacial zone between cement paste and aggregates, Port-
land cement mortars are prepared with the siliceous sand as 
aggregates. As indicated previously, the aggregate-to-cement 
ratio is equal to one. The samples are observed by means of 
the Scanning Electronic Microscopy (SEM) technique. To 
achieve the SEM technique, all specimens are taken and 
wrapped in a polyethylene film and they are kept at 20  2°C. 
They are then immersed in methanol to stop hydration, 
dried in a 40°C-oven during 4 hours and impregnated with 
a very fluid epoxy resin under vacuum, in order to fill the 
porosity. After a curing time of 14 hours in epoxy resin, the 
samples are polished with silicon carbide (of variable size 
up to 0.25 m). Finally, they are covered with a 200-Å layer 
of palladium gold before introducing into the SEM chamber. 
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a) 

c) 

 

 

Figure 1. Relevant size effect with respect 
to Log(CS) or Log(Lc /LRVE) via 3D-FEM 
numerical experiments of a rectangular 
Cosserat bar including 1.2 Mi DOFs, 
a) Geometrical configuration of our chosen 
rectangular Cosserat bar (1604040 mm), 
b) Semi-logarithmic diagram of torque 
moment versus Log(CS) or Log(Lc /LRVE) 

for conformal case, i.e.  =
2

3
cL

 ,  = 

 =
2

3
cL

 and c =  =
3(1 2 )

E


, 

c) Size effect phenomenon: numerical 
results of the increasing stiffness of the 
cement mortar bar subjected to the 
torque on the left hand side and its 
relevant multi-scale approach. 

Slika 1. Relevantni uticaj dimenzija s 
obzirom na Log(CS) ili Log(Lc /LRVE) 
preko 3D-FEM numeričkih eksperime-
nata pravougaone Kosera epruvete sa 
1,2 mil. DOF, a) geometrija date pravo-
ugaone Kosera epruvete (1604040 mm), 
b) polu-logaritamski dijagram momenta 
sile u funkciji Log(CS) ili Log(Lc /LRVE) 

za konformni slučaj, tj.  =
2

3
cL

, 

 =




  =
2

3
cL

 i c =  = 
3(1 2 )

E


, 

c) fenomen uticaja dimenzija: numerič-
ki rezultati rasta krutosti epruvete od 
cementnog maltera, koja je podvrgnuta 
momentu sile sa leve strane i relevantni 
multiskalarni pristup. 

Table 1. Size-independent and dependent mechanical properties of chosen cement-based mortar applied to the Cosserat 
conformal curvature energy assumption (Case 3) involving the rectangular Cosserat bar for extracting relevant so-called 

Cosserat size effect number CS = Lc /LRVE corresponding to the microstructure. 

Tabela 1. Dimenziono nezavisne i zavisne mehaničke osobine datog cementnog maltera primenjene u Kosera konformne krivolinijske 
energijske pretpostavke (Slučaj 3) sa pravougaonom Kosera epruvetom za određivanje relevantnog takozvanog broja Kosera dimenzionog 

uticaja CS = Lc /LRVE koji se odnosi na mikrostrukturu. 

Material constants name Material constants values 
Water-to-cement ratio, W/C [–] 0.3 

Modulus of elasticity, E [N/mm2] 30103 
Poisson’s ratio,  [–] 0.28 

Cosserat couple modulus, c [N/mm2] c =  = E/2(1+) 
Characteristic length scale, Lc [mm] 0  Lc  105 

RVE size, LRVE [mm] 100 (see /23/ for more details) 
Cosserat Size effect number, CS = Lc /LRVE [–] 10–5  CS  105 
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 b) a) 

Figure 2. Properties of chosen cement paste with W/C = 0.30 and A/C = 1, a) Volumetric autogenous shrinkage vs. hydration time, 
b) Dynamic Young’s modulus vs. hydration time. 

Slika 2. Osobine date cementne paste sa W/C = 0.30 i A/C = 1, a) zapreminsko autogeno skupljanje u funkciji vremena hidratacije, 
b) dinamički Jungov modul u funkciji vremena hidratacije. 

       

a) b) 

c) d) 

Figure 3. SEM images of our chosen mortar with W/C = 0.3 and A/C = 1 (A and CP stand for siliceous sand and cement paste) at: 
a) 5 h, b) 10 h, c) 48 h, d) 96 h. 

Slika 3. SEM snimci datog maltera sa W/C = 0.3 i A/C = 1 (A i CP označavaju silikatni pesak i cementna pasta) na: 
a) 5 č, b) 10 č, c) 48 č, d) 96 č. 
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Test results 

The experimental results are displayed in Fig. 3 and 
Fig. 2: We can readily see a very rapid evolution of shrink-
age phenomena at very early age before 48 hours after 
mixing and then an asymptotic self-desiccation behaviour is 
seen (see /28, 27/ to get more details pertaining to the experi-
mental setup and procedures). 

During the self-desiccation process, the microstructure 
of samples and particularly the cement paste aggregate 
interface is observed using SEM images at 5 h, 10 h, 18 h 
and 48 h (Fig. 3). 

The dynamic modulus of elasticity of mortar constantly 
grows at the early age (Fig. 2b) so that the matrix is no 
longer enough smooth or flexible to bear and withstand 
against the deformations induced by the self desiccation of 
the porous network. That would cause micro-cracking in 
cement paste and specially at the interface among the 
grains. It is necessary to emphasize that the micro-cracking 
issue at the early age and beyond is an important topic in 
the cement and concrete society. One can address some 
experimental investigations, e.g. Kim and Weiss /29/ (acous-

tic emission for micro-cracks detection), Neithalath et al. 
/30/, Puri and Weiss (assessment of localised damage) /31/, 
Hossain and Weiss (impact of the specimen geometry and 
boundary conditions) /32/, Soulioti et al. /33/ and some 
other relevant works /34, 35, 36/. 

HYGRO-COSSERAT APPROACH FOR SELF-DESIC-
CATION SHRINKAGE OF CEMENT MORTAR 

After determining the changing scale parameter Lc/LRVE = 
100 corresponding to the micro-scale we would like to 
investigate the hygro-mechanical approach based on the 
Cosserat theory: it enables us to model the generating 
hygro-stresses due to autogenous shrinkage deformation in 
mortar during the hydration process, particularly at the 
micro-scale when the specimen is as small as RVE# accord-
ing to our multi-scale consideration. To derive the constitu-
tive laws for the considered hygro-micropolar problem, we 
put into practice the additive strain decomposition rule 
well-known as Duhamel-Neumann rule which is commonly 
applied into the infinitesimal deformations /37/ (see comment): 

  :=     (8a) 

 where  -T u A    and  II ll      (8b) 

 is the hygric coefficient and   [0, 1]  + is the 

relative humidity variation between initial and current situa-

tion. In the above Eq. (8a),   3  3 and   ISO(3)  

3  3 are the mechanical second-rank strain tensor and 

hygric-induced second-rank strain tensor which is mostly 
assumed as an isotropic tensor, respectively. The autoge-
nous shrinkage  at early age of the cement paste has been 

measured in laboratory to introduce in (8a) as well as the 
dynamic elasticity modulus in Fig. 2. 

Comment: The additive strain measurement decomposi-
tion method is widely utilised in calculating the deforma-
tions of the infinitesimal coupled problems. The most 
complete strain measurement or finite deformation would 
be extracted via the multiplicative decomposition of defor-
mation gradient tensor F = ll + u: 

 F F F    (9) 
where, F and F are mechanical part of deformation gradient 

tensor F  3  3 and its hygric counterpart, respectively. 

Some benchmark studies promising these kinds of strain 
measurements could be addressed in /38, 39/. 

Consider a cement paste cube representing RVE#, which 
includes several spherical sand grains (1 up to 10) for our 
hygro-mechanical stress computations. According to the 
extracted outcomes, first at all, we observe the hygro-
mechanical stresses whose magnitude drastically increased 
during the first hours of hydration and then they turn out to 
be nearly stable. Moreover, we find out that one-grain-cube 
creates very high stress (45 MPa) merely around the grain 
at 48 h while ten-grain-cube generates less stress (15 MPa). 

In the meanwhile, the stress is smoothly distributed among 
the grains providing one micro-crack network at 48 h after 
mixing up stage. These numerical results can explain and 
confirm the presence of micro-cracks around the sand grains 
and these networks are readily captured via SEM observa-
tions (see Figs. 3, 4 and 5). 

CONCLUSION 

In this paper, a novel multi-scale theoretical and numeri-
cal approach is investigated for capturing the micro-crack 
initiation next to the sand grains due to autogenous shrink-
age in cement based mortar materials. To achieve it, the 
changing scale ratio, i.e. Lc = LRVE is proposed based on the 
size effect phenomenon of linear isotropic Cosserat elasticity. 
The last parameter relating to the RVE of the considered 
cement mortar material allows us to reduce the size of 
specimen until quite small size in which the micro-crack 
initiation can be seen. Nevertheless, it is not large enough 
to capture the chemical components. Using the additive 
strain decomposition rule, the hygro-mechanical stresses in 
the mortar could be numerically computed at early age of 
hydration. It is well worth noting that autogenous shrinkage 
of the mortar is obtained by the experiments as well as the 
dynamic Young’s modulus which is used in the numerical 
computation. According to the numerical results, it is found 
that the number of inclusions influences the magnitude of 
hygro-mechanical stresses around the sand grains, the higher 
number of inclusions inducing the greater stresses. This fact 
can be easily distinguished and substantiated by the SEM 
observations at this scale. 
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Figure 4. Hygro-mechanical stress development in function of the hydration time for RVE#  3 cube at 48 hours after mixing, 

a) Case study I, b) Case study II, c) Case study III and d) Case study IV. 
Slika 4. Razvoj higro-mehaničkog napona u funkciji vremena hidratacije za RVE#  3 kocku 48 č. nakon mešanja, 

a) slučaj I, b) slučaj II, c) slučaj III i d) slučaj IV. 

 

 
Figure 4. Hygro-mechanical stress of RVE#  3 cube under deformed shape at 48 hours after mixing, 

a) Case study I, b) Case study II, c) Case study III and d) Case study IV. 
Slika 4. Higro-mehanički napon za RVE#  3 kocku u deformisanom stanju 48 č. nakon mešanja, 

a) slučaj I, b) slučaj II, c) slučaj III i d) slučaj IV. 
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